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Preface 


The primary purpose of this book is to provide an effective tool for students that will help them understand 
and master the basic concepts and techniques of Intermediate Algebra or Algebra II. The book can be useful 
to the reader in several ways. It may be used as a valuable supplementary text for the second algebra course 
to assist in clarifying and simplifying algebraic concepts and procedures. The book may also be used for 
self-study or as the text for a course in Intermediate Algebra or Algebra II. Additionally, it is an excellent 
book to review in order to clarify concepts and improve skills prior to enrollment in College Algebra. We 
have attempted to provide a treatment of Intermediate Algebra or Algebra II that is more easily understood, 
and therefore more useful than most available texts at this level. 

The book possesses numerous benefits or strengths. Concepts are introduced and explained at the 
student’s level in a thorough, brief manner. The processes employed make the algebra involved as simple and 
concrete as possible. Each concept is illustrated completely by one or more solved problems which clarify and 
illuminate the relevant ideas. Definitions, properties, and so on, are expressed in clear, concise, understandable 
words as well as in mathematical form. Calculator procedures using RPN and Algebraic Entry calculators are 
illustrated and employed where it is appropriate. The graphing calculator is used to great advantage in many 
instances. A large number of graphs are included to help the student visualize abstract concepts. Step-by-step 
procedures accompanied by clarifying statements are employed in many instances. Word problems are often 
very difficult for students. We have provided the most detailed step-by-step treatment of word problems avail- 
able. Students are led through the process in phases, thereby resulting in manageable steps. The book includes 
recommendations to the student for correct, efficient use of mathematics. A concise summary of effective 
study skills and suggestions on proven techniques is included. There are 886 solved problems with explana- 
tions and step-by-step solutions included. Solved problems are referenced to similar supplementary problems. 
There are 1,100 supplementary problems with answers included for student practice. Problems are arranged 
in an easy to more difficult order. 

The book covers the concepts typically found in the second algebra course including: fundamental con- 
cepts; polynomials; rational expressions; first- and second-degree equations and inequalities; exponents, roots, 
and radicals; systems of equations and inequalities; relations and functions; exponential and logarithmic func- 
tions; sequences, series, and the binomial theorem. The terms and notation employed are those commonly used 
by other authors. 

We thank Mr. Stephen Koch for planting the seed that grew into the final product. Our sincere appreciation 
goes to those people at McGraw-Hill who played a part in the development of the work. Special thanks go to 
Diane Grayson, Surbhi Mittal, and Maureen Dennehy for their special help with the Third Edition. 

Finally, and most importantly, for their encouragement, tolerance, and never-ending support, we thank our 
families: Ray’s wife Marge; and Kerry’s wife Jan and children Matt, Sara, and Abby. 


Ray STEEGE 
KERRY BAILEY 
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INTRODUCTION 


Study Skills 


Notes to the Student: 
Effective Suggestions for Success 


Book Bits 


This book is the basis for course study. The book contains the essential course information; complements class 
lectures and notes; supplies visual aids; includes relative examples and problems; and provides material needed 
for review and exam preparation. It can also be a valuable reference in the future. 

Your book is probably the most valuable tool available to assist you through a course. It is a reliable study 
companion that you can take anywhere. Read it carefully; underline or highlight important ideas; make notes in 
the margins; and employ any aids which it provides when applicable. 

Survey the entire book. Become familiar with its various parts. Read the preface. Scan the table of 
contents. Look at the final pages of each chapter. Authors sometimes summarize the main points of the 
chapter there. Look through the entire book from beginning to end. Become familiar with all of the aids it 
provides. 

Identify the main ideas and concepts in each section and/or chapter. Concentrate on the material you are 
reading so that you understand each chapter, section, paragraph, sentence, word, and symbol. Think about 
what you have read and summarize it. Study each example, table, graph, and illustration. Try to interpret and 
understand each of them. 

Question yourself as you read. What does the chapter title or section heading mean? What are the mean- 
ings of the subheadings? Why did the author develop ideas in a particular order? How does the instructor’s 
presentation correspond to the author’s? 


Time Requirements 


Learning algebra requires more time on task than most students realize. It takes considerable time to acquire and 
perfect algebraic skills. High school students normally enroll in the course for one academic year. One to two 
hours doing homework outside of class is usually sufficient. If you are a college student, chances are that the 
time you spent doing homework in high school will be entirely inadequate to be successful in college. Typically 
college courses cover more material in half as much time as is allotted in high school. Therefore, the student is 
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expected to do much more outside of class in college than is normally done while in high school. One hour per 
day spent reading the text and doing exercises is entirely inadequate for almost all college students. We recom- 
mend that most students work two to four hours daily studying algebra in addition to the time spent in class. 
Of course there are some who may not find it necessary to spend that much time daily; we are all different in 
ability. Most will profit greatly by following the recommended guideline. 

You should take a short break periodically when working for an extended length of time. Our concentra- 
tion wanes after a certain length of time has elapsed; be aware of the time when your ability to concentrate is 
declining. 


Preview Material 


It is highly desirable to preview the material prior to attending class. Do a quick reading in order to identify the 
theme of the section(s) to be explained in class. You will find that the instructor is more easily followed as the 
material is explained. The ideas presented are more easily followed and they will be more meaningful to you 
as well. Previewing also allows you to identify difficult concepts; you can question the instructor about them if 
you do not understand what was presented. You will conserve time in the long run. 


What’s Next? 


After class you should reread the section(s) slowly and carefully. (Speed reading is not appropriate for 
mathematics books.) Read with paper and pencil in hand so that you may work solved problems as they are 
encountered. Reflect on what the instructor said and what you have read. Relate what you read to previous 
material. Think about what the problems illustrate; try to understand what is being done and why it was 
done in a particular manner. The material will be more meaningful to you and you will remember it better 
as a result. 

Begin learning definitions, terms, properties, theorems, formulas, and the meaning of symbols as they 
are introduced. The material will be meaningless to you if you do not know and understand these impor- 
tant items. Statements in the book will not be understood if you do not know what the terms or symbols 
employed mean. Communication is impossible if statements are not understood; it’s as though we were 
using a foreign language. 


What Else? 


Attend class daily unless you are ill. Some students feel that missing just one day per week is acceptable. 
Consider this. If you miss one day of a class which meets three days per week, you have missed one-third or 
over 33 percent of the material. If the class meets four days per week and you are absent one day, you have 
missed one-fourth or 25 percent of the material presented. A significant amount of explanation and discussion 
has been lost in either instance. 

One of the worst situations is that you fall behind in a mathematics class. It is extremely difficult to catch 
up in a mathematics class once you fall behind. Exert as much energy as you have to avoid missing material. 
It is very difficult to understand new material being presented if you are unfamiliar with concepts presented 
previously. Attend class religiously. 

Of course you must do more than show up for class. You must be an active participant in the class pre- 
sentations and discussions. It is ineffective and boring to just sit there. Listen to the instructor carefully. Try to 
anticipate the next step or concept. Take notes to help you understand and remember the explanations. Taking 
notes will also keep your mind on the task. Don’t try to write down everything the instructor says or does; that 
isn’t practical. Be selective in your note taking; summarize the important ideas. Ask questions when you don’t 
understand something. Most instructors want their students to participate actively in class. 
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The learning of mathematics is not a “spectator sport.” It is an activity in which you must participate 
actively. One must do mathematics in order to learn it. It is impossible to learn how to ride a bike, drive a 
car, read, or write by watching someone else do it. Similarly, it is not possible to learn algebra by watching 
your instructor, classmate, friend, or tutor do it. Algebra appears easy when a knowledgeable person is doing 
it. You may encounter stumbling blocks which you did not anticipate when you attempt a problem. There is 
a point at which we must practice doing algebra in order to become proficient at the skill. It’s a cliché, but 
“we learn by doing.” 


Doing Problems 


Read the directions. Problems sometimes appear alike, but instructions may differ. Determine what is being 
asked and what must be done to answer the question(s). Be certain you have copied the problem correctly. It’s 
very frustrating and time consuming to find that you miscopied the problem. Take your time initially—develop 
your speed after you understand the concepts better. 

Think about what you are doing and what your rationale is for doing it. Avoid guessing about what you 
should do. There should be a reason for what you do. Observe how new concepts are applied and how they may 
relate to skills you learned previously. 

Arrange your work systematically, even if you are working on scratch paper. If your work appears haphaz- 
ard, your thinking is most likely haphazard and illogical also. Include sufficient detail as you write in order to 
enable you and others to follow your train of thought. Your statements should make sense. You need not write 
down all of your thoughts or steps; that takes too much time. Some operations should be performed mentally. 
On the other hand, don’t try to do too many operations simultaneously; errors will occur. 

Learn how to check your answers when possible. Most books do not give answers to all problems and some 
answers may be wrong. Furthermore, answers are not available to you when you take an exam. The ability to 
check solutions helps eliminate errors and builds confidence. 

After you have arrived at a solution, answer all questions that were asked. Sometimes the solution to an 
equation which you have solved may not be the answer to the question that was asked. It depends upon how the 
question was stated and how the problem was set up. Ask yourself if your answer is reasonable; does it make 
sense? It is usually best to respond to all questions with a complete sentence. 


Are You Stuck? 


It’s a frustrating situation, but don’t give up too quickly. Keep your cool! We must be persistent in order to be 
successful. Trying a little of “this” and some of “that” probably won’t work. Do you know how to begin? To 
work a problem, you must begin it. Don’t just stare at the book or your paper. Write down what is known and try 
to think logically about how the known quantities are related to the unknown. Don’t try to solve the problem all 
at once. Take a small step initially, even if it may seem trivial. Sometimes starting with the easiest task is best. 
Analyze the principles involved and try to apply them to your problem. Reread the text and your notes. Look 
for pertinent examples that relate to the circumstance at hand. 

If you are still unsuccessful after working a “reasonable” length of time, proceed to another problem or take 
a short break. (A few minutes are probably not a “reasonable” length of time. A complex problem may require 
20 or 30 minutes to analyze and work.) Try it again later. The mind can keep analyzing the problem even when 
you are engaged in other tasks. Perhaps a good night’s rest is needed. We don’t think well when we are tired. 
You may even awake in the middle of the night with a solution. Try again the next day. 

Don’t keep trying the same process if what you are doing isn’t working. You must do something different 
in order to obtain a different outcome. Try talking through your approach out loud. It’s amazing how simply 
verbalizing it can pinpoint gaps and errors in your logic. 

Classmates are another important resource that is available to you. Talk to other students about the ideas 
they might have regarding a particular problem. It may be useful to form a study group or find one or two 
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other students to work with. Others may have a different approach in a given situation. Keep the conversation 
on the task at hand, however. Time is too valuable to waste on idle talk, unless the group needs a break. 

If you are still stuck, ask your instructor for assistance. Be as specific as possible when asking questions, 
rather than simply asking the instructor to work the problem. Determine why you are having difficulty. The 
same difficulty will very likely arise again unless you take corrective action. 

Don’t give up until you have tried the suggestions made above. Frustrations will be reduced and time will 
be saved in the long run. 


Review Regularly 


Regular review is neglected by most students; however, it is one of the most useful activities a student can do. 
Review includes rereading or writing important definitions, properties, theorems, etc. It also includes working 
problems from sections and chapters previously concluded. Most new algebraic concepts or skills depend on 
concepts or skills developed previously. If you are not proficient in certain skills, your ability to be successful 
will be seriously affected. 

Regular review helps us retain concepts and/or techniques which we previously learned. Review also helps 
us relate topics which were introduced previously to those we are currently learning. Less time is needed to 
prepare for exams when we review daily or every other day. 


Tuning up for Tests 


There will be limited time available while taking a test. The time restriction will most likely result in your being 
more anxious and stressful than you are ordinarily. You will therefore be more likely to make errors that you 
normally would not make when doing homework. 

The book and your notes are not available to refer to when you are uncertain about what you should do. 
This contributes to your stress level also. Additionally, the test will involve many concepts which you need to 
distinguish from one another rather than a few which you might apply in a particular section. This makes it more 
difficult to recognize where to begin, and which steps should be taken. 


When, Where, and What? 


Don’t try to do all of your studying in one day. Avoid studying into the early morning hours prior to the 
test. Do some studying each day for several days. Studying late results in your being tired and reduces your 
ability to concentrate and think clearly during the test. Begin studying several days prior to the day the test 
is scheduled. This allows you time to ask your instructor questions about concepts which you may not fully 
understand. 

Study in a quiet area free of distractions. Avoid areas where people might be coming and going or 
talking. Don’t sit in front of the television or play music loudly while you are trying to concentrate. Try 
to set aside a special area where you can have all pertinent materials readily available for your use during 
study periods. 

You should have done all assigned problems previously. Now is the time to review the book and your 
notes. Concentrate on the definitions, properties, and theorems of the relevant chapters. You must know and 
understand the meaning of these important items. Reflect on the material to be covered and think about how it 
relates to the processes encountered. Review exams and quizzes previously taken. They may indicate the types 
of questions to expect. Drill with a classmate. Make up potential test questions to ask one another. Try choosing 
problems randomly from all problem sets covered. Write them in random order on a sheet of paper. Put it away 
for a day so you won’t remember where the problems were in the chapter(s). When you then try to work those 
problems, you won’t be influenced by the content of nearby problems. Do the end-of-chapter tests if provided 
in your book and time yourself. 
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You should be well rested before taking the test; you can think more clearly when rested. Don’t study right 
up to the last minute. You may try to look at everything to be included on the test and end up confusing yourself. 
You may also encounter concepts in which you are not completely competent. That may result in your becoming 
anxious and nervous. Take a break of at least 30 minutes duration prior to the time the test is to begin. 

Arrive with plenty of time to spare. This allows time for you to settle down and get your thoughts and 
test-taking materials organized. If you arrive late, you will be hurried and it will be more difficult for you to 
concentrate and relax. Additionally, you will deprive yourself of valuable time which you very likely will need 
for doing the test. 


Taking a Test 


Listen closely to any oral instructions or corrections given by the instructor. Follow written directions care- 
fully. Write down any pertinent formulas which you may need initially. You can then concentrate fully on the 
test questions. Count the number of questions and divide that number into the time allotted. This allows you to 
determine the average time you can spend on each question. Of course some questions will require very little 
time, while others may require a larger block of time to complete. 

Begin by working on problems or answering questions which are easiest. This may require looking over the 
entire test in order to find the easy problems, but it is time well spent. This allows you to “get into the groove” 
and helps build your confidence. 

Show your work legibly and arrange it in a logical, orderly manner. Your instructor will appreciate it 
and can probably award partial credit in a fair way. Your thinking will be more orderly also. Avoid working 
everything on scratch paper and transferring the work to the exam. This procedure introduces copying errors 
unnecessarily, takes additional time, and shows lack of confidence. Errors in sign can be reduced by slowing 
down your thinking to the speed at which you write. This is accomplished through concentration. Think about 
what you are writing as you are writing it. 

Next proceed to the more difficult questions. Don’t be too alarmed if there is one which you cannot answer 
immediately. Take a deep breath, relax, maintain control. It is only one of many questions. Think about the 
concepts presented in the chapter(s) and how they might relate. Be systematic in your approach. Reject tech- 
niques which aren’t working. Do something differently if the process you are applying leads nowhere. Return to 
problems you have completed; do they provide a clue? If not, put the problem aside and return to it later if time 
permits. Try to avoid omitting high-point-valued questions. 

Be aware of the time. Don’t look at the clock every five minutes, but do not neglect to check the time 
occasionally. Don’t allow time to expire before you have done all that you are able. Allow time to check your 
answers. Don’t leave early without checking your results. It’s surprising how many careless errors we tend to 
make while taking a test. If there is time once finished, turn your test over and think about something else before 
you turn it in. This allows your mind a period of relaxation and may allow it to overcome a difficulty you had on 
the test. One of the most frustrating test experiences is to turn in the test, walk out into the hall, and then know 
immediately how to solve a problem that was causing you great difficulty. Allowing your mind to relax, to “give 
up” before turning the test in, frees it from a great deal of stress. Finally, are your answers reasonable? Did you 
follow directions? 


After the Test 


Look your test over carefully when it is returned to you. Determine why points were deducted. Identify topics 
and concepts in which you are strong and those in which you are weak. Take steps to clarify concepts which 
you do not understand fully; they will be encountered again. Reread any applicable sections of the text and your 
notes. Ask your instructor to clarify the concept if you are still having difficulty. If you don’t understand why 
your answer or process was incorrect, be sure to have your instructor work through the problem completely. 
Don’t assume you'll learn “why” later. Try the problem again on a different sheet of paper when you think you 
understand what you did incorrectly. 
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Were your errors careless arithmetic or sign errors? If so, try to concentrate more intensely on what you are 
writing while you are writing it. Avoid letting your thoughts outrun your pencil. 

Finally, if allowed, retain your exam for future studying. It can be a valuable tool while preparing for com- 
prehensive exams like those encountered during finals. 

Work diligently and you will be successful. Remember not to give up too easily; you will be rewarded by 
being persistent. 


Fundamental Concepts 


1.1. Definitions 


A set is a collection of objects that must be well-defined, meaning it must be clear that an object is either in the 
set or is not in the set. The objects in the set are called elements or members of the set. The members of a set 
may be listed or a description of the members may be given. 

We list the members or describe the members within braces { }. Capital letters such as A, B, C, S, T, and U 
are employed to name sets. For example, 


A= {2, 4,6, 8, 12} B= (3, 6,9, 12} 


U= {people enrolled in algebra this semester}. 


The symbol used to represent the phrase “is an element of” or “is a member of” is “e.” Thus we write 
4e A to state that 4 is a member of set A. The symbol used to represent the phrase “‘is not an element of” is “¢.” 
Hence 4 ¢ B is written to indicate that 4 is not an element of set B. 

Sets are said to be equal if they contain the same elements. Hence {1, 5, 9} = {5, 9, 1}. 


Note: Order is disregarded when the members of a set are listed. 


Sometimes a set contains infinitely many elements. In that case it is impossible to list all of the elements. We 
simply list a sufficient number of elements to establish a pattern followed by a series of dots “....’” For example, 
the set of numbers employed in counting is called the set of natural numbers or the set of counting numbers. 
We write N= {1, 2, 3, 4, ...} to represent that infinite set. If zero is included with the set of natural numbers, the 
set of whole numbers is obtained. In this case the symbol used is W = {0, 1, 2, ...}. 

Set B above could be described as the set of multiples of three between 0 and 15. Note that the term 
“between” does not include the numbers 0 and 15. Set-builder notation is sometimes used to define sets. We 
write, for example, 


B= {x|x is a multiple of three between 0 and 15} 


There are occasions when a set contains no elements. This set is called the empty or null set. The symbol 
used to represent the empty set is “@” or “{ }.” Note that no braces are used when we represent the empty set 
by @. {negative natural numbers} is an example of an empty set. 


Definition 1. Set A is a subset of set B if all elements of A are elements of B. We write A C B. 


Hence, if A = {2, 4, 6} and B= {1, 2, 3, 4,5, 6,7}, A CB. A is called a proper subset of B. If C= {4, 2, 6}, 
A CC since the sets are the same set. A is called an improper subset of C. 

New sets may be formed by performing operations on existing sets. The operations used are union and 
intersection. 
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Definition 2. The union of two sets A and B, written A U B, is the set containing all of the elements in set 
A or B, or in both A and B. 


If set-builder notation is used, we write AU B= {x|lxe A orxe B}. IfsetA = {1,5, x, z} and B = {3, 5,7, z}, 
then A U B= {1, 5, x, z, 3, 7}. Recall that the members of a set may be listed without regard to order. 


Definition 3. The intersection of two sets A and B, written A - B, is the set containing the elements common 
to both sets. 


If set-builder notation is used, we write AM B= {x|lxe A andxe B}. Hence, if set A = {1, 5, x, z} 
and B = {3,5, 7, z}, then A A B= {5, z}. 

Venn diagrams are sometimes used to illustrate relationships between sets. Figure 1.1 (a) and Figure 1.1 (b) 
shown below illustrate the concepts discussed above. The shaded regions represent the specified set. 


AUB ANB 


Figure 1.1 (a) Set union. Figure 1.1 (b) Set intersection. 


U represents the universal set. It is a set which contains all of the elements under discussion in a given 
situation. The universal set is typically represented by a rectangular region. 
Figure 1.2 shows a Venn diagram which illustrates A Cc B. 


B 


G 


AcB 


Figure 1.2 Subset. 


Note that all of set A is completely contained in set B. 

If set S is not a subset of set 7, we write S ¢ T. This occurs when S contains at least one element which is 
not in 7. 

There are several additional sets of numbers which will be referred to often. Their definitions follow. 

The set of integers, J, is the set of natural numbers combined with their negatives and zero. Symbolically 
J = {..., -2, -1, 0, 1, 2,...}. Some examples are —4, —1, 0, 13, and 22. Some authors sometimes use the 
letter Z to represent the set of integers. We shall employ Z to represent the set of complex numbers in a subse- 
quent section. 

The set of rational numbers, Q, is the set of elements which can be expressed in the form $s where a 
and b are integers and b # 0. Rational numbers can also be expressed as terminating or repeating decimals. 


Some examples are —2, 0, 5, 4, 3, 0.34, and —3.588. Note that = is equivalent to the repeating decimal 
0.66666... . 
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The set of irrational numbers is the set of elements whose decimal representations are either non-terminat- 
ing or non-repeating. There is no single letter which is commonly used to name this set, although various authors 
identify this set with some capital letter. Some examples are —1.010010001..., V5 , 7, and a/7. 

The set of real numbers, R, is the set of rational numbers combined with the set of irrational numbers. 
That is, R is the union of the sets of rational and irrational numbers. 

A constant is a symbol that represents only one number. Letters near the beginning of the alphabet, like 
a, b, and c, are typically used to represent constants. A symbol which represents a constant has only one 
replacement. 

A variable is a symbol that represents any value in a specified set. Letters near the end of the alphabet, like 
x, y, and z, are typically used to represent variables. The set of possible replacements of the variable is called the 
domain of the variable. The domain of a variable is assumed to be the set of real numbers R if no other domain 
is specified. 


EXAMPLE 1. Suppose A = {-3, 0, 4, 6, 9}, B= {2, 4, 6, 10}, C= {-3, -1, 0, 1, 3, ...}, and D = {2, 4}; then 
it follows that: 


(a) DCB (b) AUB= {-3, 0, 4, 6, 9, 2, 10} = {-3, 0, 2, 4, 6, 9, 10} (c) DZA 
(d) AN B= {4, 6} (e) AUC= {-3,-1, 0, 1, 3, 4, 5, 6, 7, 9,11, 13, ...} (f) NcQ 
(g) BN C=D (h) AN C= {-3, 0, 9} (i) 4EB 
(j) 4€C (k) The subsets of D are {2, 4}, {2}, {4}, and ©. 


See solved problems 1.1-1.3. 


1.2 Axioms of Equality and Order 


In mathematics we make formal assumptions about real numbers and their properties. These formal assumptions 
are called axioms or postulates. The terms property, principle, or law are sometimes used to refer to those 
assumptions although these terms may also refer to some consequences of those relationships we assume to be 
true. The assumptions can be made without restriction although their consequences should be useful. 

An equality is a statement in which symbols, or groups of symbols, represent the same quantity. The symbol 
used is “=,” read “is equal to” or “equals.” 

We shall assume that the “is equal to” relationship satisfies the following properties. Assume that a, b, and 


c are real-valued quantities. 


Reflexive property: a=a. (A quantity is equal to itself.) 
EXAMPLE 2. x-6=6-x. 


Symmetric property: If a=b, then b =a. (If the first quantity is equal to a second, then the second is equal 
to the first; an equation may be reversed.) 


EXAMPLE 3. If5=y+7,theny+7=5. 


Transitive property: If a=b and b=c, thena=c. (If the first quantity is equal to a second and the second 
quantity is equal to a third, then the first and third quantities are equal.) 


EXAMPLE 4. If x=y-—3 and y—3=z, then x=z. 


Substitution property: If a=b, then b may be replaced by a and vice versa. (If two quantities are equal, one 
may be substituted for the other.) 
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EXAMPLE 5. If x—4=yandx =z, then z—4=y. Think of x being replaced by z in the first relationship. 
See solved problem 1.4. 


We associate each real number with one and only one point on a line. The line is called a number line. Each 
number is paired with only one point and each point is paired with only one number. The number line is help- 
ful in visualizing relationships between numbers. The numbers are called the coordinates of the points and the 
points are called the graphs of the numbers. A number line is shown in Figure 1.3 below. Each mark represents 
one-half unit. This is known as the scale in the drawing. You must always indicate the scale that is being 
employed in a drawing. 


-5 4 3 2 1 0 1 2 3 4 5 
Figure 1.3 


The point associated with zero is called the origin. Numbers associated with points to the right of the origin 
are positive while numbers associated with points to the left of the origin are negative. The number 0 is neither 
positive nor negative. 


Definition 4. The number b “is less than” the number a if a — D is positive. 


Equivalently, the point associated with b on the number line lies to the left of the point associated with a. 
The symbol used to represent the “is less than” relation is “<.” We write 2 < 4 and —1 <3 for example. 

It is also true that if b is less than a, then a “is greater than” b. The symbol used to represent the “is greater 
than” relation is “>.” We could express the above relationships equivalently as 4> 2 and3 >-1. 

We sometimes combine the relations “is less than” and “‘is equal to” into one statement. In this case the sym- 
bol used is “s.” It is read “is less than or equal to.” Similarly the relations of “is greater than” and “is equal to” 
may also be combined. The symbol used to represent this relation is “2.” It is read “is greater than or equal to.” 
For example, 3 = 0 and x < 2 are common types of statements. 

Furthermore, two conditions such as a < b and b < c are sometimes combined into the compound or 
double inequality a < b < c. It is read “a is less than b and b is less than or equal to c.” If it is true that 
a<b<c, then b is between a and c. Compound or double inequalities are used to indicate “betweenness.” 

It is not appropriate to combine expressions such as a < b and b > c into the compound inequality a< b>. 
Inequality symbols which are used in compound inequality statements must always be in the same sense. That is, 
they must all be “less than” relationships or “greater than” relationships. 

Some “same sense” inequalities may not be combined into a compound inequality statement. 
Consider —2 < t < —6. This statement does not make sense, since there is no number ¢ such that f is greater 
than —2 and simultaneously is less than —6. Remember that compound or double inequalities imply 
“betweenness.” 

A number that is zero or positive is said to be nonnegative. If a 2 0, then a is nonnegative. Also a number 
that is zero or negative is said to be nonpositive. Hence if a < 0, then a is nonpositive. For example, 6 and 0 are 
nonnegative while —3 and 0 are nonpositive. 

The following property of order of real numbers is assumed to be valid. 


Transitive property: If a<bandb<c, then a <c. (If the first quantity is less than a second and the 
second is less than the third, then the first is less than the third.) 


EXAMPLE 6. Ifx<yandy<7, thenx<7. 
See solved problems 1.5-1.7. 
Subsets of real numbers are sometimes represented using interval notation. For example, {x|a<x <b} is 


written as (a,b]. The parenthesis is used to indicate that a is not included in the interval. The bracket indicates 
that b is included in the interval. 
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Other intervals are represented as indicated below. 


Interval Type Interval Notation Set Builder Graph 


Open Real between a and b (a,b) {xla<x<b} i 
a b 

Closed Real between a and b inclusive [a, b] {xla<x<b} Fey - 
a b 


Half-Open Real between aand b, including abut noth [a,b)— {xla<x<b} ——~——_}_- 
a b 


Half-Open Real between a and b, including b butnota (a,b) {xla<x <b} —{+———_} — 
a b 


The graphs of some subsets of the real numbers extend forever in one or both directions. The intervals used to 
represent those subsets are represented using the infinity “co” or the negative infinity “—o»” symbols. The infin- 
ity symbol does not represent a real number; it represents a concept. For that reason, it is never included in 


an interval. Some representative intervals are illustrated below. 


’ 


Interval Notation Set Builder 


Graph 
Real greater than a (a, °°) {xlx >a} (+ — 
Real less than b Cab) {xlx <b} —_—_)—- 
b 
b 


Reals less than or equal to b (-c0, b] {xlx <b} 


All real numbers (0, 00) {all real} ——_——_> 


See solved problems 1.8—1.10. 


1.3 Properties of Real Numbers 


The following eleven properties of real numbers are assumed to be true. 


Closure property of addition a+ bisa unique real number. 
Closure property of multiplication ab is a unique real number. 


(The sum and product of two real numbers is a unique real number.) 


EXAMPLE 7. 2+4=6 —3+8=5 
3(4) = 12 —4(6) =—24 
Associative property of addition (at+b)+c=a+(b+c). 
Associative property of multiplication (ab)c = a(bc). 


(Real numbers may be grouped or associated differently when adding or multiplying without affecting the result.) 


EXAMPLE 8. (3+4)+7=3+(44+7) (x+5)+1l=x+(5+4+1) 
(4x)y = 4(xy) (8s)(tu) = 8(stu) 
Commutative property of addition at+b=b+a. 
Commutative property of multiplication ab = ba. 


(When adding or multiplying real numbers the result is the same if the order of the addends or factors is changed.) 
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EXAMPLE 9. 3+6=6+3 4+x=x+4 
2(5) = 5(2) r(3) = 30) 
Identity property of addition a+0=0+a=a. 
Identity property of multiplication a(1)= l(a) =a. 


(Zero added to a number or a number added to zero is the number; a number times one or one times a number 
is the number. Zero is the additive identity. One is the multiplicative identity.) 


EXAMPLE 10. 2+0=04+2=2 0+ (@-5)=(x-5)+0=x-5 
3(1) = 1033) =3 @w-9)1l=1@-9)=x-9 
Inverse property of addition a+(-a) = (-a)+a=0. 
Inverse property of multiplication a(l/a) = (aja = 1,a #0. 


[There is a unique real number (—a) such that when added to a results in the additive identity zero; if a #0, there 
is a unique real number (1/a) such that when (1/a) is multiplied by a, the result is the multiplicative identity one. 
(—a) is the opposite of a. (1/a) is the reciprocal of a.] 


EXAMPLE 11. 2+(-2)=0 (-t)+t=0 
3(1/3) =1 (1/s)s = 1,540 
Distributive properties a(b+c)=ab+ac and (b+c)a=ba+ ca. 


(A factor may be distributed over a sum from the left or the right. Alternatively, a common factor may be 
factored out.) 


EXAMPLE 12. 3(x + 4) = 3x + 3(4) (s—5=5s—5t 6y + 8 = 2(3y + 4) 


See solved problems 1.11—1.12. 


1.4 Operations with Real Numbers 


The additive inverse property was discussed in Section 1.3. Recall that the additive inverse of a number is 
sometimes called the opposite or negative of the number. The opposite or negative of a number is indicated by 
placing a minus sign, ‘“—,” in front of the number. Hence, the following are additive inverses of one another. 


2 and —2; —6 and 6; x and —x; x + 3 and — (x + 3) or—x-—3. 


The absolute value of a real number is the distance between that number and zero on the number line. We 
write “Iql” to represent the absolute value of a quantity g. The expression is read as “the absolute value of g.” 
The definition of absolute value of g follows. 


q if q20 


Definition 5. ‘-| ag #726 


In other words, the absolute value of a positive quantity is that quantity, while the absolute value of a 
negative quantity is the opposite of that quantity. The absolute value of zero is zero. 

Note that the opposite of a positive number is negative and the opposite of a negative number is positive. 
Hence, the opposite of 5 is —5 which is less than zero and the opposite of —5 is -(—5) = 5 which is greater than 
zero. Some examples of the absolute value operation are shown in the example below. 


x-4ifx-420, 
(x-4)=4-xifx-4<0 


EXAMPLE 13. |3| 3 


4) =—(-4) = 4; and |x — 4] -| 


It is also true that (—1)x = —x, the additive inverse of x. This follows since x + (—1)x = (1)x + (-l)x = 
[1 + (-1)] x = Ox = 0. Hence, (—1) times a quantity is the additive inverse of the quantity. Additionally, 
—1(—x) =-(-—x) = x since —(—x) 1s the additive inverse of —x and x is also the additive inverse of —x. 


See solved problems 1.13-1.14. 
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Addition of two quantities is the operation which associates those quantities with a third quantity called 
the sum. We employ the plus sign, “+,” to represent the operation of addition. Thus we write s + f to represent 
the sum of s and ¢. 

Addition of real numbers may be thought of as movement along a number line. Adding a positive number 
is associated with movement to the right while adding a negative number is associated with movement to the 
left. We must always start at zero. 

Hence, (—4) + 3 =—1 can be shown on the number line in Figure 1.4 below as follows: 


Figure 1.4 (-4) + (+3) =-1 


See solved problem 1.15. 


It is not necessary to employ a number line when adding signed numbers. The results can be obtained from 
the properties stated previously. The next example illustrates how to add —13 and —25. 


EXAMPLE 14. (—13)+(—25) = (-1)13 + -1)25 -q=(-lq 
=-1(13 + 25) Distributive law 
=-1(38) Number fact 
=—38 -q=(-1)q. 


Example 14 illustrates the fact that the sum of two negative numbers is negative. It is also apparent that the 
sum of two positive numbers is positive, since movement on the number line will be to the right. The sum of a 
positive number and a negative number may be positive or negative. The sum is positive if the absolute value 
of the positive number is larger than the absolute value of the negative number. On the other hand, the sum is 
negative if the absolute value of the negative number is larger than the absolute value of the positive number. 


See solved problem 1.16. 


We define the difference of two quantities a and b as a + (—b). In other words, the difference of a and b is 
the sum of a and the additive inverse (opposite) of b. Differences may be obtained by referring to the number 
line given above also. The process of finding the difference of two quantities is called subtraction. We normally 
write a — b to represent the difference of a and b. Note that the minus sign is used for both a negative number 
and subtraction. Be sure you know how it is being used each time you see it. Also understand that a— b=a+t 
(—b) whereas b — a= b + (—a) and the results are not the same (unless a = b). In other words, there is no com- 
mutative property of subtraction. 


EXAMPLE 15. (a)5—6=5+(-6)=-l; (b)—-8—(—18) =-8 + [-(-18)] =— 8+ 18 = 10. 
See solved problem 1.17. 


Multiplication is an operation that associates with each pair of quantities a third quantity called the 
product. We write st or s(t) or (s)(t) to represent the product of s and t. Each of the quantities we multiply is 
called a factor. 
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Multiplication may be thought of as repeated addition. For example, 3(4) may be written as4+4+4= 12. 
That is, 3 times 4 or equivalently the product of 3 and 4, is the same as the sum of three four’s. 


Zero factor property: The product of a quantity and zero is zero. Symbolically we write, g(0) = 0(q) = 0. 
(The product of two quantities is zero if at least one of the factors is zero.) 


If we think of 3(0) as three zeroes or 0 + 0 + 0 for example, the result is 0 by the additive identity 
property. 

The product of two positive quantities is positive. This is true since movement on the number line 
is to the right if we think of the product as a sum. We can also illustrate this by thinking of 3(8) as 8+ 8+ 
8 = 24. 

The product of a positive quantity and a negative quantity is negative. Symbolically we write (—a)(b) = 
(a)(—b) = —(ab). This result may be illustrated by considering 3(—4) as (—4) + (-4) + (-4) =-12. 

It can be shown that the product of two negative quantities is positive. In this case we write (—a)(—b) = ab. 
Observe that (—a)(—b) = (-1a) (—b) = —1[a(—b)] = —1(-ab) = ab. 


See solved problem 1.18. 


If we are determining the product of more than two signed quantities, it can be shown that the product is 
positive if the number of negative factors is even, but the product is negative if the number of negative factors 
is odd. The product is positive if all of the factors are positive. 

For example, (8)(—7)(—4)(—2)(3) is negative since there is an odd number of negative factors. Also, 
(—8)(—6)(7)(—5)(—8) is positive since there is an even number of negative factors. 

We define the quotient of a and b or a/b as the product of a and 1/b, b #0. In other words, dividing a by b 
is equivalent to multiplying a by the multiplicative inverse (reciprocal) of b. 

Since a quotient is expressed in terms of multiplication, the sign of the result can be determined from 
the results we obtained when multiplying. For example, 12/4 = 12(1/4) = 3; 12/(-3) = 12(-1/3) = -4; 
= =-12 = = 4. These examples illustrate the fact that the quotient of quantities with like signs is positive 
while the quotient of quantities with unlike signs is negative. 

Note that division by zero is undefined since zero has no multiplicative inverse. On the other hand, 
0/q = 0 since 0(g) = 0 (.e., answer times divisor equals the dividend). (Technically, is indeterminate, 
not undefined, but that is left for a study in Calculus. In this book, division by zero will always be referred to 
as undefined.) 


See solved problem 1.19. 


It was stated previously that multiplication by a positive integer is another way to accomplish repeated 
addition. That is, 4+ 4+ 4 = 3(4). Ina similar manner, exponential notation is another way to express repeated 
multiplication. For example, 4° = 4 - 4 - 4 = 64. In general we define exponential notation for a positive inte- 
ger nas follows. b*'=b-b-b-.-.--b. In this expression, b occurs as a factor n times. b is called the base and 
nis called the exponent. 


Note: The exponent only applies to the symbol immediately preceding it, unless that symbol is a right-hand group- 
ing symbol where it would apply to the entire grouping. So, —2? = —2 - 2 =—4 but (—2)? = (-2) (-2) = 4. 


If no exponent is written, it is understood to be one. That is, b means b!. 


See solved problem 1.20. 


1.5 Order of Operations 


If multiple operations are to be performed in an expression, we must agree which operations are to be performed 
first in order to avoid ambiguity. The following order must be adhered to: 
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1. Operations within symbols of inclusion such as parentheses, brackets, fraction bars, etc., must be 
performed first. Begin within the innermost group. 


2. Next, begin by evaluating powers in any order. 
Next, multiplications and divisions are performed in order from left to right. 


AY 


Last, perform additions and subtractions as encountered in order from left to right. 


See solved problem 1.21. 


1.6 Evaluation by Calculator 


Evaluation of some arithmetic expressions can become very tedious and time consuming, if the expressions are 
complex at all. Expressions that are terribly complex, or involve more advanced operations, are just not reasonable 
to evaluate with pencil and paper. (Think of an incredibly difficult expression involving many fractions and powers. 
Now consider evaluating it within the next hour.) Fortunately, calculators and computers can do much of the 
work for us. Calculators can do most of the problems at the level of Intermediate Algebra or Algebra II computers 
may be required for much more complicated problems (maybe like the one you thought about). An increasingly 
popular type of calculator employs a Computer Algebra System, or CAS. This type evaluates expressions that 
used to require a computer. Since CAS calculators perform the algebra and not just the arithmetic, we do not rec- 
ommend their use for learning algebra (though they can be useful for checking your algebra skills and results). 
This section is dedicated to evaluating expressions by using a calculator. If you don’t have a calculator to use, 
this section may not be very useful to you until you have one. Simple scientific calculators with which you can 
calculate are (very small but) very cheap at discount stores. 


Types of Calculators 


There are many different types of calculators. The type you use will determine how you evaluate expressions 
with it. This section will give a general overview of the different types and should help you to use yours. The 
brand name of a calculator may identify its type but not all calculator manufacturers use the same type for all 
of their calculators. A different way of identifying types is needed. 

The two main calculator types now being used are set apart by their method of entering expressions: RPN 
(for Reverse Polish Notation) and Algebraic Entry. The RPN calculators are arguably the more efficient, but 
they are more difficult to learn, and are rare anymore. The Algebraic Entry calculators are easier to learn since 
the expressions are entered similar to the way they are written. Let’s consider the Algebraic Entry type first. 


Algebraic Entry Calculators 


Algebraic Entry calculators are normally set apart by including an “=” key, [=] on the bottom right side of 


the keypad. (Some Algebraic Entry calculators have replaced that key with | ENTER | or | EXE | for more 
advanced operations—such as graphing—but the keys serve the same purpose for evaluating expressions. The 
[=] will be used for this section.) Not all calculators with the “=” key are Algebraic Entry, however. Some 
calculators are best identified as Last Entry calculators. A true scientific calculator is almost never Last Entry. 


A simple calculation using the) x | key detects whether an Algebraic Entry or Last Entry calculator is being 


used. As we saw in the previous section, to evaluate expressions correctly, the order of the operations must be 
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followed. (Calculators use to display multiplication, as expressions will in this section; most still use “x” for 


the multiplication key on the keypad, so} x | will be used for a multiplication keystroke.) So, to evaluate 5+ 2* 3, 


the following keystrokes can be used (a keystroke is simply a push of the indicated “key” on the calculator 


keypad):| 2 | x | 3 | +15 | = |. This will give the correct answer, 11, because the correct order of operations 


was keyed in. Now, to detect if the calculator is an Algebraic Entry calculator, use keystrokes in the order the 


expression is written:| 5 | + | 21x | 3 || = |. If this also gives the answer as 11, then the calculator is Algebraic 


Entry, not Last Entry. (A Last Entry calculator will give an answer of 21 for that ordering since it will evaluate 
5 +2 as 7 and then multiply by 3, which violates the order of operations.) Last Entry calculators will always 
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evaluate current operations immediately using the “last entry”; Algebraic Entry calculators will evaluate expres- 
sions by using the correct order of operations automatically. 

Algebraic Entry calculators can easily be divided into two kinds: single-line and multiline displays. The 
single-line display will display only the last number entered even though others may be pending evaluation due to 
the order of operations being controlled by the calculator. Multiline display calculators will show the entire expres- 


sion as entered (up to the point of the| = | key press). Although their displays differ, both evaluate the same way. 


RPN Calculators 


The other general type of calculator is identified by its evaluation method. That method is called Reverse Polish 
Notation, or RPN for short. (This method is identified as postfix in computer jargon.) Calculators identified as 
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RPN rarely have an on the keypad—those that do generally only include it for programming purposes. RPN 
calculators have a different way of entering expressions for evaluation and a few simple examples may help you 
understand. Notice in these examples that the arithmetic operation to be used between two numbers, or interme- 


diate results, is entered after both are entered. Either | T | or | ENTER | is used to let the calculator “know” a 


number was entered; this section will use| ENTER |. 


EXAMPLE 16. Expression RPN Evaluation Answer 
8+7 [8] ENTER |7[+ 15 
9*5+4 [9] ENTER [5] x]4[+ 49 
26-3*8 [2] 6] ENTER | 3 | ENTER | 8 [x | - 2 


Note the last expression in the previous example required the 3 and 8 to be multiplied before that answer 
was subtracted from 26. The process can be visualized as a stacking process where the top two numbers (or 
bottom two as you look at the following display) are always used for an operation and the answer is put back 
on the stack. The evaluation steps for 26 — 3 8 could be visualized by the following: 


KEYSTROKES STACK 


[2] [6 | ENTER 26 <= level 1 


26 <= level 2 


3 <= level | 


26 <= level 3 
3 <= level 2 


8 <= level | 


26 <= level 2 


24 <= level 1 
[=] 5 <= level 1 


All values on the stack would be displayed for this problem if the calculator has a multiline display. Only the 
values at level 1 would be displayed at each step for single-line displays. 
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Special Keys 


There are several special keys that will be needed for more involved calculations. Unfortunately for this discus- 
sion, different calculators use different keys for the same needs. Some of the different keys will be discussed, 
but not all. You may need to find the specific keys for your calculator from your calculator’s reference manual. 


Changing Signs 


A most important special key allows us to change the sign on a number. Since the calculator only shows pos- 
itive digits on the keypad, this ability is very important if any negative numbers are to be used in a calculation 
(or, at least, easily used). Probably the most frequently used keys on different calculators for sign changing are 


+/— |,| CHS |and| (-) |. (The key stands for CHange Sign; the others are more obvious.) The} (—) 

key is normally on the keypad of calculators that have graphic displays and would be pressed before the num- 
ber is entered to show the negative sign. The other keys are generally used on calculators where the key is 
pressed after the number is entered to change the sign. For example, to display —5 on the calculator, you would 


use [5] +/- |, [5] CHS J, or [Os | depending on the calculator used. The | — | key will normally only be 


used for subtraction. The key for sign changing cannot be used for subtraction and vice versa. 


Exponentiating 


Another important key for evaluating expressions on the calculator gives us the capability to exponentiate, 
that is, to find powers. Once again, there are three widely used keys on different calculators that perform this 


A 


function: | x” |,| ¥* |, or . The first two are very similar (the x and y are simply switched) and they operate 


the same way. The last key type is the operator for exponentiating generally used by computers; it operates the 
same as the other two. 


EXAMPLE 17. To calculate 9° on the calculator, press | 9 || x” | 6 | = |.| 9 |” | 6 | = |,or] 9 | 4 | 6 | =], 


again depending on the calculator used. The answer is | 531441 |. 


Very Large and Very Small Numbers 


When very large or very small positive numbers, or their negatives, are used a method is needed to enter and 
interpret their display. Two common keys for performing the input of these numbers on different calculators are 


EE |and| EXP |. (Don’t confuse the second with the exponential function on computers.) To display 372 x 10° 
you would enter either | 3 | 7 | 2 | EE | 5 | 3 jor] 3 | 7 | 2 | EXP | 5 | 3 |. For very small numbers, the 


exponent on the 10 needs to be negative; 72 x 107! would be entered as | 7 | 2 || EE | 1 || 3 | +f | (Note: 


EXP | might be used for] EE |, and] CHS Jor] (—) |might need to be used for [+e | .) The display of numbers 
like these varies greatly from calculator to calculator and the value is displayed in scientific notation (which will 
be explained in Section 5.2). Many calculator displays simply leave one or more spaces between the number and 
the exponent of 10 to show the correct value; thus 2.91 x 10*° would be displayed as | 2.91 35 |. Other 


displays would show the same number with the “EE” or possibly simply an “E” designation:| 2.91 E35 |. Some 


calculators even display the entire expression just as it is written: 2.91 x 10°. To see your display of a large 


number, calculate 123456789 * 987654321. The answer is approximately | 1.219326 x 10'” | (though the exact 


answer is 121932631112635269, your calculator won’t show that many digits). 


Memory Storage and Retrieval 


The last special keys to consider in this section are for simplifying your work in extended calculations and 
circumstances when intermediate results are required. These keys have to do with the storage capabilities of 
the calculator. Most calculators will allow values to be stored for later retrieval so that you don’t have to 
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reenter all of the digits to use the number again. To store the number displayed on the calculator, various keys 
may be available, such as} STO |,| X— M |,| M+ | and others. (| M+ | adds the displayed value to whatever 


is currently stored in the calculator’s memory.) Some more advanced calculators can store more than one 
value at a time and a combination of keys is required to store any value. (Normally the combination would 
be a “store” type key followed by a key designating a letter of the alphabet.) To retrieve a value stored in the 


memory, the available keys may include] RCL |,| M— X |,} RM |or others. 


Note: For the following problems, | STO |,) RCL |,) +/— |, and] ¥* | are used for convenience. You need 
to use the appropriate keys for your calculator. The example keystrokes for each calculator type should be read 


left to right, top to bottom. 


See solved problems 1.22—1.28. 


1.7. Translating Phrases and Statements into Algebraic Form 


The application of mathematics normally requires a translation process before any actual mathematics can be 
performed. That translation converts word phrases into mathematical expressions. The mathematical expressions 
are “models” of the real problem much like airplane kits are models of real airplanes; both promote the under- 
standing of their real counterpart through analysis of the model. With mathematics, like airplanes, more complete 
and detailed models offer better understanding. With experience, those models can be assembled. At this level, 
however, the mathematical detail is not nearly complete, though it still gives a good model with which to work. 

Once a problem is converted to a mathematical form, the well-defined rules of mathematics generally allow 
a simplification of the problem. The results of that simplification are interpreted in light of the original problem 
(and its restrictions), thus frequently solving it. This provides a highly successful, structured process for solving 
problems, which is our ultimate goal. In this section, we concentrate only on the translation process. 

Careful reading (and probably rereading) of the words in a problem is essential for the translation process to 
be successful. Even at that, trying to make the translation in one step is more difficult than need be. A frequently 
used aid for breaking this process into parts or steps is to identify key words and key phrases. Many of these 
words have been in your vocabulary for a long time: add, multiply, take away, etc. When these are identified, the 
mathematical symbols can be used in their place. 


EXAMPLE 18. The phrase 
“multiply the first number by five and add the second number” 
would be converted perhaps initially to 
“5(first number) + (second number).” 
A bit of reordering of the elements of the phrase was used for clarity, but was not required. 
EXAMPLE 19. The phrase 
“take 7 away from twice a number” 
translates into 
“(twice a number) — 7.” 


Notice the reordering was required here since twice the number is not being “taken away from” the seven but 
just the reverse. This example illustrates the use of another key word, “twice” which means “two times” or 
“multiply by 2.” The original phrase could then be more fully translated into 


“2(number) — 7.” 
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Besides key words being replaced by their mathematical symbols, unknown quantities may be replaced by 
variables that would be used to identify them. When doing so, be very specific about the identity of the variable. 
If you can’t specifically write the identity of the variable, you don’t understand its purpose well enough to 


continue with the problem. 


Table | illustrates translations of numerous commonly encountered word phrases into algebraic form 


(algebraic expressions). 


TABLE 1 Key phrase examples 


TYPE WORD EXPRESSION ALGEBRAIC TRANSLATION 
ADDITION 5 more than x x+5 
n increased by 17 n+17 
t added to 9 O+t 
the sum of r and 2 r+2 
four plus z 4+Zz 
SUBTRACTION 17 less than y y-17 


6 subtracted from x 
8 minus z 
subtract 3 from a 
difference of p and q 
t decreased by 9 


MULTIPLICATION 12 times x 
twice q 
one-half of n 
t multiplied by 9 


product of 4 and p 
three factors of y 


DIVISION 78 divided by p 


the quotient of x and 4 


ratio of 2 to 3 


EQUALITY xis 7 
y equals 4 
14 is the same as t 


INEQUALITY x is not less than y 
p is at least 19 
ris not as great as v 
17 is more than z 
8 is not equal to ¢ 
w is no more than 10 


sh 
zit 


Ot (or t(9) or t * 9) 
4p 
yyy or y3 


78) (0 78 + por | 
P 
x+4 


nea gee 
3 


x=7 
y=4 
14=t 


xfyorx2y 
p219 
r<v 
17>z 
8#t 
ws 10 


EXAMPLE 20. In Example 18 above, 


“multiply the first number by five and add the second number,” 
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the letter “x” could be used to designate the “first number” and “y” could be used for the “second number.” 
Then the phrase could be completely translated into 


“Hy o* 


For most of this text, mathematical expressions that result from translating word phrases (or statements) will 
be limited to using a single variable. (To do so in Example 20 would require an additional statement providing 
the mathematical relationship between the first and second numbers.) 


EXAMPLE 21. For Example 19, “n” could represent the “number”; the mathematical expression then becomes 
“2n-7.” 


See solved problem 1.29. 


When the word phrase is actually a statement, the translation becomes either an equation or an inequality. 
The key word “is” (or an equivalent such as “equals”) becomes a guide as to whether the words form a phrase 
or a statement. When the word “is” (or an equivalent) is included, a statement is normally indicated; when not 
included, a phrase is normally indicated. (If it is a statement, the translation is referred to specifically as either 
an equation or as an inequality. The word “expression” is normally reserved for those translations that aren’t 


eeer) 66s 99 


statements.) With “is” included, the words in the statement preceding “is” can form the expression on the left 


side of the equation (or inequality if designated). Those following “is” (or the words associated with it for 
designating an equation an inequality) can form the right side. 


EXAMPLE 22. “Five more than twice a number is 37” 


becomes “(5 more than twice a number) = 37” 


66 


Then using “n” as the number, the left side of the expression can be symbolized as before to give 


“2n+5= 37.” 
See solved problem 1.30. 


For help in translating word statements, try to identify the general type of problem stated. The problems above 
are categorized as number problems. This section will deal with a few types of problems (specifically: number, 
coin, and geometry problems) with more types introduced in later sections. The advantage in identifying the type 
of problem stated is that you need not “reinvent the wheel”; use your knowledge about solving the type of problem 
to solve the specific problem. Even professional “problem solvers” use this technique when possible. 

Each type of problem will be introduced by a simple statement and then translated. The problems may seem 
useless to the student, but the purpose here is simply to develop skill in translating various phrases and state- 
ments into algebraic form. That will be extremely useful. 


See solved problems 1.31-1.33. 


SOLVED PROBLEMS 


1.1 Specify each set by listing its elements within braces. 


(a) {natural numbers greater than 8} 
(-10.41,5) 


(b) {integers between —4 and 4} 
{-3, -2, -1, 0, 1, 2, 3} 


(c) {first four whole numbers } 
{0, 1, 2, 3} 


(d) {odd rational numbers between —4 and 4} 
{-3, -1, 1, 3} 
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1.2 LetA -{ 4,—J/8, = 0, : : : ,3-4,5.222.. | Specify each set. 


1.3 


1.4 


1.5 


1.6 


(a) All members of A that are whole numbers. 


{0} 


(b) The members of A that are irrational. 


{-V8} 
(c) {xlxe Q} 


{-4.2.0.1,2.34,522..1 
7 4 5 


(d) {xlxe Jand x is negative} 
{-4} 


Refer to supplementary problems 1.1 and 1.2 for similar questions. 


Suppose A = {0, 2,5}, B= {1, 3, 5, 8}, and C= {3, 5}. Find the following: 


(a) ANB (b) AUC () Boe 
(d) BUC (ec) ANN (f) BUW 
(a) {5} (b)  {0, 2, 3, 5} (c) {3,5} 
(d) {1,3,5, 8} (e) {2,5} CF) 10,4, 2,50) 


Refer to supplementary problem 1.3. 
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Make each statement an application of the given property of equality by replacing each question mark 


with the appropriate quantity. 
(a) Symmetric property Ifs=t—6, then ?=s. 
(b) Transitive property If4=w+3andw+3=y,then4=? 
(c) Substitution property If4=w+3andw=y, then4=? 
(d) Reflexive property r-—s=? 
(a) t-6 (b) y (c) y+3 (d) r-s 


See supplementary problem 1.4. 


Express each relation using appropriate symbols. 


(a) 7 is greater than 1. (b) —4 is less than —3. 
(c) x—2 is positive. (d) tis between 0 and 5. 
(e) sis greater than or equal to —4 and less than 3. 


(a) 7>1 (b) 4<-3 (c) x-2>0 (d) 0<t<5 (e) -4<s<3 


Replace each question mark with the appropriate order symbol to form a true statement. 
(a) 228 (b) 22-3 (c) -—3?-1 (d) -14?-1.5 


(a) <ors (b) >ore= (c) <ors (d) >or= 


Refer to supplementary problems 1.5 and 1.6 for similar questions. 
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1.7 Graph {—2, —3/2, 2.5, 4.0} on the number line in Figure 1.5 below. 


5 4 3 2 1 0 1 2 3 4 5 


Figure 1.5 


See Figure 1.6. 


5 4 3 2 1 0 1 2 3 4 5 


Figure 1.6 


1.8 Graph the indicated intervals on a number line. 


(a) (1, 3] (6) [2,2] (c) [0, ) (dZ) (-~,-l) 
(a) See Figure 1.7. (b) See Figure 1.8. (c) See Figure 1.9. (d) See Figure 1.10. 


Figure 1.7 


5 4 3 2 1 0 1 2 3 4 5 


Figure 1.8 


5 4 3 2 1 0 1 2 3 4 5 


Figure 1.9 


5 4 3 2 1 0 1 2 3 4 5 


Figure 1.10 


1.9 Describe the intervals in Solved Problem 1.8 above using set-builder notation. 


(a) {xl1<x<3} (b) {xl-2<x<2} (c) {xlx>0} (d) {xlx<-l} 


1.10 Graph each of the indicated sets of real numbers on a separate number line. 


(a) {xl-8<x<4} (b) {tlt<6} (c) {sls=-3} (d) {yl-10<y<-4} 
(a) See Figure 1.11. (b) See Figure 1.12. (c) See Figure 1.13. (d) See Figure 1.14. 
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1.12 


Figure 1.12 


See supplementary problems 1.7, 1.8, and 1.9. 


Figure 1.14 


State the name of the property illustrated in each of the following. 


(a) 4+2x=2x+4 

(c) 3t+6=3(t+2) 

(e) 3(t+2)=3024+0N 

(g) 3(4) is a real number 
(i) r+(7+H=(r+7)+t 


(a) Commutative property of addition 
(c) Distributive property 

(e) Commutative property of addition 
(g) Closure property of multiplication 


(i) Associative property of addition 


Replace each question mark so that the given statement is an application of the given property. 


(a) 4+?=4 

(b) s+(-s)=? 

(c) x+ (3x+9)=(*+3x)+? 
(d) r+8+?=r+0 

(e) 302)t=t 

(f) 3@-5)=?-15 


(b) 
(d) 
(f) 
(h) 
i) 


(b) 
(d) 
Y) 
(A) 
(i) 


(x — 3)8 = 8(x — 3) 


6 + (-6) =0 
1(5)=5 
1 = [1s —2)] (s—2) 


r+(7+H=r+(t+7) 


Commutative property of multiplication 
Additive inverse property 

Identity property of multiplication 
Inverse property of multiplication 


Commutative property of addition 


Identity property of addition 


Additive inverse property 


Associative property of addition 


Additive inverse property 


Multiplicative inverse property 


Distributive property 
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(g) s(5)=(%)t Associative property of multiplication 

(h) (s5)t=(?)t Commutative property of multiplication 
(a) O (b) O (c) 9 (d) -8 
(e) 1/3 Cf) 3% (g) 85 (h) 5s 


See supplementary problems 1.10 and 1.11 for additional drill. 


1.13 Find the opposite of each of the following expressions. 


(a) 6 (b) -3 (c) 3-x 

(d) t+8 (e) -(6-s) 
(a) -6 (b) 3 (c) -3-x)=x-3 
(d) -(t+8)=-t-8 (e) 6-s 


1.14 Find the absolute value of each of the following expressions. 


(a) 7 (b) -9 (c) tift>0 
(d) -(x-6)ifx>6 (e) sifs<O 
(a) 7 (b) 9 (c) ¢ 
(d) x-6 (e) -s 


1.15 Refer to the number line in Figure 1.15 below to find the following sums. 


Figure 1.15 
(a) —-3+4 (b) 243 (c) 6+(-4) 
(d) (-1)+(-3) (e) 0+(-2) 
(a) 1 (b) 5 (c) 2 
(d) -4 (e) -2 
1.16 Find the indicated sums. 
(a) 64+3 (b) -5+3 (c) 4+(-6) 
(d) -3 + (-7) (e) -10+17 
(a) 9 (b) -2 (c) —2 


(d) —-10 (e) 7 


See supplementary problem 1.12. 


1.17 Find the following differences. 
(a) 5-9 (b) -—3-(-7) (c) 22-14 (d) -7-14 
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(a) 5-9=5+4+(-9)=-4 (b) -3-(-7)=-3+7=4 
(c) 22-14=22+(-14)=8 (d) -7-14=-7+(-14)=-21 


See supplementary problems 1.13 and 1.14. 


1.18 Find the following products. 


(a) 5(7) (b) 4-7) (c) —4(4) 

(d) (—5)(-6) (e) 11(0) (f) OC8) 
(a) 35 (b) -28 (c) -16 
(d) 30 (e) 0 (f) 0 


See supplementary problem 1.15. 


1.19 Find the indicated quotients. 


(a) 28/7 (b) -20/5 (c) 4. 
@j 2. (ce) -36/(-4) (f) 7/0 
(a) 4 (b) -4 ©) 0 
(d) —4 (e) 9 (f) undefined 


See supplementary problems 1.16 and 1.17. 


1.20 Write the following without exponents and evaluate. 


(a) 2+ (b) 3 (co) 44y 

(@) Clp (e) 04 
(a) 2-2:2-2=16 (b) 3-3-3=27 () AACA) =-64 
@ CY)CDCDCEDCD=-1 (e) 0-0-0-0=0 


See supplementary problem 1.18. 


1.21 Perform the indicated operations. 


(a) 2+3-6 

24+3-6=2+18=20 
(b) 33-4-5+4+8 

33-4-54+8=33-20+8=21 
(c) 4[8— (-3)] 

A4[8 — (-3)] = 4[8 + 3] =4[11] = 44 
(d) (6—9)(8 - 12) 

(6 — 9)(8 — 12) = (-3)(-4) = 12 
(e) 12-(4-3+8) 

12-(4-3 +8) =12-(12+8) =12—(20) =-8 

-20+4 

—2-6 

-20+4 -16 

=—=2 


326 8 


(f) 


26 


(g) 


(A) 


@ - 


(i) 


(k) 


(@) 
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2(-4) 5) 
-2(4) +4 
2(-4) (5) _ -8(-5)_ 40 | 


= = 10 
I a)e4 844. 4 


15 [=] 
a) See (j= 5 9 S38 


-7 =-(49) =—49 

342-4 

3+2-47=34+2-16=5-16=-11 

~(34+2-4 

(3+2-4y =-(3 +2 - 16) =-(5 - 16)? =-(-11)? = (121) =-121 
+3 

6° + 33 = 36 + 27 = 63 


CR a 


(n) 


(0 


eS 


(Pp) 


(q) 


(s) 


(3-3 = 3-9 =(-6P = 36 
3 [7 -4(5 -2)] 

3[7 — 4(5 — 2)] = 3[7 — 4(3)] = 3[7 — 12] = 3[-5] =-15 
2-DCSY 

2(-1)(-5)? = 2-1)(25) = -2(25) = -50 


3-74+47-1 

2+(7-3) 

S740 1 S:7416-1 Bi416—1 37-1 46 
247-3) 2-4 4204 #26 6 
3[4 — 3(-2)"] 

= a 

3[4 - 3(-2)7] 3[4-3(4)] 3[4-12] 3[-8] -24 
2-44 16t—<“<i«~<~—S:t(“(i«é«~—CSC 


5 3+5 8 
4°-2 +4 16-2 +4 
4-8 -4 _16-2(-2)+4_ 164444 24 
3 


2+a( 0-2 J +9 2+3{3-}+9 pene eran | 


2(27 + 0°) 


3 3 
6-4 2 
10:2}, — — 10 +2} — ; 
; 4-6 = 10 + 2(-1) 
10 100 100 = 100 


10 —- 


= 100 


007407) 2(4 +0) 


1=99 


8 
= 100 
8 
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(eae 
8-9 +8 
: 53° 44+2 254+4+2 25+2 27 
(4° - 1) + =——_ = (64-1) = 63 + = 63 
8 -9° +8 64-81+8 -17+8 -9 


= 63 +(-3)=-21 
See supplementary problem 1.19. 


1.22 Evaluate 7 «2-5 «4. 


Algebraic Entry: | 7 || x | 2 |) - | 5 | x || 4] = 


RPN: | 7 | ENTER | 2 || x | 5 || ENTER | 4 | x | - 


Last Entry: | 5 | x | 4 || =| STO | 7 | x ] 2 | -— | RCL | = 
Answer: —6 


1.23 Evaluate (3 + 2 * 4)(9 * 2-5). 


Algebraic Entry: | (| 3 |. +2 | x [4 4) Lx | C)9 Lx ].2]-|5 JD Le 
RPN: | 3 | ENTER | 2 | ENTER | 4 | x | + 9 ENTER | 2 | x | 5] - 
Last Entry: | 2] x | 4] +] 3 || = || STO ] 9] x | 2 | — | 5 x |] RCL | = 
Answer: 143 
1.24 Evaluate (2 * 34+5) «7. 
Algebraic Entry: |(/ 2] x | 3] }4]) 475). x] 7] = 
RPN: 2 || ENTER | 3 || ENTER | 4 |] y* || x | 5 |] + | 7 | x 
Last Entry: 3yyv 4x2), +1 50x 77, = 
Answer: 1169 
3 a 
1.25 Evaluate = +15( 7) 
7 11 
Algebraic Entry: | 3 / + | 7 1,5) x 7, +] 10 1 = 
RPN: | 3 | +/- || ENTER | 7 || + |] 1 5 |) ENTER | 7 |} x 71 |) 1} +] + 
Last Entry: | 3 |} +/-— | +] 7] =] STO | 145 |) x | 7 | +f 1] 144+ 4] RCL 
Answer: 9.116883117 
1.26 Evaluate 3(5* — 4°). 
Algebraic Entry: | 3 | x | C]5 jo" | 4-—] 4] 5 i) l= 
RPN: | 3 | ENTER | 5 || ENTER | 4 | y* || 4 || ENTER | 5 || »' |] -— || x 
Last Entry: | 4 |» | 5 | =|] STO | 5 |} | 4 | -— | RCL | x] 3 = 
Answer: —1197 
3 
1.27 Evaluate at : 
Algebraic Entry: [|( 5 //+) 7) 713) ) 44 C2) 7475] -] 5 J) Te 
RPN: 5 | ENTER | 7 || ENTER | 3 | y‘ |} + || 2 |) ENTER || 5 jy‘ | 5 | - 


Last Entry: 2ixr 57-5] =] STO] 7] x | 37445 s+ 


Answer: 12.88888889 
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1.28 Evaluate (2—3*5)3(7-2*8)°. 


Algebraic Entry: | (| 2) -|}3 |x| 5]) oo" ] 34x CH7 | - 7 2 
x | 8 |) or dps |= 
RPN: 2 || ENTER || 3 | ENTER | 5 | x | — | 3 |x" 7 
ENTER || 2 || ENTER || 8 || x || — | 5 | "| x 
Last Entry: | 3 | x | 5 | =|| STO | 2 | - }| RCL | y' | 3 |] = 
Write answer || 2 || x || 8 | = || STO | 7 | - 
RCL || y* | 5 || x || Reenter first answer || = 


Answer: 129730653 or 1.29731 x 108 if 6 digits are displayed in Scientific Notation. 


This last problem illustrates one of the greatest difficulties with the Last Entry calculator: the final calculation cannot 
always be conveniently arrived at without writing down an intermediate result and then reentering it later. The Last Entry 
calculator type is considered inferior to the other types. It is not generally referenced in calculator problems; either the 
Algebraic Entry or RPN calculator type is assumed. 


See supplementary problem 1.20 for additional calculator practice. 


1.29 Translate each of the following into mathematical expressions: 


(a) ‘Fifteen less than the sum of two numbers’’—use “x” for the first number and “y” for the second. 
The translation 


becomes “fifteen less than the sum of x and y” which in turn 
becomes “fifteen less than (x + y)” and finally 
“(x+y)— 15” 
or “x +y— 15” note: parentheses not needed. 


(b) “The product of eight, and 12 more than a number’’—use “p” as the number. 
The translation 


becomes “the product of 8, and 12 more than p” and that 
becomes “the product of 8 and (p + 12)” which gives 
“8(p + 12)” 


since the product requires 8 to be multiplied by the value of p increased by 12. 


(c) “The sum of 25 and the product of seven and a number’’—use “x” as the number. 
The translation becomes (in ever better resolution) 


“the sum of 25 and the product of 7 and x” 
“the sum of 25 and 7x” 
“25 + 71x” 


since the sum requires 25 and the product be added. 


(d) “Three times one number minus twice another number’’—use “x” for one number and “‘y” for 
the other. 


Translating 
“3 times x minus twice y” 
“3 times x minus 2y” 
“3e— ZY." 


(e) ‘Five times a number is decreased by 7”—1use “s” for the number. 


“five times s decreased by 7” 
“Ss — 7.” 
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(f) “The ratio of 4 to a quantity’’—use “gq” for the quantity. 


“the ratio of 4 to q” 


4 
“42g” or” 
q 


(g) ‘A number decreased by eleven, divided by twice the number’”—use “x” for the number. 
“x decreased by 11, divided by twice x” 


“(x decreased by 11) divided by (2x)” 
x-Il 


“(x —11) + (2x)” or “ 


” 


1.30 Translate each of the following into an equation or an inequality: 


66? 


(a) “A number is not the same as 20’’—use “‘n” for the number. 


“n is not the same as 20” 
“n #20.” 


6699 


(b) “Six more than one number is eight less than one-half another number”—use “x” and “‘y” for 
the numbers. 


1 
“6 more than x is 8 less many 
6 +61 1 8” 
x+6is-y— 
3? 
a 1 2 op Y_gn 
x+6=—y-8."or“x+6==—-8. 
2 2 


(c) ‘The product of the sum of a number and three, and seven less than another number is more 


than ten’’—use “‘s” and for the numbers. 


is 

“the product of the sum of s and 3, and 7 less than ¢ is more than 10” 
“the product of (the sum of s and 3) and (7 less than f) is greater than 10” 
“(the sum of s and 3)(7 less than t) > 10” 


“(5+ 3)(t—7) > 10.” 


665899 


(d) “The difference of 50 and the product of three and a number is no more than 20” —use “n 
for the number. 


“the difference of 50 and the product of 3 and n is no more than 20” 
“the difference of 50 and (3 times 7) is less than or equal to 20” 
“50 — 3n < 20.” 


Number Problems 


1.31 Translate each into a representative equation: 


(a) ‘Four more than twice a number is one less than three times the number.” 


This is similar to previous problems. Let “x” represent the number. Read the statement carefully to 
convince yourself that only one number is indicated. Then the problem can be translated in the 
following stages: 


“4 more than twice x = | less than 3 times x” 
“4 more than 2x = | less than 3x” 


“2x+4=3x—-1.” 
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(b) “The sum of two consecutive integers is 95.” 


This problem requires a look at the meaning of consecutive integers. Examples of consecutive 
integers are 13 & 14, 79 & 80, and —134 & —133; the larger is simply one more than the smaller. 


665. 9 


If the first (or smaller) is identified as “x,” then the next (or larger) would be identified as 


6? 


“x + 1.” Using “x” as the first integer and ‘x + 1” as the next, the statement could be translated 
by steps as 


“(first) + (next) = 95” 
“(x) + (x + 1) = 95” 


(The parentheses are included only to help show the respective integers involved.) 


Note: For consecutive even (e.g., 32 & 34) or consecutive odd (e.g., 119 & 121) integers, if the first number is des- 
ignated as “x,” the next would be designated as “x + 2.” They differ by two whether they are consecutive even or con- 
secutive odd. So, to obtain the next, simply add two. 


(c) ‘Seven times a number plus three times its reciprocal is 22.” 


Since the reciprocal of any number is its multiplicative inverse, if “‘n’”’ is designated as the number, 
then “1/n’” would designate its reciprocal. Therefore, the statement could be translated in stages as 
follows: 


“7 times n plus 3 times (1/n) = 22” 
“7n plus 3(1/n) = 22” 
“Tn + 3(1/n) = 22.” 


Coin Problems 


1.32 Translate each of the following into an equation representing the coins indicated: 


(a) “A collection of nickels, dimes, and quarters is worth $1.65. If there are 2 more dimes 


than nickels but only one more quarter than the number of nickels, how many of each 
coin are there?” 


Notice immediately the following: 


“(value of all nickels) + (value of all dimes) + (value of all quarters) = $1.65.” 


So, the value of nickels, dimes, and quarters must be symbolized. Also, all values must be in the same units 
so 165 cents would probably be easier to use than $1.65 (no decimals). All values are then in cents, not 
dollars. 


The question being asked in the problem normally identifies what the variable should represent. Here, the 
number of each coin denomination (value) is requested. A choice, however, is required for determining on 
which coin to focus first—to determine the number of that coin. Frequently in this type of problem, one coin is 
easier to “key on” than the others. In this specific problem it’s the number of nickels. Letting “x” represent the 
number of nickels identifies the number of dimes and quarters rather easily from the second sentence. Since 
there are two more dimes than nickels, the number of dimes would be designated as “‘x + 2”; there is one 
more quarter than nickels so their quantity would be “x + 1.” Be certain to note that each designation is for 


the number of coins; nothing involving a value occurs yet! 


Another step in the process requires the values of the different denominations to be identified. Since the 
value of each coin is well known and the number of each coin is symbolized, they can be combined to give the 
total value of all coins of that type (denomination). The total value for all of one type of coin is the product of 
its quantity and its denominational value. The translation can be stepped through by 
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Value of Value of Value of 
& ee i ei eo ‘ i an = 
Nickel ) ( Number of Dime ) ( Number of Quarter \ / Number of 
value [ nickels : ell dimes }: ( value quarters = 168 
“(5) (x) + (10) (x + 2) + (25) (x +1) = 165.” 


(b) “A community theater auditorium seating 1200 people sold out a performance and grossed 
$9000. If the general admission tickets were $6 and the reserved seating tickets were $10, how 
many general admission tickets were sold?” 

This problem doesn’t have anything to do with coins so may seem misplaced. It does, however, involve 
two tickets with their own denominational value. That makes this a coin-type problem. Treating the tickets as 
coins puts it in perspective. 


This problem is a bit trickier than the last in that there is seemingly no relationship between the number of 
tickets of the two types—the denominational quantities. The only relationship given is the fact that they com- 
bine for 1200 tickets; that is enough. Let “n’” represent the number of general admission tickets sold. 

If you were to guess “n” to be 375, how many reserved seating tickets would there have to be? That number 
must “take up” the difference between 375 and 1200, i.e., it must be 1200 — 375 or 825. The 375 was just a 
guess to help think through the setup so simply replace it by “n’ and you have the number of reserved 
seating tickets sold: “1200 — n.” Using all of this and refining the translation might give the following 


sequence: 


Value of general Value of reserved 
admission tickets 


eee ) = 9000 
seating tickets 


admission tickets ticket value 


General admission \ ( Number of general Reserved seating \ / Number of reserved 
ticket value 


ie gs = 9000 
seating tickets 


“(6) (n) + (10) (1200 — n) = 9000.” 


Geometry Problems 
1.33. Translate each of the following into an equation or inequality representing the figure: 


(a) “Find the length and width of a rectangle given that the perimeter is no more than 800 inches 
and the length is three times the width.” 


Geometry problems require knowing some information about the geometric figure involved. Often that 
information is a formula included in the problem itself. When, as here, the author of the problem thinks the 
information to be reasonably standard knowledge at the level of the student, the formula is omitted. 

After working a few exercises, you will probably agree with that assessment for this figure. 


This specific problem requires a formula for the relationship between the perimeter of a rectangle and its 
length and width. The perimeter of any figure is the distance around the figure, so the perimeter of a 
rectangle is 


length 
width width 


length 
Figure 1.16 
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(b) 


(c) 
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length + width + length + width or 2(length) + 2(width); so P = 2/ + 2w. Now the problem can be 
translated into an algebraic form. Letting “w” represent the width (in inches for agreement of units with the 
perimeter), the length can then be represented by “3w” since it is three times the width. Using this 


information, the translation steps might proceed as 


“perimeter < 800” 
“2(length) + 2(width) < 800” 
“2(3w) + 2(w) < 800.” 


“How long is the hypotenuse in a right triangle with one leg 5 inches and the other 12 inches? 
(The Pythagorean Theorem states that the sum of the squares of the lengths of the two legs is 
equal to the square of the length of the hypotenuse.)” 


This problem has a formula embedded (in the stated Pythagorean Theorem) but requires understanding 
of the terminology. In this problem, a right triangle, its hypotenuse, and the legs are referenced. A right 
triangle is one in which the two shorter sides (called legs) intersect at a right angle or corner. The longer 
side (called the hypotenuse) is always opposite that right angle. 


hypotenuse 
leg, 
Right 
a Angle 
leg, 
Figure 1.17 


Since the problem asks for the length of the hypotenuse, it is logical to associate that with the variable; let’s 


665. 9 


identify it as “x.” Now the Pythagorean Theorem must be used. Since it states 
“(leg,)? + (leg,)” = (hypotenuse)”” 


and one leg is 12, say leg,, and the other, leg,, is 5, then the theorem can be written for this problem now as 
“(12) + (5)? = (xy” 


which is a valid algebraic translation of the original problem. Nothing more is required for the setup of this 
problem! Frequently when a formula is given in the problem, it is the basis for the setup. 


“The length of a rectangle is 10 more than twice its width. If the perimeter is 320 feet, how 
wide is the rectangle?” 


Let “w” be the width of the rectangle in feet. The length would then be 10 more than twice w or 
1=2w+ 10. So, 


“perimeter = 320” 
“21+ 2w = 320” 
“2(2w + 10) + 2w = 320.” 


Refer to supplementary problems 1.21 through 1.49 for similar problems. 
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SUPPLEMENTARY PROBLEMS 


1.1 Specify each set by listing its elements within braces: 


(a) {integers between —2 and 5} (b) {even rational numbers between —2 and 5} 


(c) {first three natural numbers } (d) {whole numbers less than five} 


1.2 LetS= [-2. — V4, -1.787878...,2, 2.74, V11 \ Specify each set : 


(a) The members of S that represent integers. (b) {xlxe Sandxe Q} 


(c) {xlxe Wand x is negative} (d) The set of irrational elements of S. 


1.3 A=({1,4,7}, B= {1, 2,5, 7}, and C= {-1, 2, 6}. Find the following: 


(a) BOC (b) AUB (c) ANC (d) CAN 
(ec) BUW (f) BOA (g) JUC 


1.4 Name the property that is illustrated in each case. 


(a) Ifx+y=8andy=2, thenx+2=8. (b) If8=x+y, thenx+y=8. 
(c) Ifs+3=tandt=9, thens+3=9. (d) Ifbh=20 and b=4, then 4h = 20. 
(e) p=p (f) Ifx=yand y=r+4, thenx=r+4. 


1.5 Express each relation using appropriate symbols. 


(a) 4/is greater than —2 (b) xis nonpositive 
(c) sis between 4 and 7 (d) -3.5 is less than —3.4 
(e) 10is greater than or equal to 10 


1.6 Replace each question mark with the appropriate order symbol to form a true statement. 
(a) -3?-4 (b) -42?-3 (c) 0?-1 


(d) 525 (e) —99 ?—98 


1.7 Graph the indicated intervals on a number line. 


(a) [-2,4) (b) (-%, 1] (c) [0,4] (d) (-3,) 


1.8 Use set-builder notation to describe the intervals in problem 1.7. 


1.9 Graph each of the indicated sets of real numbers on a separate number line. 


(a) {xlx>-2} (b) {tl-3<r<2} (c) {yly<20} (d) {sl-5<s<-2} 


1.10 State the name of the property illustrated in each of the following. 


(a) yx=xy (b) 2x+(-2x)=0 
(c) 6x+2x=(642)x (d) 44+0=4 

(e) lt=t (f) (1/2)2w = 1w 
(g) 48+ (Qs+1)=(4s4+2s)+t (h) lw=w 


(i) (x-3)5 =5(x- 3) (j) O+(s-H=(s-—H+0 
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1.11 Replace each question mark so that the given statement illustrates the stated property. 


1.12 


1.13 


1.14 


1.15 


1.16 


1.17 


1.18 


1.19 


(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(g) 
(h) 
(i) 


(3w +x) + 2y =? +(x + 2y) 
41? = 4st 

0+? =5 

1(s + 2t) =? 

(1/4)4x =? 
34+5+5t=s+5H? 
O=y+t? 

2s(t) = (?)t 

3x + 12y =2(x + 4y) 


Find the following sums. 


Associative property of addition 
Commutative property of multiplication 
Identity property of addition 

Identity property of multiplication 
Multiplicative inverse property 
Commutative property of addition 
Additive inverse property 

Associative property of multiplication 


Distributive property 


(a) 3+8 (b) 7+ (-4) (c) 12+(-5) 
(d) -44+(455) (e) -—234+(-15) (f) 0+22 + (-27) 
Find the following differences. 
(a) 9-3 (b) 12-(-4) (c) -14-8 
(d) -36-(-29) (e) 8-15 (f) -—23 —(-33) 
Perform the indicated operations. 
(a) 9+4 (b) 9-4 (c) 4+(-9) 
(d) -4-9 (e) 12+(-7)-8 (f) -22+9 
(g) 9-15 (h) -11+8 (i) -8-(-4)-7 
Find the indicated products. 
(a) 5-7) (b)  12(3) (c) 0(5) 
(d) (-8)(-6) (e) (7) (-3)(0) (f) 4(-6)(-3)(-2) 
Find the indicated quotients. 
@ 8 (b) 24/4) (c) 15/0 (d) O/l1 @ = 
Perform the indicated operations. 
(a) 3+(-4) (b)  (-5)(9) (c) 48/12 (d) -9-22 
(e) aa (Ff) 14=(=5) (g) (7DC-9) (h) 0(13) 
(i) -—2+44 G) 8-11 (k) 56+7 (1) O-(-99) 
Write the following without exponents and evaluate. 
(a) ¥ (b) (-2)% te) OF (ay 1° (2). 3? 
Perform the indicated operations. 
5(3-5) 18 7+4(2) 
ee by ad 
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(c) 6(-2)—-4(-7) +5 (d) 27+[39-3(4-2))] 

(e) (+2) (f) @-2P 

(g) (7-5)(1 +13) (h) 2-3-4(-4)+8 

@ 2) (Gj) 32+22 
5(-3) + 2-37 +1 

(k) a () -20+(-4)2+4-3(-2) 
82 , es 2-6°+9+8 
8 _(5_ 42 ay pe 

(m) 7 (5-4°) 4-8 

(0) 3(2— 4° -3+6) (p) 23-2 [(-3)?— 23] +3 [3(-4) -6 +2] 
T (4-7) 


1.20 Evaluate using a calculator: 


(a) 8*7-6%9 (b) 53+62 « 86 

(c) (12-17 * 21) (13 # 19-12 + 20) (d) (2+3*5—4" 

(e) (2+12)?—(2?+ 127) 3*4+6 
NS 


(g) (-23+7* 12) (9 « 13) 12 


(h) 454+17 @ 7 =) (94 — 68) 
(i) (537 « 453 — 3987)? 


1.21 Identify the mathematical symbol indicated by each of the following key words and phrases: 


(a) quotient (b) more than (c) decreased by 
(d) times (e) increased by (f) less 
(g) subtracted from (h) product (i) is 


Translate each of the following into a mathematical expression, equation, or inequality 
and identify its type; first define what the variable(s) represent(s) (if not given). 


DO NOT solve the problem 


1.22 15 more than a number — use “n” for the number. 


1.23 Three times one number minus twice another number—use “x” for one number and “y” for the 
other number. 


1.24 Four times the sum of six and a number—use “‘?’ for the number. 


1.25 A collection of dimes and quarters has a value of $6.05. How many quarters are in the collection if there are 
15 more dimes than quarters? 


1.26 The sum of two consecutive even integers is 142. 


1.27 Four times a number is 29 more than the number. 
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1.28 


1.29 


1.30 


1.31 


1.32 


1.33 


1.34 


1.35 


1.36 


1.37 


1.38 


1.39 


1.40 


1.41 


1.42 


1.43 


1.44 
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A collection of dimes and nickels is worth $2.85. If there are 40 coins, how many nickels are in 
the collection? 


The area of a rectangle is 1462 square inches. The length is 43 inches. What is the width? 
[This requires the formula for the area of a rectangle: (Jength)(width) = area.] 


The sum of three consecutive odd integers is 117. 


First-class fare on an airline flight is $392 and coach fare is $263. There were 90 passengers on a flight for which 
receipts totaled $26,508. How many coach-fare passengers were on the flight? 


The perimeter of a triangle is 71. If the longest side is 29 and another side is twice the length of the shortest side, 
how long is the shortest side? 


Five more than twice a number is 33. 


The symphony performance made $46,685 by selling 1125 tickets. Balcony tickets sold for $25 and main floor 
tickets sold for $45. How many balcony tickets were sold? 


Six times one number minus the sum of four and another number. 


The length of a rectangle is 10 more than twice its width. If the perimeter is 320 feet, how wide is 
the rectangle? 


A collection of dimes and quarters is valued at $7.70. If the collection included 18 quarters, how many dimes 
were included? 


Three times the sum of two and a number is three less than four times the number. 


The perimeter of a rectangle is 12 times the width. The length is 10 inches. What is the width? 


Fifteen subtracted from the sum of ten and a number. 


Four times the sum of seven and a number is at least six times the number. 


The perimeter of a triangle is 56 inches. The longest side is four times as long as the shortest side; 
the third side is twice as long as the shortest side. How long is the shortest side? 


In a collection of pennies, nickels, and dimes, there are twice as many dimes as nickels and four more pennies 
than nickels. The collection is worth $2.90. How many of each coin were in the collection? 


The length of a rectangle is 5 inches longer than the width. The area is less than 84 square inches. 
What is the width? 
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1.45 


1.46 


1.47 


1.48 


1.49 


Take the sum of five and one number away from the product of three and another number. 


The area of a triangle is one-half of the height times the base. If the height of a triangle is 5 and the area is 75, 
what is the length of the base? 


John bought tablets and pencils for his algebra course. Each tablet cost 89 cents and each pencil cost 
20 cents. Excluding taxes, the total cost was $8.34. How many tablets did John buy if he bought 
15 pencils? 


The shortest side of a triangle is 3 more than half as long as the medium side. The longest side is 7 more than triple 
the length of the medium side. What is the length of the medium side if the distance around the triangle is 190 feet? 


A store sold 82 items for $1314. Item A sold for $18 each and item B sold for $15 each. 
Find the number of the type A items sold. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


11 


1.2 


1.3 


1.4 


1.5 


1.6 


1.7 


(ae (1,0: 193 at (b) {0,2, 4} 

(c) {1,2,3} (d) {0,1,2,3,4} 

(a) {-v4,2} (b) |-3.- 4,~1.787878....2,2.74] 

(c) © (d) {v11} 

(a) {2} (b) {1,2, 4,5, 7} (c) @ 
(d) {2,6} (e) {0,1,2,..J=W (f) {1,7} 


(g) (..,-2,-1,0, 1,2, ...}=J 


(a) Substitution (b) Symmetric 

(c) Transitive or substitution (d) Substitution 

(e) Reflexive (f) Transitive or substitution 

(a) 4>-2 (b) x<0 (c) 4<s<7 

(d) -3.5<-3.4 (e) 10210 

(a) >ore= (b) <ors (c) >or= 

(d) 2ors<or= (e) <ors 

(a) See Figure 1.18. (b) See Figure 1.19. (c) See Figure 1.20. (d) See Figure 1.21. 


Figure 1.18 
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Figure 1.19 


Figure 1.20 


5 4 3 2 1 0 1 2 3 4 5 


Figure 1.21 
18 (a) {xl-2<x<4} (b) {xlx<1} 
(c) {xlO<x<4} (d) {xlx>-3} 
1.9 (a) See Figure 1.22. (b) See Figure 1.23. (c) See Figure 1.24. (d) See Figure 1.25. 


Figure 1.22 
5 4 3 2 1 0 1 2 3 4 5 
Figure 1.23 


Figure 1.24 


Figure 1.25 
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1.10 


1.11 


1.12 


1.13 


1.14 


1.15 


1.16 


1.17 


1.18 


1.19 


1.20 


(a) 
(c) 
(e) 
(g) 
(i) 


(a) 
(d) 
(g) 


(a) 
(d) 


(a) 
(d) 


(a) 
(d) 
(g) 


(a) 
(d) 


(a) 


(a) 
(e) 
(i) 


(a) 
(d) 


(a) 
(g) 
(m) 


(a) 
(d) 
(g) 


Commutative property of multiplication 


Distributive property 
Multiplicative identity property 


Associative property of addition 


Commutative property of multiplication 


(b) Additive inverse property 


(d) Additive identity property 


(f) Multiplicative inverse property 


(h) Identity property of multiplication 


3w (b) s 
s+2t (e) Ix 
-y (h) 2s 
11 (b) 3 
11 (e) -38 
6 (b) 16 
-7 (e) -7 
13 (b) 5 
-13 (e) -3 
-6 (h) -3 
-35 (b) 36 
48 (e) 0 
-6 (b) -6 (c) undefined 
-1 (b) 45 
undefined (f) 19 
42 (j) -3 
5-5=25 (b) (—2)(—2)(-2) =-8 
1-1-1-1=1 (e) 3-3-3-3=81 
14 (b) —4 (c) 21 (d) 
28 (h) 30 (i) -l (7) 
27 (n) -4 (0) 4 (P) 
2 (b) 5385 
256 (e) 48 
5959601973 (h) 20377 


(5.95960 x 10° if six digits 
are displayed and scientific 


notation is used) 


3 
13 
—39 


(c) 
(f) 
(i) 


(c) 
(f) 


(c) 
(f) 


(c) 
(f) 
(i) 


(c) 
(f) 


(c) 
(g) 
(k) 


(c) 
(f) 
(i) 


(j) Commutative property of addition 


5 

3 

3 

7 

5 

22 

10 

5 

-13 

-11 

0 

—144 

(d) 0 (e) 5 

4 (d) -31 

63 (h) 0 

8 (1) 99 
(c) 0-0-0-0-0-0=0 

(e) 25 (f) 36 
(k) 2 () 20 

2415 

2 

7200710449 


(7.20071 x 10° if six digits 
are displayed and scientific 


notation is used) 


39 
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1.21 (a) + (b) + (c) - (d) .or* (or rarely x) (e) + 
(f) - (g) - (h) + or * (or rarely x) (i) = 


Note: The choice of variable names (when not given) is arbitrary and any may replace those used in these answers. Other 
answers may be correct, dependent upon algebraic equivalence and representation for the variable. All parentheses shown 
in these answers are necessary (for the form given). 


1.22 Expression; n+ 15, or 15 +n. 


1.23 Expression; 3x — 2y (the order of operations coming from the words just as in an algebraic expression—multiplication 
takes precedence over subtraction). 


1.24 Expression; 4(t+ 6) note that 4 multiplies the sum (not just the 6). 


1.25 Coin problem; let “gq” represent the number of quarters in the collection: 
25q + 10(q + 15) = 605. 


1.26 Number problem; let “x” be the smaller integer, so “x + 2” would be the larger: 
xX+x+2= 142. 


1.27 Expression; let “x” represent the number: 4x =x + 29. 


1.28 Coin problem; let “n’” represent the number of nickels in the collection: 
5n + 10(40 — n) = 285. 


1.29 Geometry problem; let the width be represented by w: 43w = 1462. 
1.30 Expression; let “‘n” represent the first integer: n +n +2+n+4=117. 


1.31 Actually a coin problem; let “c’” represent the number of coach-fare passengers on the flight: 
263c + 392(90 — c) = 26,508. 


1.32 Geometry problem; let the shortest side length be represented by s: 5 + 2s + 29=71. 
1.33 Number problem; let “n’” be the number: 2n + 5 = 33. 


1.34 Coin problem; let “x” represent the number of balcony tickets sold, so “1125 — x” represents the number of main floor 
tickets sold: 25x + 45(1125 — x) = 46,685. 


1.35 Expression; let “x” be the first number, “y” be the second number: 6x — (y + 4). 
1.36 Geometry problem; let “w” be the width of the rectangle (in feet): 2w + 2(2w + 10) = 320. 


1.37 Coin problem; let “d’” be the number of dimes in the collection: 10d + 25(18) = 770. 
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1.38 


1.39 


1.40 


1.41 


1.42 


1.43 


1.44 


1.45 


1.46 


1.47 


1.48 


1.49 


Number problem; let “x” represent the number: 3(2 + x) = 4x — 3. 

Geometry problem; let “w” represent the width (in inches): 2(10) + 2w = 12w. 
Expression; let “n” be the number: n + 10 — 15. 

Number problem; let “y’” represent the number: 4(y + 7) = 6y. 


Geometry problem; let “s” represent the shortest side (in inches): 4s + 2s + s = 56. 


Coin problem; let “NV” represent the number of nickels, so “2N” is the number of dimes and “N + 4” is the number 
of pennies: 1(V + 4) + 5N + 10(2N) = 290. 


Geometry problem; let “x” represent the width: (x + 5) x < 84. 

Expression; let “p” be one number and “gq” be the other number: 3g — (p + 5). 
Geometry problem; let “b” represent the base: + (5b) = 75. 

Coin problem; let “?’ be the number of tablets John bought: 89¢ + 20(15) = 834. 


Geometry problem; let “m” be the length of the medium side (in feet): 
Fm+3+m+3m+7=190. 


Coin problem; let “a” represent the number of type A items sold: 
18a + 15(82 — a) = 1314. 


Polynomials 


2.1. Definitions 


An algebraic expression, or simply an expression, is any meaningful collection of numerals, variables, and signs 
of operations. Several examples of expressions follow. 


: 2s°—4t 
3s? — 4t; 5x2 — 2x + 8; (a—b)’; and ———. 
3s+t 
In an expression of the form P+ Q0+R+S+..., P, Q, R, and S are called the terms of the expression. 


Terms are separated by addition symbols, but may be separated by subtraction symbols also. 
We now illustrate with several examples. 


Expression Number of terms 
4r+5st 

3x —5y+4w 3 

5(4s — 61) 


The last expression, 5(4s — 67), contains two factors, but only one term. The second factor of the expression 
contains two terms, however. The first expression, 47 + 5st, contains two terms. The first term of the expression 
has two factors, while the second term of the expression contains three factors. 

A coefficient consists of any factor or group of factors of the product of the remaining factors in a term. 
In the expression 4r + 5st above, 4 is the coefficient of r in the first term while 5 is the coefficient of st in the 
second term. In addition, 5s is the coefficient of t, 5t is the coefficient of s, and st is the coefficient of 5 in the 
second term. Normally the word coefficient refers to the numerical coefficient in a term. In an expression such 
as s — t, the coefficient of s is | and the coefficient of t is —1, since s—t=s+(-f)=1s+(-l1)t. 

A monomial is an algebraic expression of the form cx”, or a product of such expressions, where c is a real 
number and n is a whole number. Some examples of monomials are 


5x2, 2st3, w, and 9. 


A polynomial is an algebraic expression whose terms are monomials. A binomial is a polynomial that con- 
tains two terms, and a trinomial is a polynomial that contains three terms. A polynomial contains a finite number 
of terms, and it may contain more than one variable. Some examples of binomials are 


4x — 8;x° + y*; 3r°s — 4; and (x + y)> + 27. 
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Trinomials look like the following: 
4x? — Tx +9; 3r+ 7s — 8t; 3x7y + 5yz— 2z7; and 4(a + b)* -5 (a+b) +1. 


The following expressions are not polynomials, since each expression contains a quantity with an exponent 
that is not a whole number. 


2 . 2 
4x? +5x+8,—+3y =2x7' +3y’; and 85? + 9s — 9s’. 
x 


The degree of a monomial is the sum of the exponents of the variables it contains. The degree of a nonzero 
constant is zero, and the degree of zero is undefined. 

The following monomials have the indicated degree: 4x* has degree 2; —4s*t has degree 3; 7s*y*z* has 
degree 9; and 7 has degree 0. 

The degree of a polynomial is the highest degree of any of its terms. 

A polynomial in one variable is an expression of the form 


ax"t+a ,x"!4a@ .x??4---4a,x2*+ax4+a 
n n-1 n-2 2 1 0 


where a,# 0 and each a, is a real number, 7 is a nonnegative integer (whole number), and x is a variable. The 
degree of the polynomial is n. 

In the definition above, the expressions to the lower right of the a’s are called subscripts. In a polynomial that 
contains many terms, subscripts are used to distinguish one coefficient from another. Note that the subscripts of 
the a’s are the same as the exponents of x in the various terms. Unlike exponents, subscripts don’t imply relation- 
ships, they are used in mathematics to simply indicate unknown constants are involved. 

When a polynomial is written with powers of the variable decreasing, it is said to be in standard form. The 
standard form of 8 — 5x? + 3x is 5x? + 3x + 8. In this illustration, a, =—5, a, = 3, a) = 8, and n= 2. 


See solved problems 2.1—2.4. 


2.2. Sums and Differences 


In Section 1.3 the distributive property was stated as a(b + c) = ab + ac. The symmetric property allows us 
to rewrite the same property in the form ab + ac = a(b +c). We can employ the distributive property in the 
latter form to simplify certain polynomials. 

The following examples illustrate the idea. 


EXAMPLE 1. 
(a) 3x+5x=(34+5)x=8x (c) 25+45+8s=(2+4+4 8)s= 14s 
(b) 407+ 917 =(44 9)t? = 134? (d) 3xt+x+ 8y+ 3y=(34 1)x+ (84+ 3)y=4x+4 lly 


Terms which involve the same powers of the variables are called like terms or similar terms. They are the 
same in all but the numeric coefficient. The process illustrated in the examples above is called combining like 
terms. In each case, the result represents the same real number as the original expression for all real-numbered 
replacements of the variable or variables. Unlike terms cannot be combined. 

Expressions that represent the same real number for all replacements of the variable(s) are called equiva- 
lent expressions. Hence, equivalent expressions were obtained when we simplified the expressions in the above 
examples. 

If two expressions represent different real numbers for some combination of replacements for the variable(s) 
involved, the expressions are not equivalent expressions. For example, —(s + f) and —s + ¢ are not equivalent 
expressions. If we replace s by 4 and ¢ by 3, we find that —-(s + ft) = -(4 + 3) = -(7) = -7, but -s+ t= 
—4 + 3 =—1. We have employed what is known as a counterexample to show that the two expressions are not 
equivalent. 
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In Section 1.4 we defined the difference of a and b as a— b=a + (—b). It is useful to think of the signs 
in an expression as being signs of the coefficients, and the operation as being addition. We shall illustrate with 
some problems. 


See solved problems 2.5—2.6. 


It is cumbersome and time consuming to include the details of each of the steps involved in the above 
process. As we acquire experience, we combine steps in order to conserve time and space. This combination of 
steps is often referred to as “combining like terms.” 

When an expression contains more than one set of grouping symbols, we begin by removing the innermost 
symbols and work outward. We illustrate once again in solved problem 2.7. 


See solved problem 2.7 


The process of rewriting polynomials by combining like terms is called simplifying, since the result is a 
polynomial which contains fewer terms than the original. It is simpler than the original. In general, to simplify 
means to perform the indicated operations when possible. The simple form of a polynomial is one which con- 
tains no like terms or grouping symbols. Thus, the results we obtained in solved problems 2.5 through 2.7 above 
are the simple form of the original polynomials. 


2.3 Products 


In Section 1.4 we defined positive integer exponents. Recall that the exponent tells us how many times to use 
the base as a factor in an exponential expression. For instance, 4° means 4 - 4 - 4. In general, bb” means m 
factors of b times n factors of b. There are then m+n factors of b, which may be written as b”*". This result is 
stated formally as an important law of exponents. 


LAW 1: For all positive integer exponents, bb” = b’"*", 
The commutative and associative laws may be employed along with our first law of exponents to multiply 
monomials. 


See solved problem 2.8. 


Let us now consider other expressions that involve exponential factors. Specifically, let’s discuss (b”)” 
where m and n are natural numbers. The nm means to use b” as a factor n times and the m tells us to use b as a 
factor m times. Therefore, we have 


(bmn =pb™.b™. pm. .... b™ (n factors of b’) 
= pmtmt+tmt--+m (n terms of m) 
= pm 


The result is merely mn factors of b. We restate this result formally as the second law of exponents. 


LAW 2: For all positive integer exponents, (b”)" = b”". 


Also observe that 


(ab)" = (ab)(ab)(ab) --- (ab) (n factors of ab) 
=(a-a-a-::--a)(b-b-b----b) (n factors of each) 


= a"b" 


We restate this result formally as the third law of exponents. 
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LAW 3: For all positive integer exponents, (ab)" = a"b". 


The second law merely states that if some power of an expression is raised to a power, the result is that 
expression raised to the product of those powers. Similarly, the third law states that a power of a product of two 
expressions is the product of the same power of the expressions. 


See solved problem 2.9. 
We can generalize the distributive property using the associative property. The result is shown below. 


adb+c+d)=al[(b+c)+d| 
=a(b+c)+ad 
=ab+ac+ad 


Observe that the factor a is multiplied by each term within parentheses. We can generalize this result when 
there is any finite number of terms within parentheses. 
The same properties can be applied to find products of polynomials containing more than one term. 


(a+b)(c+d)=(at+b)c+(a+b)d 
=ac+bce+ad+bd 


The result simply says that every term in the first factor is multiplied by every term in the second factor. 
The same principle can be applied to products of all polynomials. 


See solved problems 2.10-2.11. 
SPECIAL PRODUCTS 


1. (a+ bY =(at b\(at+b)=a?+abt+ab+bh =a? +2ab+b?. 
2. (a— by =(a— b)(a—- b) =a — ab—-ab+b? =a -2ab+ Bb. 
3. (a+ b\(a—b)=a*-ab+ab—-b?=a?-b’. 

4. (a+ bP =a + 3a’b + 3ab? + b’. 

5. (a—b) =a? — 3a*b + 3ab? — b’. 


Take time to learn these special products immediately. Learning them now will save us considerable time 
in the future. We will employ them on a regular basis in subsequent sections when factoring. For your benefit 
in those sections, be sure to memorize from right to left as well. 

It is helpful to state the above relationships in words in order to readily recognize and remember them. 
Form | tells us to square a binomial sum, square the first term, add two times the product of the terms, then add 
the square of the last term. Form 2, the square of a binomial difference, is stated similarly. State it to yourself now. 
Form 3 states that the product of the sum and difference of two quantities is the difference of the squares of those 
quantities. Forms 4 and 5 are the cubes of a binomial sum and difference, respectively. Observe the coefficients 
and exponents on a and b in successive terms on the right side of each relationship. The coefficients are the same mag- 
nitude in both expressions, although their signs differ. The exponents on a decrease by one in successive terms, 
while the exponents on b increase by one in successive terms. In the following solved problem, we illustrate the 
use of the above forms. 


See solved problem 2.12. 


We also use the distributive property to find products of polynomials which contain more than two terms. We 
simply multiply each term of one factor by each of the terms in the other factor. The process may be facilitated 
by employing a vertical form similar to the one used in arithmetic. This format allows us to align like terms verti- 
cally, thus facilitating the combining of those terms. In the following solved problem, we illustrate the process. 


See solved problem 2.13. 
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When multiplying more than two polynomials, simply follow the order of operations. When you multiply 
(5)(3)(4), you first multiply the 5 and 3 and then multiply that product by 4 (using only the order of operations). 
Use the same process with polynomial or any other products. 


2.4 Factoring 


In Section 1.3 we stated the distributive properties as 
a(b+c)=ab+ac and (b+ c)a=ba+ca. 


Essentially we are rewriting products as sums in both instances. We now reverse the process by rewriting 
sums as products of factors. This process is called factoring. We will begin with expressions which look like 
the right sides of the above equations and rewrite them in the form of the left sides. 

The first type of factoring we shall consider is that of factoring expressions which contain common monomial 
factors in their terms. Recall that monomials consist of constants or a product of a constant and one or more 
variables raised to positive integer powers. In general, we shall consider only integer factors when factoring 
numbers for the time being. 

The first step entails identifying factors which occur in every term of the expression. These common factors 
will be factored out of each term, thus obtaining a product of factors. We say that the expression is factored com- 
pletely when there are no common factors remaining in the terms other than the number one. (One is a factor of 
every expression.) An expression which is factored completely is said to be prime. 


See solved problem 2.14. 


Factoring by Grouping 


The concept of a common monomial factor can be extended to common binomial factors. Some polynomi- 
als with an even number of terms can frequently be factored by grouping terms with a common factor. For 
example, the polynomial ax + bx + 3a + 3b or (ax + bx) + (3a + 3b) may be written as (a+ b)x+ (a+ b)3 using 
the distributive law twice; once for the first pair of factors and once for the last pair. (If the operation before the 
second pair of factors is subtraction, be sure to factor a negative out of the second pair.) Now observe that the 
two groups contain the common factor (a + b). This common factor can be factored out to obtain (a + b) (x + 3). 
Thus, the factored form of the original expression has been obtained. 

Sometimes it may be helpful to substitute a single letter for a common binomial expression in order to facil- 
itate the factoring process. In the above example, let p represent the polynomial (a + b). It follows that 


ax+ bx+3a+3b=(a+b)x+ (a+b)3 


= px + p3 Substitute p fora+b 
= p(x + 3) Factor 
=(at+b)(x+3) Substitute a+ b for p 


Feel free to employ a similar substitution in order to simplify the factoring of polynomials which may 
be factored by grouping or by associating certain terms. Remember that the resulting groups we form must 
all contain the same common factor. 


See solved problem 2.15. 
Factoring x? + px +q 


Recall that (x + a)(x + b) =x? + (a + b)x + ab. Note that the constant term is the product of a and b, while 
the coefficient of x is the sum of a and b. Thus, to factor x? + px + g, we must find two factors of g whose sum 
is p. The process is relatively simple if g is not large, or if g has a small number of factors. Be aware that if qg is 
positive, then a and b must have like signs. On the other hand, if g is negative, a and b must have unlike signs. 
Recall that multiplication is commutative; therefore, the order of the factors is immaterial. In the following 
solved problem, we illustrate. 


See solved problem 2.16. 
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Alternate Method for Factoring Using x? + bx +c 


Unlike others, the key to this method is the operation for the third term of the trinomial. If it is a sum, you’ ll 
need a sum of factors; if it is a difference, you'll need a difference of factors. Also note for this method, both b 
and c are nonnegative integers (signs are taken care of by the operations). 


To Factor x? + bx +c or x?— bx +c (note operations on b and c) 


1. Find factors of c whose sum is b. Let’s say those factors are u & v. 
2. Thenx?+ bx+c=(x+uy(xt+v) or x —bxt+c=(x-u(x—-v) 


When the third term is added, the binomial factors will each use the operation of the middle term bx. 


To Factor x? + bx —c or x?—bx—c (note operations on b and c) 


1. Find factors of c whose difference is b. Let’s say those factors are p & q. 


2. Let’s assume p is greater than g 
—then p will take the operation before b in the trinomial and q will take the opposite operation. 


3. Thenx?+bx-—c=(x+p)\(x-g) or x*-—bx-—c=(x-p)(x+q) 


When the third term is subtracted, the binomial factors will have opposite operations 
—one a sum and one a difference (the greater factor of c always takes the operation of the middle term bx). 


EXAMPLE 2. Note for this example that the last term of each polynomial is 6. The factors of 6 are 6 and 1, 
and 3 and 2. 


(a) Factor x7 +5x+6 (b) Factor x? -—5x+6 
Use factors 3 & 2 for asum of 5. Use factors 3 & 2 for a sum of 5. 
So |x* +5x+6=(x+3)(x +2) So |x? —5x+6=(x—3)(x- 2) 
(c) Factor x7 +5x-6 (d) Factor x? —5x—6 
Use factors 6 &1 for a difference of 5. Use factors 6 & | for a difference of 5. 
So |x? +5x-6=(x+ 6)(x-1) So |x? —5x-6=(x—-6)(x+1) 


See solved problem 2.17. 


Factoring Ax? + Bx + C by Trial and Error 


We now consider a more complicated form. Observe the product 
(ax + b)(cx + d) =acx? + adx + bcx + bd = acx? + (ad + bc)x + bd. 


The expression is complicated by the coefficients of the x terms in the binomials. Now think of acx? + 
(ad + be)x + be as Ax* + Bx + C. If we wish to factor Ax? + Bx + C, we observe that the factors (if it is fac- 
torable) have the form (ax + b)(cx + d). Furthermore A = ac, B = ad + bc, and C = bd. Hence, the process 
entails the determination of factors of A and C such that the sum of certain combinations of products of those 
factors is B. The process is easier than it may appear at this point, although we employ trial and error to obtain 
the result. This method is not very efficient and can be quite laborious, but is used by a great number of students. 
You might wish to try one of the other two methods presented next, to increase your efficiency. Study the fol- 
lowing solved problems carefully. 


See solved problem 2.18. 
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Factoring Ax’ + Bx + C by the Frentheway Method 


The trial-and-error method can be quite laborious, particularly when A and C have numerous factors. Factoring 
x’ +rx+s, where the leading coefficient is one, is generally much simpler than factoring Ax* + Bx + C, for 
which the leading coefficient (A) isn’t one. This Frentheway Method factors Ax” + Bx+C by applying any 
of those simpler methods used for factoring x” + rx + s. This method prefers (though doesn’t require) that any 
common factors in the original polynomial have already been factored out. A proof of this method is in the 
appendix. 


Factoring Ax’ + Bx+C by the Frentheway Method 
A 
1. Multiply Ax? + Bx+C by a distribute the numerator through, and regroup: 
A 1 1 
=> qtae + Bx+C)= qa + ABx + AC)= qlar + B[Ax]+ AC). 


Log 
2. Replace Ax by z, giving rod + Bz+ AC). 


3. Factor z* + Bz + AC using your choice of methods (i.e., find factors of AC that result in B). 
4. Replace z by Ax. 
5. Factor the greatest common factor from each of the resulting binomials and simplify. 


EXAMPLE 3. Factor 8x7 +10x—3 
8 
8 
2. Replace 8x by z: gc +10z—24). 


1. Multiply by ¢; multiply the numerator through and regroup: 88x" +10x-3)= g((8xP +10-[8x]—3-8). 
3. Factor the trinomial in z: az +12)(z-2). 
4. Replace z by 8x: gx +12)(8x—2). 


5. Factor the greatest common factor from each binomial in step 4 and simplify: 


gl42x +3)]-[2(4x-D] = 7 -4-2-(2x+3)(4x-1) =(2x+3)\(4x-1). 


Therefore: |8x7 + 10x —3 =(2x+3)(4x—-1) 


EXAMPLE 4. Factor 4x* —11x+6 
1. Multiply by 4 multiply the numerator through and regroup: 44x —11x+6)= 4 (4xP —11-[4x]+6-4). 
2. Replace 4x by z: 4@ —11z+24). 
3. Factor the trinomial in z: q —8)(z—3). 
4. Replace z by 4x: 44x ~8)(4x — 3). 


5. Factor the greatest common factor from each binomial and simplify: 


440- 2))-[(4x — 3)] = i -4- (x — 2)(4x — 3) = (x — 2)(4x — 3). 


Therefore: |4x° —11x +6 = (x —2)(4x — 3) 


See solved problem 2.19. 
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Factoring Ax? + Bx + C by Grouping 


We now discuss another method which employs factoring by grouping. We summarize the method now. 


Factoring Ax? + Bx + C by Grouping 


1. Find the product AC. 

2. Find two factors of AC which have a sum of B. 

3. Rewrite the middle term, Bx, as a sum of terms whose 
coefficients are the factors found in step 2. 

4. Factor by grouping. 


Read the illustrated problems carefully. 
See solved problem 2.20. 


Although finding the correct factors of AC can be difficult, both the Frentheway Method and grouping methods 
are usually more efficient than trial and error. We recommend practicing all three methods and choosing the one 
for which you are most comfortable and competent. You will have to practice factoring extensively to become 
proficient at it. Our advice is this: practice, practice, practice! 


Factoring Using Special Products 


We introduced several special products in Section 2.3. We shall now use them to factor expressions that fit those 
special product forms. They are the following: 


1. a?+2ab+b?=(a+b) 
2. a?-2ab+b?=(a-—b)* 
3. a—b?=(at+b)(a—b) 


Observe that the first and last terms in each form are perfect square terms. When factoring trinomials, we 
should always ask ourselves if the first and last terms in our expression are perfect squares. If they are perfect 
square terms, we then look at the middle term. Ask if it is two times the product of the square roots of the first 
and last terms. If that is true, look at the signs of the coefficients to determine if they fit any of our special prod- 
uct forms. If so, we apply the appropriate pattern to write the factors. If the expression in question does not fit 
a particular pattern, we attempt to factor it using the methods we described previously in this section. 

If the expression under consideration is a binomial, we ask ourselves if both terms are perfect squares. 
If both terms are perfect squares, are they subtracted? If they are, form 3 gives us the appropriate factors. 
If the terms are added, the expression is prime. That is, the sum of two perfect square terms does not factor. 

It is now appropriate to illustrate the aforementioned concepts. 


See solved problem 2.21. 


There are two additional special product forms that we have introduced. These additional forms involve the 
third power, or cubes, of expressions. We should also be able to recognize and apply these relationships. They 
are the following: 


4. a+b=(at+b\(a?—-ab+b’) 
5. a@—b=(a—b)(a*+ab+b’) 


The above forms are referred to as “the sum and difference of two cubes.” In words, form 4 tells us that the 
first factor of the sum of two cubes is the sum of the cube roots of the terms. The terms in the second factor are 
related to the terms of the first factor (a and b) in the following manner. The first and last terms are the square 
of a and b, respectively. The middle term in the second factor is the opposite of the product of a and b. Form 5 
can be described similarly. 


See solved problem 2.22. 
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There are some general guidelines we should adhere to when factoring expressions in general. 
They are the following: 


1. Identify and remove, that is, factor out, all common monomial factors firss—VERY IMPORTANT. 

2. If the expression contains two terms, it may be the difference of two squares, or a sum or difference of 
cube terms. If so, apply the appropriate pattern. Recall that the sum of two squares is prime. 

3. If the expression contains three terms, determine if two of those terms are perfect squares. If that is the 
case, the expression may be a perfect square binomial. Otherwise, it may be a general form. 

4. If the expression contains four terms, determine if two of those terms are perfect cubes. If that is the 
case, the expression may be a perfect cube binomial. Otherwise, it may factor by grouping. 


We wish to remind you that factoring is an extremely important skill that will be used in many situations. 
Learn the patterns we have introduced, and practice on supplementary problem 2.19. Try to determine the form 
each problem fits in order to determine its factors. 


2.5 Division 


Recall that b” means that b is used as a factor n times when 7 is a positive integer. There are some additional laws 
of exponents which we have not yet introduced. Consider the expression b’"/b". 

If the exponents m and n are positive integers, the numerator represents m factors of b, and the denomina- 
tor represents n factors of b. Therefore, if b #0 and m>n, 


m factors 
b” _ b-b-b---+-b 
Bb" bebe bee b 


n factors 


n factors m—n factors 
b-b- bee b b-b- bee +b 


n factors 
n factors m—n factors 
=p" 
The last lines follow since b/b= 1 and 1-b=b 
Similarly, ifn >m, 

m factors m factors 
b” ee ee b-b- be. b 
b- belpheh Phased l( a) 

eS 
n factors m factors n—m factors 
1 1 


We are merely dividing out common factors that occur in both numerator and denominator in the above illustra- 
tions. The result in both instances is simply b raised to the positive difference of the powers m and n written 
in the numerator or denominator, whichever results in a positive exponent on b. 
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We’ll now consider (a/b)" where b 4 0 and nis a positive integer. We observe that 


n factors n factors 


(3-H) Ss 


n factors 


We have shown that if we are raising a quotient to some power n, the result is the numerator raised to that power 
divided by the denominator raised to the same power. 

The results of all of the laws of exponents we have discussed are now restated for your reference. They are 
employed in expressions involving positive, integer exponents. 


Laws of Exponents 


1. pb”. br = pm 
2. (b”)" =pmn 
3. (ab)" = a"b" 
b” m-n : 
4a. Be =b"" if b#0andm>n 
Ab. 22) epee 
b" br 


S12! oo app ag, 
b b" 


See solved problem 2.23. 


The procedure for dividing a polynomial of more than one term by a monomial is a consequence of the 
distributive property. Recall that division by a denominator, d, is accomplished by multiplying by its multiplica- 
tive inverse (reciprocal) I/d. Hence, to divide a + b by d, where d # 0, we write 


In words, the above sequence tells us that to divide a binomial sum by a monomial, we must divide each term 
in the binomial by the denominator and add the results. We can also view the procedure as the reverse of adding 
fractions that have the same denominator. An identical process may be employed regardless of the number of 
terms in the numerator. 


See solved problem 2.24. 


Recall that we check division by multiplying the quotient by the divisor and add the remainder. The result 
should equal the dividend. That is, (quotient)(divisor) + remainder = dividend. If we divide both sides of this 
equation by the divisor and apply the symmetric property of equality, we obtain the equivalent equation. 

dividend remainder 


— = quotient + —— 
divisor divisor 
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If we wish to divide a polynomial by a divisor that contains more than one term, we employ a process that 
is analogous to long division in arithmetic. We illustrate by considering the division of 158 by 12. 


13 < quotient 
divisor 4 12)158 |< dividend 
12 < subtract 
38 < new dividend 
36 << subtract 


2 remainder (less than the divisor) 


Dividing 158 by 12 = 10+ 2 is analogous to dividing x* + 5x + 8 by x + 2, where x represents 10. Compare 
the steps below with those above as we proceed through the problem. The polynomials must first be written in 


x+2) x? +5x+8 


Divide the first term of the dividend by the first term of the divisor to obtain the first term of the quotient. 


descending powers. 


2 
x 
So, — =x here. 
x 


xX 


x+2) x°+5x4+8 


Now multiply the first term of the quotient by the entire divisor and subtract the product from the dividend. 
A good method to use when subtracting is to add the opposite; this technique is used in the far right display below. 


Xx 


x 


x+2 )x? +5x+8 or (negating then adding) x+2 )x? +5x+8 


x? +2x 
3x+8 


2 
—x° —2x 


3x+8 


Next use the remainder as the new dividend and repeat the above procedure until the remainder is of lower 
degree than the divisor, each time adding the result to the current quotient. 


x+3 
divisor > x+ 2) x? 45x48 
x? +2x 
3x+8 
3x+6 
2 


Or, equivalently (negating then adding), 


x+3 


divisor > x+2) x°+ 5x48 


—x" —2x 
3x+8 
-3x-6 
2 


< quotient 
< dividend 
< subtract 
< new dividend 
< subtract 


< remainder 


< quotient 

< dividend 

< add 

< new dividend 
< add 


< remainder 
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The above process may be used to divide any polynomial by another polynomial whose degree is less than 
or equal to that of the dividend. The procedure is summarized below. 


1. Write the terms in the dividend and the divisor in descending powers. If a power of the dividend is 
absent, write zero as its coefficient. 

2. Divide the first term of the dividend by the first term of the divisor to obtain the first term of the 
quotient. 

3. Multiply the first term of the quotient by the entire divisor and subtract the product from (or add the 
opposite to) the dividend. 

4. Use the difference as the new dividend and repeat the procedure until the difference is of lower 
degree than the divisor, each time adding the result to the current quotient. The last difference 
obtained is called the remainder. Use only the most recent term of the quotient when multiplying by 
the divisor in each case. 


See solved problem 2.25. 


SYNTHETIC DIVISION 


The procedure for dividing a polynomial by a binomial of the form x — c, where c is a constant, can be accom- 
plished very efficiently by a method called synthetic division. To illustrate, return to the example discussed pre- 
viously in which we divided x? + 5x +8 by x +2. 

The result is shown below for reference. 


x+3 < quotient 
divisor> x+2 ) x°+5x+8  <dividend 
x? 42x < subtract 


3x4+8 < new dividend 


3x+6 < subtract 


2 < remainder 


All essential data are retained if we omit the variables, since the position of the term indicates the power of the term. 


Next, eliminate the three in the top row (quotient row), since it is a duplicate of the three in the bottom row. The 
leading coefficient in the top row could be written in the bottom row to provide additional vertical condensing. 


We now have 
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Recall that subtraction is best accomplished by adding the opposite. Our subtraction step becomes an addition 
step if we change the sign of the divisor. The signs of the coefficients in the second row change also. The usual 
array then becomes 


Note that the numbers in the middle row are the product of the divisor and the number in the bottom row of the 
previous column. The coefficients of the quotient are in the bottom row. The last number in the bottom row is 
the remainder. The usual form of the solution is written 


x +5x4+8 
$$ =x+3+ : 
x+2 x+2 


Another example is given following the summary of the procedure below. 
To employ synthetic division to divide a polynomial by a divisor of the form x — c, where c is a constant: 


1. Form the top row by writing the coefficients of the dividend. The dividend must be written 
in descending powers and 0 entered as the coefficient of all absent terms. Write the value of 
c to the left of these coefficients. (In the previous example, c was —2 since x + 2 is the 
same as x — (—2). Equivalently, c is the value of x that makes the divisor zero.) 


2. Bring down the first dividend entry as the first coefficient of the quotient in the bottom row. 


3. Multiply this coefficient by c. Place the result in the second row beneath the next coefficient of the 
dividend. Now add and place the sum in the bottom row. 


4. Repeat the procedure in step 3 until all entries in row one have been used. 


5. The numbers in the bottom row are, from left to right, the coefficients of the quotient in descending 
powers. The quotient has degree one less than the degree of the dividend. The last number in the 
bottom row is the remainder. 


See solved problem 2.26. 


Synthetic division is extremely useful when factoring and finding roots of polynomials. These are topics that 
are addressed in detail in college algebra. 


SOLVED PROBLEMS 


2.1 State the degree of each of the following. 
(a) 8a*b (b) x-8 (c) 10 (d) 5x*-7x+3 (e) 5s°t+ 2s? -—6 


(a) 3 (b) 1 (c) 0 (d) 2 (e) 5 


2.2 Determine the number of terms in each of the following and state the degree of each polynomial. 


(a) 7x?+4x-9 (b) 3s?+4t? (c) —Ty?z+2yz3 

(d) (4s3-1t)° (e) 100 (f) -3s+4t+2u—7v+11lw 
(a) 3 terms; degree 2 (b) 2 terms; degree 2 (c) 2 terms; degree 4 
(d) 1 term; degree 0 (e) 100has | term; degree 0 (f) 5 terms; degree 1 


See supplementary problem 2.1. 
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2.3 Identify the part which corresponds to the expressions in solved problem 2.2 that represent monomials, 
binomials, or trinomials. 


Monomials: parts (d) and (e); binomials: parts (b) and (c); Trinomials: part (a). Note that part (f) represents none 
of the requested forms. 


Refer to supplementary problem 2.2. 


2.4 Write each of the following in standard form, and state the degree of each. 
(a) 5s—4+ 8s? 
857+ 5s — 4, degree 2; 
(b) x4+7x’-x?+2 
Tx’ +x+—x? +2, degree 7; 
(c) 2+83-7t+5t? 
813 + 5t? — 7t + 2, degree 3; 
@) y-7 
y—7 has degree 1. 


See supplementary problem 2.3 for similar exercises. 


2.5 Perform the indicated operations. 
(a) 4x-—2x+7x 


4x -—2x+ 7x =4x + (-2x) + 7x Definition of subtraction 
=(4-24+7)x Distributive property 
= 9x Number fact 


(b) 5x-—8x-—3x?4+ 7x? 


5x — 8x — 3x2 4+ 7x? = 5x + (-8x) + (-3x2) + 7x? Definition of subtraction 
= (5 —8)x + (-3 + 7)x? Distributive property 
= —3x + 4? Number fact 
= 4x? — 3x Commutative property 


(c) 7-3t?+4t-4459 


7-3t?4+4t-4451t?=7 + (-3t?) + 4t+ (4) + 52? Definition of subtraction 
= 317? + 5t?+4t+7+(-4) Commutative property 
=(-3+ 5)? + 4t+74+(-4) Distributive property 
=2P +4t+3 Number fact 


Note that we wrote the results as polynomials in standard form. Ordinarily one should follow that practice. 
An expression of the form a + (b + c) may be written as a + b + c. However, we must be more careful when an 
expression of the form a — (b + c) is encountered. Follow the steps below. 


a-—(b+c)=a+ [-(b+c)| Definition of subtraction 
=at[-lb+o)] -q=-lq 
=at[-b-c] Distributive property 
=a-—b-c Definition of subtraction 


Hence, an expression in parentheses preceded by a negative sign is written equivalently without parentheses 
by replacing each term within parentheses by its additive inverse (negative or opposite). We illustrate in solved 
problem 2.6 below. 
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2.6 Perform the indicated operations. 
(a) 10x-(4x+ 8) 
10x — (4x + 8) = 10x —4x-— 8 
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a-(b+c)=a-—b-c 


=(10-4)x-8 Distributive property 
=6x-8 Number fact 
(b) (6y’ + 2y—7) - (4y— 10) 
(6y? + 2y — 7) — (4y — 10) = 6y? + 2y -7 — 4y + 10 a-(b+c)=a-—b-c 


= 6y’ + 2y -4y-7+410 Commutative property 


= 6y?+(2-4)y-7+ 10 Distributive property 


= 6y?—2y +3 


2.7 Perform the indicated operations. 


(a) 9x-—[5-—(5x+4)] 


9x — [5 — (5x + 4)] = 9x — [5 — 5x - 4] 


= 9x — [1 — 5x] 
=9x-—1+5x 
=14x-1 


(b) 3x? - [8x + (x? -9)] 


3x? — [8x + (x? — 9)] = 3x7 — [8x +x? - 9] 


= 3x? -— 8x -—27° +9 


= 2x? -8x+9 


(c) (4a? — 3ab + 2b’) + [(2a? — 4b) — ab] 


(4a? — 3ab + 2b) + [(2a? — 4b?) — ab] = 4a? — 3ab + 2b? + 2a* — 4b° — ab 


= 6a? — 4ab — 2b? 


Note that like terms were combined within the bracket grouping prior to the removal of the brackets in problem 2.7(a). 


One should combine like terms whenever possible. 


See supplementary problems 2.4 through 2.6 for similar exercises. 


2.8 Multiply. 


(a) x3x? 
By? = 732 = x5 
(b) t*t?t 


t4t2t = patel = rt’ 
(c)  (2x7)(4x) 
(2x7) (4x) = (2-4) (x? - x) = 82° 
(d) (—3s2A)(5st5) 
(—3s71) (5st?) = (3 - 5)(s? + s)(t- P) = 155726 


Number fact 


a-(b+c)=a-—b-c 


Combine like terms 


a-(b+c)=a-—b-c 


Combine like terms 


Distributive property 
a-(b+c)=a-b-c 


Combine like terms 


Distributive property 


Combine like terms 
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2.9 Multiply. 


(a) (b*y* 

(b?)* = B34 = b? Apply law 2 
(b)  (x?)8 

(x7)8 = x78 = x!6 Apply law 2 
(c) (st)? 

(st? = 93 Apply law 3 
(d) (3p)? 

(3p)? = 3°p? = 9p? Apply law 3 
(e)  (4x°yy 

(4x°yP = Bix?) 3y3 Apply law 3 


= 64x y3 Apply law 2 


See supplementary problem 2.7 for practice of the above concepts. 


2.10 Multiply. 

(a) 4(2x+y—-3z) 
4(2x + y — 3z) =4(2x) + 4y + 4(-3z) = 8x4 4y—- 12z 

(b) —2r?s brs? —5r2s + r3) 
—2r?s (3rs? — 5r2s + r3) = (—2r?s) (3rs?) + (-2r?s) (—5r2s) + (-2r2s)r3 
=-6r353 + 10r4s? — 2rs 

(c) (x+y)a-y) 
(2x + y)(x—y)=2x(x-y)+y(—-y)=2x-x-2x-yty-x-y-y=2x?-xy-y? 


(d) («+ 3y)Q2x+y) 
(x+ 3y)(2x+y)=x(2x+y) t+ 3y(Qxt+y)=x-2xt+x-y+3y-2x+3y-y 


=2x? + xy + Oxy + 3y2=2x? + Txy + 3y? 


Look at the expressions to the right of the second equal sign of the solution in problem 2.10, parts (c) and (d) above. 
In both cases the first terms represent the product of the First terms of the factors; the second terms are the product 
of the Outside terms; the third terms are the product of the Inside terms; and the last terms are the product of the Last 
terms. We refer to the above process as the FOJL method of finding the product. The letters in the word FOIL remind 
us of which terms we must multiply when finding the product of two binomials. This technique is applicable only 
when the factors are binomials. We must remember, however, that we are simply applying a generalized form of the 
distributive property. As the next problem illustrates, FOIL doesn’t apply but in the second line you can see that each 
term of the first polynomial multiplies each term of the second. 


(e)  (x° —3x+1)(2x-5) 
(x? —3x+1)(2x —5) =x? -(2x—5)—3x-(2x —5)+1-(2x—5) 
=x? -2x+x? -(-5)—3x-2x —3x-(—5)+1-2x+1-(—5) = 2x° —5x? —6x? +15x4+2x-5 


=2x° -11x? +17x—-5 


(f) (w-2)(x+3)(x+4) 
(x —2)(x + 3)(x +4) =[(x —2)(x +3) (x +4) =[? +x-6](x +4) = 2° 45x? —2x-24 


See additional problems below. 
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2.12 


2.13 
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Multiply. 
(a) (&—5)@-2) 

(x —5)(x— 2) =x? -2x—5x+10=x2—7x4 10 
(b) (w+8)(w-3) 

(w + 8)(w — 3) =w? —3w + 8w— 24 =w2 + 5w—24 


(c) (484+ 20(55+1) 
(4s + 21)(5s +f) = 20s? + 4st + 10st + 27 = 20s? + 14st + 2° 
Observe that the FOIL method normally positions like terms in juxtaposition in the product. This arrange- 
ment facilitates combining like terms. There are several special products which we encounter frequently. We 


should learn them and be able to recognize them when they occur. Think of them as patterns for which we should 
watch. 


Employ the special product forms to find the following products. 
(a) (x+4)? 
It is form 1. Therefore, (x + 4)? =x? +2-4x+4?=x74+ 8x4 16. 
(by) Qetsy 
It is form 1. Therefore, (2x + y)? = (2x)? +2(2x)y+y*=4x7+4xyty?, 
(c) G@=s/ 
It is form 2. Therefore, (x — 5)* = x? -2-5x+(-5)*=x?- 10x +25. 
(d) (s—3f)? 
It is form 2. Therefore, (s — 34)? = s? — 2s(32) + (-3? = s? — 6st + 997. 


(e) (@+40-4) 
It is form 3. Therefore, (x + 4)(x — 4) =x? - 4? =x?- 16. 


(f) (4x+y)(4x-y) 
It is form 3. Therefore, (4x + y)(4x — y) = (4x)? — y? = 16x? -y?. 


(g) (a+4) 
It is form 4. Therefore, (a + 4)? = a? + 3a7(4) + 3a(4’) + 48 = a? + 12a? + 48a + 64. 


See supplementary problem 2.8 for similar problems. 


Use the vertical format to find the following products. The result appears in the bottom line. 


(a) (x?-—3x+1)(2x—5) same as problem 2.10 (e) 


x? -3x4+1 First line (trinomial) 

2x-5 Second line (binomial) 

2x? — 6x7 +2x First line multiplied by first term (2x) 
—5x° +15x—-5 First line multiplied by second term (—5) 


2x? -11x? +17x-—5 Sum of previous two lines 
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(b) 


(°+ 4t- 3) (? —7) 


r+4t -3 
r-7 
r4+4e —3r 


—7t° —28t+21 


t —31° —3r7 —28r+21 


Do supplementary problem 2.9 for practice. 


Factor completely. 


(a) 


(b) 


(c) 


(d) 


(e) 


(f) 


4s + 4t 

4s + 4t = 4(s +f) 

5x*y — 50z 

5x°y — 50z = 5(x*y — 10z) 
6x7 + 8x 


6x? + 8x =2x(3x+4) 


2753 — 6s 
2783 — 6s =—35(9s? + 2) 


8xry? + 2x2y? — 6x2y 
8x3 y? + 2x7y? — 6x2y = 2x7 y(4xy + y — 3) 
—r?s*t — r?st? — rs?t? 


r°s?t — r°st? — rs*t? =—rst (rs + rt + st) 


Refer to supplementary problem 2.10 for similar problems. 


2.15 Factor completely. 


(a) 


(b) 


xs +xt+ 3s + 3t 

xs +xt+ 3s + 3t= (xs + xt) + (35 + 30) 
=x(s+ ft) + 3(s +2) 
=xp+ 3p 
=(x+3)p 


=(x+3)(s+f) 


2x? + 3x+4x+6 

2x? + 3x + 4x + 6 = (2x? + 3x) + (4x + 6) 
=x (2x + 3) + 2(2x + 3) 
=xp+2p=(x+2)p 
= (x +2) (2x43) 


Replace s + t by p 
Factor 


Replace p by s +t 


Factor 
Replace 2x + 3 by p and factor 
Replace p by 2x + 3 
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(c) 


(d) 


(e) 
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10x? + 2xy — 25x — 5y 
10x? + 2xy — 25x — 5y = (10x? + 2xy) — (25x + 5y) 
= 2x (5x + y)—5(5x + y) = 2xp — Sp 
Factor and replace 5x + y by p 
= (2x — 5)p = (2x — 5) (x+y) 
Factor and replace p by 5x + y 


(2x+ 1)(y- 1)+4Q- 1) 


(2x+ 1)\(y-1)+40-D=(- DI2x+ 1) +4] 
=(y- D@x+5) 


3a(at+1)?4+(a+ 1)? 
3a(a+1)?+(a+1)*=(a+1)*Bat 1) 


Do supplementary problem 2.11 for additional practice of the above concepts. 


Factor. 


(a) 


(b) 


(c) 


(d) 


x?2+7x+ 10. 


Since +10 is positive, its factors must have like signs. We choose positive factors of 10 since their sum 
must equal 7. The factors of 10 whose sum is 7 are 2 and 5. Hence, the required factors are (x + 2) and (x + 5). 
We write 


x?+7x+10=(x+2)(x+5). 


x= x= 6: 


Since —6 is negative, its factors must have unlike signs. The possibilities are —1 and +6; +1 and —6; +2 and 
—3; and —2 and +3. We must choose the pair whose sum is —1, since the coefficient of x is —1. The correct pair 
is +2 and —3. Hence, the required factors are (x + 2) and (x — 3). We write 


x27-x-6=(x+2)(x- 3). 


P—6t+5 


Determine factors of +5 whose sum is —6. 


t?-6f+5=(t- 1)\(t—-5) 


s?+ 1354+ 42 


Choose factors of +42 whose sum is +13. 


s?+ 135+ 42 =(s+6)(s +7) 


The student should now attempt supplementary problem 2.12. 


Factor the following using the alternate method. 


(a) 


x +6x4+8 
The factors of 8 are 8 & 1 and 4 & 2. Since the last term is a sum; use factors 4 & 2 for a sum of 6. 


The middle term is a sum; both binomials are sums. So x? + 6x +8 =(x+4)(x +2). 
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(b) r’+6r—16 
The factors of 16 are 16 & 1,8 & 2, and 4 & 4. The last term is a difference; use factors 8 & 2 for a difference of 6. 
The larger factor takes the sign of the middle term. So r’ +6r—16=(r+8)\(r—2). 

(c) t’—7t+10 
The factors of 10 are 10 & | and 5 & 2. The last term is a sum; use factors 5 & 2 for a sum of 7. 
The middle term is a difference; both binomials are differences. So tf? —7t +10 =(t—5)(t— 2). 

(d) x= 13xy- 48y° 
The factors of 48 are 48 & 1,24 & 2,16 & 3,12 & 4, and 8 & 6. Use factors 16 & 3 for a difference of 13. 
The larger factor takes the sign of the middle term. So x? —13xy—48y? =(x-16y)(x+3y). 

(e) x°-23x+60 


The factors of 60 are 60 & 1, 30 & 2, 20 & 3, .... (No need to list other factors since those needed are 
found.) 


Use factors 20 & 3 for a sum of 23. So x* — 23x + 60 =(x—20)(x —3). 
The student should now try supplementary problem 2.13. 


2.18 Factor completely. 


(a) 2x2+11x+15 


We first consider the various possibilities. A= ac=1-2o0r2-1andC=bd=1-15,15-1,3-50r5-3. 
We need not consider negative factors since all coefficients are positive. Now B = ad + bc = 11. By trial and 
error we observe that 1 -5+3-2=5+6=11. Thus, ad=1-5 and bc =3 - 2. We now write the factored 
form of the polynomial. That is, 


2x2 + 11x +15 =(x+3)(2x45). 


We should always multiply the factors we obtain in order to check the result. 


(b) 6x2+5x-4 


The possible factors of 6 are | - 6 and 2 - 3. The factors of —4 have unlike signs. The possibilities are —1 - 4, 
—4-1, and —2 - 2. We must find the correct combination by trial and error. Checking various combinations 
leads to the conclusion that (2x — 1) and (3x + 4) are the correct factors. Hence, 


6x? +5x-4=(2x- 1)(3x+4). 


(c) 3x*-16x+ 16 


In this case A = 3; therefore, the possible factors are | and 3. Also B = —16 and C = 16. We must use 
factors of C which have like signs, since it is positive. Observe that B = —16; therefore, we must employ 
negative factors of 16. The alternatives are (—1)(—16), (—2)(—8), and (—4)(—4). We determine by trial and 
error that (x — 4) and (3x — 4) are the correct factors. Hence, 


3x? — 16x + 16 = (x — 4)(3x — 4). 


(d) 4x?-8x-5 


Observe that A = 4, B = —8, and C=—5. The possible factors of A = 4 are 1 - 4 and 2 - 2. Choose 
factors of C =—5 with unlike signs. They are —1 - 5 and —5 - 1. We know that the factors of our trinomial 
are binomial in form and that the sum of the products of the outer and inner terms in those factors must 
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equal —8x. That tells us that the largest magnitude product should be negative. The number of trials in our 
process can be reduced if we keep that fact in mind. Ultimately we find that (2x + 1) and (2x — 5) are the 
correct factors. Hence, our expression becomes 


4x? —8x—5=(2x + I)(2x—5). 


The trial-and-error method of factoring must be employed many times in order to become proficient 
using it. We can develop a good intuitive sense about finding appropriate factors if we use it often. Be sure 
to check the potential factors in a systematic manner in order to avoid overlooking a combination which 
may be correct. 


The reader should now try supplementary problem 2.14. 


2.19 Factor the following using the Frentheway Method. 


(a) 


(b) 


(c) 


9x* -6x—-8 
1. Multiply by 4 and multiply the numerator through: ; (9x? —6x-8)= ; ((9x} —6-[9x]-8-9) 
Replace 9x by y: 40° —6y—72) 


Factor the trinomial in y: 5 y—12)(y+6) 
1 
Replace y by 9x: 5 (9x —12)(9x + 6) 


Oe ae ee be 


Factor the greatest common factor from each binomial and simplify: 


9 3Gx-4)]-3Gx+2)] = 9°3-3-Gx 4)(3x +2) = (3x —4)(3x +2) 


Therefore: |9x? — 6x —8 = (3x —4)(3x + 2) 


6x? +19xy+10y" 

1. Multiply by e and multiply the numerator through: 86x" +19xy+10y) = £((6x7 +19-[6x]y+10-6y") 

2. Replace 6x by z: te +19zy+ 60y") 

3. Factor the trinomial in z: aC +15y)(z+4y) 

4. Replace z by 6x: £ (6x +15y)(6x+4y) 

5. Factor the greatest common factor from each binomial and simplify: 
E13(2x +5y)]-[2x+2y)] = i -3-2-(2x+5y)(3x+2y) =(2x+5y)(3x+2y) 


Therefore: |6x? +19xy+10y? =(2x+5y)(3x+2y) 


18x? +3x—-10 leaving out steps 
This just shows the important steps, as you might use in practice. 
Let z =18x. (Note: The factors of 18 -(—10) = —180 that give the +3 for this factorization are 15 and —-12.) 
Factoring 18x” +3x—10= iB (z’ +3z—-180) = is (z+15)(z—-12) = Tr (18x +15)d8x —-12) 


. 7g (36x +5)]-[6(3x —2)] = i 3-6. (6x +5)(3x —2) = [(6x +5)\(3x—2) 


The student should now try supplementary problem 2.15. 


2.20 Factor using the grouping method. 


(a) 


8x? + 6x — 27 


We first find the product AC = 8(—27) = —216. Next, find two factors of -216 whose sum is B = 6. One 
factor must be positive, the other must be negative, and they are approximately the same magnitude, since their 
sum is 6. The positive factor has the larger magnitude also, since their sum is positive. We eventually conclude that 
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the factors are —12 and 18. Now rewrite 6x as —12.x + 18x. That is, 8x? + 6x — 27 = 8x? — 12x + 18x — 27. Finally 
factor the last expression by grouping as shown below. 


8x2 — 12x + 18x — 27 = (8x2 — 12x) + (18x — 27) 
= 4x (2x—3) +9(2x—3) 


= (4x + 9)(2x — 3) 
(b) 15x? — 37x +20 


The product AC = 15(20) = 300. We now find factors of 300 whose sum is B = —37. In this case, we will 
need two negative factors since AC = 300 is positive and B = —37 is negative. After several attempts, we find 
that —12 and —25 work. Therefore, 


15x? — 37x + 20 = 15x? - 12x —25x + 20 
= (15x? — 12x) — (25x — 20) 
= 3x(5x — 4) — 5(5x—4) 
= (3x — 5)(5x—4) 


(c) 5s?—2s+10 


AC = 50. Negative factors are once again required. The negative factors of 50 are (—1)(—50), (—2)(—25), 
and (—5)(—10). None of these pairs has a sum of —2. This fact tells us that the expression is not factorable; 
it is prime. 


See supplemetary problem 2.16 for more factoring by grouping practice. 


2.21 Employ the special products to factor the following. 
(a) x?+10x+25 


It is a trinomial whose first and last terms are perfect squares and the coefficients are all positive. We next 
ask if the middle term is twice the product of the square roots of the first and last terms. The square root of 
x squared is x and the square root of 25 is 5. (Technically, the square root of x squared is +x or —x and 25 has 
+5 and —5 as square roots. We use the roots with positive signs in form | stated above.) The middle term is 
10x, which is indeed twice the product of the square roots of the first and last terms. The trinomial is a form 1 
expression; hence, the factors are both x + 5. We write 


x24 10x +25 =(x+5)?. 


(b) x2-10x+25 


This expression is identical to the expression in part (a) above except for the sign of the coefficient of 
the middle term. (We use the negative square root of 25 this time.) In this instance, the trinomial is a form 2 
expression. Therefore, the factors are both x — 5. We write 


x2—10x+ 25 =(x—5)2. 


(c) 12-4 


We note that both terms are perfect squares and that they are subtracted. Hence, the expression is the differ- 
ence of two squares and therefore fits form 3. We write 


t?-4=(t+2)(t-2). 
The reader should think through the rationale in the remaining problems. 
(d) 4s*+285+49 


45? + 285 + 49 = (2s)? +2(7)(25) +72 
=(2s+7) 
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(f) 


Oy? — 42y + 49 


25x? — 64y? 


9y? 
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— 42y + 49 = (3y)? - 27) By) +7? 
= (3y—7)? 


25x? — 64y? = (5x)? — (8y)? 
= (5x + 8y)(5x — 8y) 


See supplementary problem 2.17 for practice problems. 


2.22 Factor. 
(a) x3+27 
(b) 8-1 
(c) 27s? — 100023 


427 =x +33 


= (x + 3)(x? — 3x 4+ 9) 


8F—1=(29°-1 
= (2t— 1)(4r2 + 2t+ 1) 


27s* — 1000r3 = (3s)° — (101) 
= (3s — 102)(9s? + 30st + 10027) 


Refer to supplementary problem 2.18 for additional practice. 


2.23 Write each expression as a product or quotient, whichever is applicable, in which each variable occurs 
only once and all exponents are positive. That is, simplify. 


(a) 


(b) 


(c) 


(d) 


12x° 

a es 
12x° 4°93 4x? 
Gy’) 

(3y) 

GY Ff ev 


Gyr 9 9 9 
(sey 
(s°ty’ 


(st?) 7 (ry _ a _ to? 


4 


_t 


(s°ty (yr sr sh? 


Ss 
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(ec) ac : -3 ; 
e 
3 abc 
ac )( -3 ) (yc?) C3 ate? -27 27a? _ 3a 
3 abc 3 abc 9 abc 9a°bic ~ Be 
(f) 


2n 
Cc 
n 
Cc 
2n 
c 


n 


Refer to supplementary problem 2.20 for similar problems. 


2.24 Divide. 


(a) 10x* + 20x° 
ay eee 
5x? 
10x*+20x* 10x* 20x3 
5 = as oe =2x° +4x 
5x 5x 5x 
(b) 2r? +1027 
2r 
2° +10r° 24° ©1024 
5 =z tay Hlt+3t 
2t 2t 2t 
(0) 5x°y— 7x’ y* +12xy° 
xy 
5x3y—Tx2y? + 12xy3 3 Tx2y2 1 2xy3 
BEE oY a aay 
xy xy xy xy 
(d) —245° + 3657 — 128° 
4s? 
245° +36s° —12s7 245° 3 12s? 
. oo aga 
As —4s —4s —4s 


See supplementary problem 2.21 for similar problems. 


2.25 Divide. 


(a) x+3) 2x? +x—-5 


Divide 2.x? by x to obtain 2x. Subtract the product of 2.x and x + 3 from (or add the opposite to) the 


dividend. 
2x 2x 
x+3)2x°+ x-5 x+3) 2x7+ x-5 
2 or 2 
2x" +6x —2x° -6x 
—5x-5 —5x-5 


Now divide —5x by x to obtain —5. Write —5 in the quotient line and multiply it by the divisor. Subtract 
the product from (or add the opposite to) the new dividend acquired in the first portion of the procedure. 
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2x-5 2x-5 
x+3)2x°+ x-5 x+3) 2x7+ x-5 
2x? +6x —2x° —6x 
er oe See 
—5x-5 —5x-5 
—5x-15 5x+15 
10 10 


The quotient is 2x — 5 and the remainder is 10. We often write 


ax?+x-5_, 5 10 
x43. x+3 


4a‘ —2a*+8a-—5 
2a* +1 


(b) 


Note that the coefficient of a? in the dividend is 0. Follow the four-step procedure stated previously to 
obtain 


2a°- a-1 
2a’ +1)4a" 2a? + 0a? +8a—5 
4a‘ +2a? 


or, equivalently, 


2a°- a-l 
2a’ +1) 4a‘ —2a° +0a? +8a—5 


—4q* -2a° 


—2a° —2a* +8a-5 


2a’ +a 
—2a?+9a-5 
2a +1 
9a—4 
Therefore, aa ae acess =2a*-a-14 = = 
2a +1 2a +1 


Work supplementary problem 2.22 to practice the above procedure. 
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2.26 Use synthetic division to divide the following. 
(a) x*-3x3+5x-8 by x—2. 


The associated array follows. Refer to the five-step procedure given above as you analyze the process. 
Observe that c = 2. 


Step 1. 

2|1 3 0 5 -8 
Step 2. 

2|1 3 0 5 -8 
Step 3. 
Step 4. 


Step 5. The coefficients of the terms in the quotient are 1, —1, —2, and 1. The remainder is —6. The 
quotient is x? — x? — 2x + 1 and the remainder is —6. We write 


4 3 
— + — 
x” —3x° + 5x — fais 6 
e—2 x- 


(b) 34-78-1245 byr+4 


The associated array follows. Refer to the five-step procedure given above as you analyze the process. 
Observe that c = —4. 


Step 1. 
-4| 3 -7 -1 0 5 
Step 2. 
-4| 3 -7 -1 0 5 
Step 3. 
Step 4. 
4 | 3 -7 -1 0 5 
—12 76 —300 1200 


3 -19 75 —300 1205 


Step 5. The coefficients of the terms in the quotient are 3, —19, 75, and —300. The remainder is 1205. The 
quotient is 3f — 197 + 75t — 300 and the remainder is 1205. We write 
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3r -—7P —¢ +5 


205 


t+4 


= 314° — 1927 + 75t 300+ 2 


+40 
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Remember that synthetic division is applicable only when the divisor has the form x — c. The degree of the 


quotient is always one less than the degree of the dividend, since the divisor is a first-degree polynomial. 


See supplementary problem 2.23. 


SUPPLEMENTARY PROBLEMS 


2.1 


2.2 


2.3 


2.4 


2.5 


2.6 


Determine the number of terms and the degree of each of the following. 


(a) 
(d) 


(db) 
(e) x2-43 


6x3y 
s+ 10 


1 — 312+ 873 


(c) 7 
(f) 5ab? — 6ab? + 2a*b* 


Identify the part which corresponds to the polynomials in problem 2.1 which represent monomials, binomials, or 


trinomials. 


Write each of the following polynomials in standard form and state the degree of each. 


(a) 
(c) 
(e) 


424+ 3-2x 
58? — 354983 —2 


x4 — 3x? + 2x6 — 4x 


Simplify each expression. 


(a) 
(c) 
(e) 
(g) 
(i) 


(2x + 6) + (4 — 5x) 
4-[5-(3p+4)+7] 


[(Sy* — lly +5 — (4y + 8)] + (8 - 3y) 
(3s? + 2s — 5) — (6s? — 85 — 1) 
3s — (4s + 2s?) — [s2 — (45 + 5) + 8] 


Perform the indicated operations. 


(a) 
(b) 
(c) 
(d) 
(e) 


Add 2x? + 3x —5 and 4x?+4x-3 
Add 3t+ 1 to 4t?—4t+5 


Subtract 3¢+ 1 from 4t7 — 4r+5 


Find the difference of 5y — 2 and 2y — 5 


(b) 
(d) 


(b) 
(d) 
(f) 
(h) 


Subtract 2s? + s — 4 from the sum of 3s2 + s—5 and 3s— 11 


Show by counterexample that the following are not equivalent. 


(a) 


Hint: 


—(x + 2) and —x +2 


(b) 


84+h 


2y — 3y? + 10 


+y 


(8x + 5) — (2x — 7) 


(St? — 3t + 4) + (2r? — 6t- 8) 
[(6a — 2) + (a + 4)] — (3a+7) 
Ts —4—(s2—4s — 12) 


—(x—y) and-x-y 


Choose a particular value for each of the variables and evaluate each expression. Are the results the 


same? 
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2.7 


2.8 


2.9 


2.10 


2.11 


2.12 


2.13 


2.14 


Perform the indicated operations, that is, simplify. 


(a) (Sr)? (b)  (-3s7)(2s°) (c) (4. x°y)(-Sxy’z) 
(d) (21) @) Carry (f) (-4b°)(-5b'°)(3b") 
(ey Ara}? ) Gey (i) (3x?y)?(-2xy3)? 
(j)  —(2bc)?(3b?c)? (k) ab? (-abc)? (1) (6b")? 


(m)  (-4b*")°(b*) 


Employ the special product forms to find the following products. 


(@) @-2P (b) (2x+5) (ce) Ge=yyP 

(a) (x+2)(@~-2) (e) (s+2t? (f) (a—-3)a+3) 

(g) (r-T7s) (A) (3p +21) (i) (x —2y)(x + 2y) 
G) G1? (k) (2a - 3b) (1) (x+y) 

(m) (5-207 


Use the vertical to find the following products. 
(a) (x+4)(Bx? + 5x - 8) (b) [(x— 3)(2x+7)]3x- 1) 
(c) (4f?-—5rt+ 1)(2t? + 3t- 6) (d) @3+5x+4+2)(x? - 3) 


Factor completely. 


(a) 9x +3y (b) 21s + 14¢ 
(c)  15a*—18ab (d) -2x?y — Txy? 
(e) 10xsy? — 20x?y? + 35x?y (f) —20s3r4 — 168713 — 12st? 


Factor completely. 


(a) ax+bx+7a+7b (b) 5y?+10y+6y+12 

(c)  12n2—10n + 18n—15 (d) 12s? —9st— 16s + 12t 

(ce) (x—2)(t+1) + 6(f + 1) (f) Sa(b—2)?-(b- 2) 

Factor. 

(a) x?+4x+3 (b) x?-2x-3 (c) ?+5t-14 
(d) s2+10s+24 (e) s?-95+20 (f) y-5y-24 


Factor the following using the alternate method. 


(a) x°+7x+12 (b) x’ —2x—24 (c) y-10y+16 
(dd) r'+Tr-8 (ec)  -x* -16x + 48 (f) x? +7x-18 
(g) y —14y+40 (h) 4x* +32x+60 (remember to factor out a common factor first) 


Factor the following using the trial-and-error method. 

(a) 3x?+11x+10 (b) 27-7t-4 (c) 4y?+8y-21 
(d) 6x? +29x + 20 (e) 9s?-15s+4 (f) 5p?+8p-4 
(g) 8x°-2x-3 (h) 12y?+ 13y-35 
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2.15 


2.16 


2.17 


2.18 


2.19 


2.20 


2.21 


2.22 
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Factor the following using the Frentheway Method. 


(a) 2x? +7x-15 (b) Ar? -11r+6 (c) 6x? +13x+6 
(d) 6y -13y-8 (e) 10t° +9t+2 (f) 8x +10x-3 
(g) 9f—15t4+4 (h) 8x° —8x—30 


Factor the following using the grouping method. 


(a) 6x*+17x+5 (b) 9t?+9t-10 (c) 2s?-9s-—56 
(d) 12s?—3254+21 (e) 2y2+y+5 (f) 2x?+5x-42 
(g)  25¢2+35t+ 12 (h) 90x?-67x+12 


Use special product forms to factor the following. 


(a) 16x?-24x+9 (b) 90? + 48r+ 64 (c) 25s? + 70st + 49° 
a (ec) 121x? + 64y? (f) 25a? — 60ab + 360? 

(g) p?+8pq+ 16q? (h) x2" — y4 

Factor. 

(a) 64y3+27 (b) 1000—x3 (c) 6453 +278 (d) 125p}—729 


Factor completely. These problems involve the various forms that have been introduced. 


(a) s?-6s+9 (b) s*—4st +41? (c) 81x?y?-25 

(d) 4x2 44axy2+y4 (2) Seb 15a (f) 27-88 

(2) (x+y)?-9 (h) 16x3+54 (i) at+28a2b +278 
(j) 35s?+10s—50 (k) 8x3-16x?-x+2 


Write each expression as a product or quotient, whichever is applicable, in which each variable occurs only once 
and all exponents are positive. That is, simplify. 


2 2 2 

4y* (3s)° (6r°)” 5xy 2.22 

— b) ——— ——— |. 2 
(a) ‘ (b) (8s) @) (c) Te (2x" yz") 

(-x’ yy (a°by’ (st?)° (sty 
d) — ee Sie i 
Oey ars  CSH 

2 3) 2 
3xy’ wt r (a"*'p"'y? 

ae h a i 
(g) — | (h) ; ) (= (i) ab 
Divide. 

etx? 2a‘ +6a° +8a 
(a) (b)  ————_ 

2a 

6t —3¢° —124° —45°t+16s°? —20st° 

(c) —————_ (d) 
3t —2st 

Divide. 

P+2t+3 —3x° +13x+10 
(a) ———— (b) = —————_ 

t+3 x-3 

iS 4a’ +9 (d) n-1 
Cc 

2a+3 n-l 

6x* — 3x? -11x? +2x44 
(e) 


3x? -1 
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2.23 Use synthetic division to divide. 
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x -3x4+4 x -7x +5 

(a) ——— (b) ——— 
x+2 x+3 

x? —5x? +12x-27 2x* — 13x? +17x7? + 18x — 24 

(c) (d) 
x-3 x-4 

x° — 25x° —3x° + 20x -15 x? +27 

(e) (f) 
x—-5 x+3 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


2.1 (a) 1 term, degree 4 (b) 3 terms, degree 3 (c) 1 term, degree 0 
(d) 2 terms, degree 1 (e) 2 terms, degree 2 (f) 3 terms, degree 5 
2.2 Monomials: parts (a) and (c). 
Binomials: parts (d) and (e). 
Trinomials: parts (b) and (f). 
2.3 (a) 4x?-2x+3; degree 2 (b) £ +8; degree 3 
(c) 95° + 5s? — 3s —2; degree 3 (d) y—3y?+2y+ 10; degree 5 
(e) 2x®+x4 - 3x? — 4x; degree 6 
2.4 (a) 10-3x (b) 6x+12 (c) 3p-4 
(d) 7t?-9t-4 (e) S5y*—18y+5 (f) 4a-5 
(g) —3s?+10s—4 (h) 8+11s—s? (i) -3s?+3s-3 
25 (a) 6x?+7x-8 (b) 4P°-t+6 (c) 4°-7t+4 
(d) 3y+3 (e) s*+3s-12 
2.6 (a) Forx=-6:-(x+2)=-(-6 + 2) =4, but -x+2=-(-6)+2=8 
(b) Forx=8 and y=3:—x-— y= (8-3) =—5, but —x-— y=-(8) — (3) =-11 
2.7 (a) 25r? (b) —6s° (c) 20x3y3z (d) 8? 
(e) 9str8 (f) 606% (g) x? (hy) x* 
(i) —-72x7y!! (j) —36b%c* (k) abbtc? (1) 36b" 
(m) —64po"4 
28 (a) x*-4x+4 (b) 4x2 + 20x + 25 
(c) 4x?-4xy+y (d) x-4 
(e) s2+4st+4P (f) @&-9 
(g) 9r?—42rs + 49s? (h) 9p? + 12pt + 417 
(i) 9x? — 4y? (jf) x" -2x" +1 


8a? — 36a*b + 54ab? — 27b° 
125 — 150r+ 607 — 8P 


(k) (1) 


(m) 


64x73 + 48x7y + 12xy? + y3 
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2.9 (a) 3x3+17x?4+ 12x-32 (b) 6x +x?-64x4+21 


(c) 8t*+2 —37t? + 33t-6 (d) +2x°+2x?- 15x-6 


2.10 (a) 3@Gx+y) (b) 73s +21) (c) 3a(5a— 6b) 
(d) -xy(2x+Ty) (e) 5x*y(2xy —4y +7) (f) —4s??(5s?? + 4st +3) 
2.11 (a) (a+b\(x+7) (b) (y+2)(5y + 6) (c) (6n—5)(2n +3) 
(d) (4s — 31)(3s —4) (e) (+1GBx+4) (f) (b-2)(Sa-1) 
2.12 (a) (x+1)(x+3) (b) (x+ 1)(«-3) (c) (t+7)(t-2) 
(d) (st+4)(s+6) (e) (s—5)(s-4) (f) &-8)y +3) 
2.13 (a) (x+4)(x+3) (b) (x-6)(x+4) (c) (y—8)(y- 2) 
(d) (*+8)r-1) (e) @-12)%-4) (f) (~+9)x-2) 
(g) (-10)0-4) (h) 445) +3) 
2.14 (a) (x+2)(3x+5) (b) (t-—4)(2t+1) (c) (2y—3)2y+7) 
(d) (6x+5)(x+4) (e) Gs-4)GBs—-1) (f) Gp-2)(p +2) 
(g) (4x-3)2x+1) (h) Gyt+7)(4y—5) 
2.15 (a) (x+5)(2x-3) (b) (4r—3)(r—-2) (c) (2x+3)(3x +2) 
(d) (3y-8)(2y+1) (e) (5t+2)(2t+ 1) (f) (4x-1)(2x +3) 
(g) Gt-4)Gr-1) (h) 2(2x —5)(2x +3) 
2.16 (a) (2x+5)(3x+1) (b) (3t-—2)(3t+5) (c) (2s+7)(s — 8) 
(d) (6s—7)(2s —3) (e) prime (f) (2x-7)(x+ 6) 
(g) (5t+ 4)(5t+ 3) (h) (10x — 3)(9x — 4) 
2.17 (a) (4x-3) (b) (t+8) (c) (5s+7t)? 
(d) (11x+ 8y)(11x- 8y) (e) prime (f) (Sa- 6b)? 
(g) (p+4q)° i) Gtr ne =") 
2.18 (a) (4y+3)(16y?- 12y +9) (b) (10—x)(100 + 10x + x?) 
(c) (4s + 3f)(16s? — 12st + 97) (d) (5p —9)(25p? + 45p + 81) 
2.19 (a) (s—3) (b) (s—2r) 
(c) (Oxy +5)(9xy — 5) (d) (2x+y?)? 
(e) Sab(a+3b)(a—- 3b) (f) 8-209 + 6t+ 40) 
(g) &+y+3)@t+y-3) (h) 2(2x+3)(4x? - 6x +9) 
(i) (a2+27b\(a? +b) (j) 5(7s* + 2s — 10) 


(kK) (8x? - 1) - 2) 
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2.20 (a) 


(d) 


(g) 


2.21 (a) 


2.22 (a) 


(c) 


(e) 


2.23 (a) 


(c) 


(e) 


10 


x- 


x6 45x? —3x454+ 


(b) 


(e) 


(A) 


(b) ai +3a+4 


(b) 


(c) 2-1-4t? 


22 
—3x+4+——— 


(d) n+n+l1 


(b) 


(d) 


(f) 


35 
x+3 


x-10+ 


2x7 —5x* —3x+6 


x? -3x4+9 


(c) xeytz? 


t 


(f) — 
S 


(i) ap"? 


(d) 2s? — 8st + 1072 
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Rational Expressions 


3.1. Basic Properties 


Recall that a rational number has the form a/b, where a and Db are integers and b # 0. 

Similarly, a rational expression is the quotient (ratio) of two polynomials. It is an algebraic fraction defined 
for all real values of the variable(s) in the numerator and denominator provided the denominator is not equal 
to zero. Be reminded that polynomials are expressions whose variables have nonnegative integer exponents. 
In other words, rational expressions look like the following. 


x 3x= 2 4 5943s? +5-6 


ae ‘ ‘ 5 and 5a° - 3a +1. 
x-1l x°+4x-7 t+5 t-—3 


The last expression is rational since it may be written as a quotient in which the denominator is one. 
Any particular quotient (fraction) can be written in infinitely many forms. For example, 


In each case we obtain an equivalent fraction by multiplying the numerator and denominator by the same 
nonzero constant, say k. Equivalent expressions result since we are actually multiplying the fraction by one, 
(k/k = 1), and one is the multiplicative identity element. 

The principle we have been illustrating is called the fundamental principle of fractions. Symbolically we 
write the following. 


Fundamental Principle of Fractions 


Le eae heh ee: 
b b bk bk 


In the above expression, a, b, and k each represent a polynomial. Some or all may also be constants, since 
constants are zero-degree polynomials. 

We will employ the fundamental principle of fractions often in a later section in which we add and 
subtract fractions. 

We shall now use the same principle to reduce rational expressions. Think of the equations above in 
reverse order. We then may write 


He oe neigh ee 
bk ob kb b 
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The preceding statements tell us that we may divide out the same factor(s) which occur in the numerator and 
denominator. Recall that factors are quantities which are multiplied, while terms are quantities which are added 
7+3 7 
ne x = 
34+2 2 
but the equality would seem true by dividing out the 3’s—what is the true value of it? DO NOT DIVIDE OUT 
(CANCEL) TERMS! 

It would be advisable to review the special products and factoring before continuing this section. 


or subtracted. Equivalent expressions are not obtained when ferms are divided out. As an example: 


See solved problem 3.1. 


Sometimes the numerator and/or the denominator of a fraction are negative. We know that (—1)(-1) = 1, 
and —1/— 1=1 and 1 is the identity element for multiplication. Hence, there are several equivalent forms of frac- 
tions obtained by multiplying the fraction times | written either as (—1)(—1) or —1/—1. They are 


a _~a_ —~a 


b —b b 


Sa pan ee Liat peg. 
—b b -b -b  b 


There are three signs associated with a fraction—the sign of the numerator, the sign of the denominator, 
and the sign in front of the fraction. Essentially the above equations tell us that we can change any combina- 
tion of two of the three signs associated with a fraction without affecting the results. We call a/b and —a/b the 
standard forms of the various quotients. If zero or two of the three signs of a fraction are negative, the standard 
form is a/b. If either one or three of the signs are negative, the standard form of the fraction is —a/b. The stan- 
dard forms are the most appropriate forms to use. Always write your results in standard form when fractions 
are encountered. 


See solved problem 3.2. 


If the numerator or denominator of a fraction contain two terms, the best form or standard form is less 
apparent. Observe that 


—-(b-—a)=-b+a=a-b. 


We are actually distributing a factor of negative one and applying the commutative property of addition. 
If the expression is read from right to left, we can first apply the commutative property of addition and then 
factor out a negative one to obtain —(b — a). Therefore, 


—c —c 


a—-b —(b—-a) b 


c ‘ 
, Where a # b. (The denominator cannot be zero.) 
a 


Similarly, 


b-a_-(b-a)_a 


c Cc Cc 


b 
, Where c # 0. 


In these instances, c/(b — a) and (a— b)/c are generally considered to be the best forms since those forms 
contain the fewest negative signs. 


See solved problem 3.3. 
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3.2 Products and Quotients 


We now possess the essential tools for performing operations on rational expressions. We shall begin with the 
operation of multiplication since it is the simplest. The definition of multiplying rational expressions is identical 
for arithmetic and algebraic quantities. 


Definition of Multiplication = a where b, d #0. 


ac 
bd 
In words, the product of two fractions is the product of the numerators divided by the product of the 
denominators, provided neither denominator is zero. 
If there are common factors in any of the numerators and denominators, they should be divided out 
prior to multiplying the fractions. 


See solved problem 3.4. 


Our next objective is to learn how to divide rational expressions. We know that 
1 
18 +6=—=3since3-6=18 


That is, quotient times divisor is equal to the dividend. Similarly, 


ac ad. ad c a (¢ c a a 
+ —=— since = ee |e 
b d_ be be d b\X\c d 


Again, quotient times divisor is equal to the dividend. 
In Section 1.3 we learned that the reciprocal of a quantity is one divided by the quantity. 
Therefore, 


In addition, the definition of multiplication tells us that 


ad 


ad 
be be 


We employ this equivalence to formally state the definition of division of rational expressions. 


Definition of Division GF 
b dad b 


a where b,c,d #0. 
c 

In words, the quotient of two fractions is obtained by multiplying the dividend by the multiplicative 
inverse (reciprocal) of the divisor. Hence, a division problem is converted to a multiplication problem. We 
discussed multiplication in the first part of this section. 

The operation of division is the inverse of multiplication, just as subtraction is the inverse of addition. 


Inverse operations undo each other. 
Analyze the following problems and relate the steps to the previous statements. 


See solved problem 3.5. 
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Now consider some exercises that entail both operations of multiplication and division. Watch for 
opportunities to apply the fundamental principle of fractions to divide out common factors that may occur 
in numerators and denominators of fractions which are multiplied. 


See solved problem 3.6. 


3.3. Sums and Differences 


Same Denominator 


We employ the definition of division from Section 3.2 and the distributive property to obtain expressions that 
demonstrate how to add and subtract rational expressions. Hence, if c # 0, 


a b 1 1 ee woded 
+—=a +b Definition of division 
Cc 


c oc c 
1 Pat oss 
=(at+b)| — Distributive property 
c 
a+b 


= Definition of division 


The above sequence of steps defines how fractions are added. We now employ that result and the definition 
of subtraction of real numbers (i.e., a — b = a + (— b)) to define subtraction of fractions. 


a ba —b me : 
=—+ Definition of subtraction 
c co (Ue Cc 
at+(-b es ei : 
= ee) Definition of addition of fractions 
Cc 
a-—b si : 
= Definition of subtraction 
Cc 


We now state the definitions of addition and subtraction of rational expressions formally. 


+b 
Dichnition oF Addition 242 =9"" ozo. 
Cc Cc Cc 
b —b 
Definition of Subtraction ee ,c#0. 
Cc Cc c 


The above definitions may be stated verbally in the following manner. To add or subtract fractions 
which contain the same denominator, we merely add or subtract, respectively, the numerators and divide 
the result by the denominator. Note: Don’t double, square, or alter the original denominator in any other 
way. Simply divide the new numerator by the original denominator. 


See solved problem 3.7. 
Unlike Denominators 


If the fractions involved possess different denominators, we must rewrite the fractions as equivalent fractions 
that have the same denominator. We employ the fundamental principle of fractions to accomplish the task. 
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The primary task when finding equivalent fractions is that of determining the appropriate k. The denom- 
inator bk must be an expression that is exactly divisible by each of the original denominators. The expres- 
sion desired for bk is the “smallest” quantity which each of the original denominators divides exactly. 
It is called the least common denominator or LCD of the fractions. The expression that k represents is found 
by first factoring all of the denominators into prime factors. Next, divide the factors of each individual 
denominator into the LCD. The quotient is the appropriate expression to use for k in each case. The k expres- 
sion is the product of all of the factors of the denominator bk = LCD which are not common to the LCD. 
(We illustrate below.) 

Be reminded that the denominator bk must be an expression that is exactly divisible by each of the original 
denominators. If the fractions f, = 7/132 and f, = 5/63 are the fractions which we require to have the same 
denominator, we first find the prime factors of the denominators. The results are below: 

132 =27-3-11 and 63 = 37-7. The appropriate bk = LCD is 2? - 37-7 - 11 = 2772. 

We now return to the task of determining the appropriate k for each denominator. Since the LCD in our 

2 2 
2 ] er a op 
2° -3-11 
2°. 3? 7-11 
cue, 


illustration is 27 - 37- 7-11 the necessary k for f, is 


Similarly, the appropriate k for f, is = 2-11. In each case, the resulting denominator is 


bk = LCD = 2? - 3*- 7-11 = 2772. 
The process described above may be stated more concisely as follows. To find the LCD of two or more 
fractions: 


1. Find the prime factors of each denominator. 


2. The LCD is the product of the different factors which occur in the various denominators. Repeated 
factors are used the largest number of times they occur in any particular denominator. 


See solved problem 3.8. 
Now that we can rewrite fractions with different denominators as equivalent fractions having the same 


denominator, we are in a position to find sums and differences of all fractions. The process is summarized 
below. 


1. Find the LCD. 
2. Rewrite each fraction as an equivalent fraction with the LCD as its denominator. 


3. Apply the definition of addition or subtraction of fractions with the same denominator. 


See solved problem 3.9. 


3.4 Mixed Operations and Complex Fractions 


We sometimes are required to perform some combination of the four fundamental operations on rational expres- 
sions or fractions. We now possess the tools needed for the task. You should review the order of operations in 
Chapter | before you continue. 


See solved problem 3.10. 
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A fraction in which the numerator and/or denominator contain fractions is called a complex fraction. 
We apply the definition of division of fractions in the usual way in order to divide one fraction by another. 
Symbolically, we write 


where b,c, d #0. 


See solved problem 3.11. 

If there is a sum or difference in the numerator and/or the denominator, there are two methods that may 
be employed successfully. Method one employs the fundamental principle of fractions to obtain a simple frac- 
tion. Method two involves simplifying the numerator and/or the denominator prior to performing the division. 


We illustrate both methods. 


See solved problem 3.12 


SOLVED PROBLEMS 


3.1 Reduce to lowest terms. Assume no denominator is zero. 


20 

(a) — 
42 
20 2-10 10 
42 2-21 21 
4x+6 

b 

) 14 
4x+6 2(2x+3) 2x43 
14 D297 7 
4s°6 

Cc 

©) 40st? 
49° 4-s-s-f° _ Ss 
40st? 4-10-s-f-f 10° 
(ptt) 

i 
2p+2t 
(p+ty (p+) (ptt) _ ptt 
2pt2t 2(p+t) 2 
(a+b) 

(e) 3 
(a+b) 
(a+by (a+b) 1 


Gaby Geb idtn ath 
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ey 
(f) eae ae 
3x° +5xyt+2y 
xy. G@tyG@-y)_ ey 
3x’ +5xy+2y (xt y)Bx+2y) 3x+2y 
(e) 12x” + 60xy+75y 
24x + 60y 


12x°+60xy+75y°  3(4x° + 20xy+25y") 3(2x+5y)’ 2x +5y 
24x + 60y 12(2x + 5y) 12(2x + 5y) 4 


Remember! It is advisable to check your answers. See the following paragraph. 

The results obtained when reducing fractions may be verified by substituting numerical values such as 
2, 3, 4, etc. for the various variables involved. Substitute the values into the original expression and simplify. 
Next, substitute the corresponding values used in the original expression into the simplified version and 
compare the results. You should refrain from using 1 and 0 when checking, since they sometimes result in 
special outcomes. This technique is not fool-proof, though it usually allows you to determine if errors were 
made. 

We illustrate the above procedure by checking solved problem 3.1(g). We wish to determine if 


12x° + 60xy + 75y" _ 2x+5y 
24x+60y 


. Let x = 3, y= 2 and substitute into the left side to obtain 


12x° + 60xy+75y° _ 12(3)’ +60(3)2 +. 75(2)” 
24x+60y 24(3) + 60(2) 


= 4. Now substitute the values for x and y into the 


2x+5y_ 2(3)+5(2) 
7 4 


=4. The results are identical; hence, the simplified form of 


right side to obtain 


the original expression is most likely correct. 


Do supplementary problem 3.1 to improve your skills. 


3.2. Write the following in standard form. Assume no denominator is zero. 


2 -3 -6 —x t 
pe by. 22 dad) —-——— ee 
@ee ©] Oe @ a3 0 aas 
6 —x t = 
(a) — (b) = © > (d) (e) or 
x Ss x x+3 S-t t¢t-5 


See supplementary problem 3.2. 


3.3. Reduce to lowest terms and write in standard form. Assume no denominator is zero. 


s—t 
@ 2-3 
s—t s-t —(t—s) -l -1 


a — = or 
Pos? (t-s)\(tts) (t-s)\(tts) tts stt 
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(b) 


(c) 


(d) 


(e) 


See supplementary problems 3.3 and 3.4 for additional practice. 


3.4 Write each product as a single fraction in lowest terms. 


(a) 


(d) 


(c) 


(d) 


See supplementary problem 3.5 for similar problems. 


3.5 Divide and simplify. (Simplify means to reduce to lowest terms here.) 


= 
g 
ww 


(d) 


2-x 
4-x° 
2-x 2-x 1 1 
= = or 
4-x° (2—x\2+x) 2+x x+2 
3-9a 
3 
3-9a 3(1-3a) 
= =-1(1-3a)=3a-1 
-3 3 
y-x 
x—-y 
yrx -@-y)_ i 
X-y x-y 
—5(3- y) 
y+ 2y—-15 
—5(3 — y) 5(y — 3) 5 


y+2y-15 (y-3)(yt+5) yt5 


1 


sa 
16 15 

— oe 
16 15 4 5 20 
5a 

“b 10a 
Sab ab 
b Wa 2 
35a’b* 3a°be 
Qab? 5b’ 


35a°b*  3a*be _ Tab ae 7 Ta‘b 


Qab?5b°c2 


y—-f s+2t 


Is+4t 5s—5t 


2 2 


so-ft st+2t (s+t)(s—t) s+2t st 
2s+4t S5s—5t 


3. be 


2s + 2t) 


3c 


5(s—t) 10 


81 


It is possible to perform some of the operations in different combinations in the above problems without 
affecting the result. As long as you employ the fundamental principle of fractions in an appropriate manner, 


the results will be correct. 


25 3 16 


12 


clNnNowol|(MaAlwo Bp 
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A 
(c) 24xy? + 
5 
dy 24 5 
iy + eS Shy Fe ade 
5 1 4y 
2 
st St 
d) 23+— > 
(4) Sr 20r? 
st st st 20r 
3 3 pod = 4s 
5r 20r Sr St 
6a-—27 8a-—36 
(e) + 
5b Tb 
6a-27 8a-36  3(2a-9) 7b 21 
5b tCi‘T7zBeSsté‘éié‘“S@#*O*#«CA(Qa—-<9”*Y~=«20 
10/+15w 30/1+45w 
(f) : 
8 4 
101 +15w  301+45w  5(21+3w) 4 i 
8 4 8 15(21+3w) 2-3 6 
(2) x +6x4+5  x°+2x-15 
. x —-x-6 xr-4 
x +6x+5 x +2x-15 (x+5)(xt1) (x +2)(x-2) (x +1) (x-2) 
¥-0-6 8 =4 (4-342) 64DG-3) &=-37 
3w +6w-24 w—4w+4 
(h) + ———_— 


Sw? +30w+45 10w+30 

3w +6w- 24 wi—-4wt4 3(w'+2w-8) wi—4w+4 
Sw? +30w +45 10w+30 S(w +6w+9)— :10(w +3) 

_3Qv+4)(w—2) 1043) wt 4)-2_—— (w+ 4) 

543 (w—-2)? (w43)Qw-2) (wt3)(W-2) 


Note that answers appear in factored form. If we were to distribute, it would be less apparent that the 
results are in lowest terms. 


See supplementary problem 3.6 to practice the above concepts. 


Perform the indicated operations and simplify. 


15x°y ( 2x 8bx’ 
(a) 223 : 3 
25a°b Sy 25ay 
15x’y 2x 8bx° 3x7 y 2x Say? 3x°y ( sa) 3y° 
25a°b° ( Sy =) - Sab ( Sy 8bx° )- sab? \ abx? ) dab" 
() 185? + 18st + 42° ( s-t aM 
3s° —2st— 2? 3s° +4st+0?  st+t 
185° + 18st + 40° s-t 3s + 2t 
3s? — 2st —2? overs s+t ) 


7 29s" +95 + 21°) | s-t 35+ 2t] 2Gs+2t)Gs+t) [(s—t) Gs +20) 
 Bsth(s-)  Bsth(s—t | Bstt(s+t? 
_ 2G5+2t) Bstt)(s +t) _ 28841) (s+ t)” 


(s—-t) (s-t)Gst2t) (s—ty 


(3st+t)(stt) s+t 


See supplementary problem 3.7 for additional practice. 
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3.7 Perform the indicated operation. 


2 4 
a Phe 
(a) q79 
2 4 2+4 6 
a a 
x sy 
b) =+= 
(b) 5° 5 
Cre ene 
5 5 5 
Ss 2t 
c eae 
©) 3x 3x 
KY 2t  s—2t 
3x 3x 3x 
3x-1 x-4 
(d) - 
x4+2 x4+2 
3x -1 x-4 3x-1-(-4) 3x-1l-xt+4 2x43 
x+2 x42. x+2 7 x+2 x42 
xt+15x-4 x? -x-32 
(e) 2 +5 
x -x-2 x°-x-2 


x 415x-4 x? —x-32) x? 4+15x-44x°-x-32 2x7 4+14x- 36 
+ — = 
x -x-2 x —x-2 x -—x-2 x -—x-2 
Ux? +7x-18) 2x-2)(x+9) 2x+9) 


~ (xtD(x-2) (xt D(x-2)—s x FI 


Remember to reduce fractions when the numerator and denominator contain common factors. Also 
remember that no variable may have a value which would result in a zero denominator. 


Refer to supplementary problem 3.8 for similar exercises. 


3.8 Find the LCD for the following fractions. 


6 5 8 
(a) —=>,>>,and —~ 
175 36 135 
175 = 5° -7; 36 = 2” -3°; and 135 =5-3°. The LCD = 5° -7-2° -3° =2” -3° -5°-7 = 18,900 
2 5 
(b) —, and — 
15x 18xy 
15x? =3-5x° and 18xy = 2-3” - xy so the LCD = 2-3” -5x”y =90x’y 
35s+4 2s—5 
(c) and 


s—4 s°+4s+4 
gs’ —4=(s +2) (s—2) ands? +.4s+4=(s + 2)’ so the LCD =(s + 2)" (s — 2) 


Note: In most circumstances, the factored form of the LCD is the most useful. 


Supplementary problem 3.9 involves similar exercises. 


3.9 Perform the indicated operation(s). 


1 1 
a) —-+— 
@) x 2x 


: 1 1 12 1 241 3 
The LCD is 2x. Therefore, — + =—-—4+ = = 
x 2x x 2 2x 2% 2x 
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@ -4+—5-= 


The LCD is 27’. Therefore, 
1 ¢-2 1 12 2t-2 1 ft 
ee 


si 2 


t ot 2% t 2 2 f° «2t 


2r° 2r° oF 
( 2+ 
18w 4w-20 
18w =2-3°w and 4w — 20 = 4(w — 5) = 2°(w —5) so the LCD is 2” - 3°w (w — 5) 
= 36w (w — 5). Therefore, 
5 | 3w 2-5) , 3w 3 w 
18w 4w-20 2-3’w 2(w-5) 2°?(w-5) 3°w 
10 (w-5) 3? 10w — 50+ 27w* 
~ 9.32 (w—5) | 2.3 w(w—5) 2? -3°w(w—5) 
27w* + 10w — 50 
~ 36w (w —5) 
—1 
- a ae 
p +7p+10=(p+2)(p +5) so the LCD is (p + 2) (p +5). 
P p-l!_ _ Pp p-l Ppt pol 
pt+2 p +7p+10 pP+2 (pt+2)(pt+5) p+2 pt+5 (p+2)(pt5) 
p(p+5)-(p-1)_ pp +Sp-p+l_ p'+4ptl 
— (p+2)(p+5) (p+ 2) (pt 5) (p+2)(p +5) 
2s 1 
(¢) Ss fad 40 
s’ —4=(s + 2)(s—2)s80 the LCD is s (s + 2) (s — 2). 
1 2s 1 1 (s+2)(s—2) 2s Ss 1 s(s— 2) 
e. Gall o5o ) GEG) Goes o-sGeD 
Ss -4-2s° 45° -2s —2s-—4 
= S(s + 2) (s — 2) metre oe 
-2 (s+ 2) ~2 
~ s(s+2)(s—2) s(s—2) 
GC == 2 


r+ex-6 x 4+2x-3 
x? +x —6=(x +3) (x —2) and x° +2x-3=(x+3)(x-D). 


The LCD is (x + 3)(x — 2)(x — 1). Therefore, 


2 5 2 (x-1) 5 (2) 
VP $x-6 x2 4+2x-3  (x+3)(x-2) (x-1) (x4+3)(X-1) (x-2) 
2x —-2 5x —10 


“G2 G=0G<1) (x +3) (x- 2) (x-1) 

— Qx—2)-Gx-10) 2x-2—-5x+10 

(x +3) (x- 2) (x L(x 3) (x - 2) (x-1 
—3x+8 8 — 3x 


43) 2) (x 1 ( 3) (x — 2) (x - 1) 
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Recall that changing any combination of two of the three signs of a fraction results in an equivalent frac- 


tion. We employ the technique in the following problem. 


1 4 


(g) 2+ 
xXx-y y-x 
y —x may be written as — (x — y). Rewrite the last fraction as an equivalent fraction with denominator 


x —y. The LCD is then x — y. 


1 4 1 4 cy 4 4 
2+ =2+ + =2- + 
x—y y-x x—-y x—y x—y x—y x—y 


2(x-—y)+1+4 2x-2y+5 


ay xy 


Practice by doing supplementary problem 3.10. 


3.10 Perform the indicated operations and simplify. 


(a) bles 


x y xy 
2 1 1 2y 1x 1 2y+x 1 
+ + ) = . + . + ) = + 2 
x y xy x y yx xy xy xy 
Qy+x x? 
are 7 =< Qyt x) xox? $2ay 
xy 1 
t+9 2) r-36 
() | —=-=|+5 
-3 ¢ t—9 


t+9 2 36 | t+9 t 2 ¢-3) £-36 
“Pao Vea5 ¢ ¢ 723) Pao 


(eae) oe 


t (t — 3) ~ (t+3) (t= 3) 

ea! (t+ 3) (t 3) _ (¢+6)(¢+)) (t + 3) 
~ ¢(t-3) (t+ 6) (t-6) | t (t + 6) (t— 6) 
_@+)C+3) 
a, (t —6) 

2st 

aie . ate 

3.11 Express Ba asa simple fraction in lowest terms. 
15x*y 


2 
2s t 


3x°y _ 2st 15x°y _ Sex 
8st” 3x°y 8st 4r? 


15x°y 
3.12 Simplify. 


fan 

io) == 
ve 
B 
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Method 1: The fundamental principle of fractions says that we obtain an equivalent fraction if we multi- 
ply both numerator and denominator by the same quantity k. The appropriate k for our purpose is merely the 


LCD of the fractions which appear in the numerator and denominator. In our example, the LCD = xy. The 
entire sequence of essential steps is shown below. 


jee (142) 1 a 
ee ea ee 


3 ~3 . =e 
ae (5 +1)» ? xytlegy 3E+ay x(y+3) 
y 


y y 


Method 2: We begin by finding the sums in the numerator and denominator of the complex fraction. 
We next perform the division. The necessary steps are shown below. 


2 x 2 x+2 
+ 


ks I 

x. ox x. Xx xt) y _ y@t2) 
27 Sage, 22) Be aa 2G) 
y y y y 


Observe that identical results were obtained by both methods. Method 1 is usually the more efficient 
method to employ since the distributive step can normally be done mentally. 
We demonstrate another example below. 


Ss 2 
s-1 s+l 
(b) ; 
4+ 
vl 
Method 1: Recall that s? — 1 =(s + 1)(s— 1). The LCD of 5 : a ,and = is (s + 1)(s — 1) 
s-1l s+] s -l 


We now multiply both numerator and denominator by the LCD and simplify. 


Ss 2 Ss 2 
( oe Jorna-p ‘(s+ DD (s —- 1D) +— - (s+ D(s-1) 
s-l stl s—l1 stl 


2 2 
s'-l SiS 


~ 1 
[++ : Jorve-p 4-(st+)(s-1)+ ra ee ame 


s(st)I4+2(s-l gs +5429-2 5° 435-2 


~~ A(st+I(s-l+1 4s? -1) +1 As =3 


Method 2: The LCD of the fractions in the numerator as well as the denominator is (s + 1)(s — 1). We now 
perform the indicated operations in the numerator and the denominator followed by the division of the results. 


S| 2 Ss stl]. 2 s-l 
s=i g41 s-l1 sai 44 s-l 
+= 1 
4+ 7 es ) és us : 
s —l (s+l)(s-l (s+)lI(s- 


S(s+1)+2(s -1) 
(s+ 1) (s -1) _ s(st+ID+2s—D) (s+ 1) (s-1) 


~464D6-D4l G4 nG-l)  4+DG—-D+1 
(st I) (s-1 


Sotst2s-2 s°4+39-2 


A(s? -1) +1 As* —3 


Notice that both methods produce the same result once again. Practice the above concepts by doing 
supplementary problem 3.11. 
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SUPPLEMENTARY PROBLEMS 


Assume no denominator is zero in each of the following problems. 


3.1 Reduce to lowest terms. 
18 Tx —21 30a*b? 
ae b 
OH ey: © 0a 
3s —12t (x- yy 5x2" yk 
@ —> © = : N= 
(s — 41) 2x° —Sxyt+3y 35x"y 
3.2. Write the following in standard form. 
—-10 x 
oat by _ 
Olan ) — O- 
7 -s ) 
d) -— e) -—> - 
C=, @ = Oe 
3.3. Reduce to lowest terms and write in standard form. 
4-1 49 — x? a —a-6 
soe }\ 2 
ie ape, eT  easace 
4 40 +12x — 4x? 
)  S aa ae aT 
—As* — 36 6y(x° — 3x — 10) 
3.4 Employ the fundamental principle of fractions to reduce to lowest terms. Write your answers in standard form. 
28a°b 30 5s 
= hy ee ie 
@) ~35ab" O) Ga iBy © Dosa’ 
4k -16 Ta+7b Qx°y—4xy? +14x7y’ 
d eee 
@) 4—-k te) a+b #) —2x 
9x4 yz 4 3xy"z (a+by .  3s—3t 
(g) 22 32,2 (A) “2 pl ) 
12x°y°z— 24x y°z a —b t-s 
x + 2xyt yy? sr a" +a"b" 
OY ee eee KY So en Ye eg aoa 
4x° —xy-Sy 85° + 8st + 8t 3a" +3a"b 
3.5 Write each product as a single fraction in lowest terms. 
12 10 14x 5y? 
a) —:— b) —-=> 
a 35 27 ne 1s. 9x 
a 3x 2y 2x —3y 
© >. (4) —_,.—_— 
xy ab 4xy — 6y 14x 
4a’ -1 b’-4b rP-t-2 P-4t-5 
(e) =—- A) a ie 
b-16 2a+1 t —3t-10 ¢ +4t+3 
(s—5) s?+7s+12 3x°-7x-6 4x*-18x-10 
(g) 2° 2 (h) 2 . 2 
(s+3) s°-—s—20 3x°-13x-10 2x°-x-1 


88 CHAPTER 3 Rational Expressions 


3.6 Divide and simplify. 


2 4s? 8s 
a) 14+- b) —+— 
“ 3 w) Tt 2it 
2 8x? -8 
er sige SZ. Fee 
2x+y 2x+y 

) 6x —15y 12x —30y (f) pt+p-12 p’-4p+3 
e : : 

x’ —2xy-3y" x+y pt+p-2 p+5p+6 

s°-27 s-3 a +8 

——- + h) (at+2p+—5 
(8) 4s" —4s 4s ce ) a+4 

3.7 Perform the indicated operations and simplify. 

(a) 32ab* ; 15x7y ab 

xy 4a°b 2xy 

15s°t? 3st 10x 
ae (ee 

16wx 12w 21lw 

x-y x +x x +xy 

(c) 2 ae ae Of Ret aes od 

2x°+3xyty |x -2xyt+y  2x°-xy-y 


s¢t 3et+2P ) s?-—P 


3s—2t 35° —2st 55+ 3t 
(d) : sca 


3.8 Perform the indicated operation. 


p_3 5 w 
ay —-— b) -+— 
a 4 4 () t ¢ 
3x 2x-5 8s+5 4-5s 
(c) =---— (d) of 
xy xy s-3  s-3 
2° -8r-11 # +14t-13 
() > ae 
t+3t-4 t+3r-4 
3.9 Find the LCD for the following fractions. 
Sa+2 
(a) ea (b) ad (c) = = and — ed 
45 600 42 285°t 30st" a —3a-10 a +a-—30 
3.10 Perform the indicated operation(s). 
2,5 x+4 x+1 
—— b Ht we SE 
OY a By iar ir 
5 2 
: d) 5+——~ 
) a-b b-a (@) -2 
3 1 t 2s-1 s+3 
—+--—— st 
) 5 t t+5 #) s+6 s-2 
1 3 3 4c 2c 
(g) —+ (h) 


x x43 x7 4+5x+6 Cc -3c-4 c’-6c+8 
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3.11 Perform the indicated operations and simplify. 


89 


3 x 5 4 x 
Oy ae Os, 
4 x x 3 
i a (3-2 
(e) (2-1)(2+1) (f) atb- 
Ss Ss 
1 1 
e: 42 1-1 2 
1 h 
. {ae me P+5t+6 P+7+12 1t+4 
Cc 
z 8a°b° 
j » 3ed? 
OF Oa 
ay 15c°d 
—s ca 
S 
OO sors 374 
t 8 28 2 
A 
x+6 a+b 
me () >> 
+X ape 
x+6 a b 
2 
2x TOR ios 
x+2 
(0) aa o— Ae 
$20 PRO 
ANSWERS TO SUPPLEMENTARY PROBLEMS 
31 @) 5 wy 2  3@ 
; e 10 4 . Ab} 
3 x—-y xryk? 
caarer © saa wy) 2 
a 10 - 
oa = b) — ; 
3 (a) 8 (b) (c) Ta 
: = 3. 3 
(d) i (e) ce (f) er: ae 
=e x-7 -(a-2) 
3.3 —— b : 
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CHAPTER 4 


First-Degree Equations 
and Inequalities 


Solving various kinds of equations and inequalities is one of the most essential and useful skills in mathematics. 
In this chapter, we will develop techniques for solving first-degree equations and inequalities. We shall assume 
that variables may be replaced by any real number. 


4.1 Solving First-Degree Equations 


Definition 1. An equation is a mathematical statement that two expressions are equal. 

Equations may be true always, sometimes, or never. 
Definition 2. An equation that is always true is called an identity. 

Some examples of identities are x + 2 = 2 + x and x? = (—x)?. Each is true for every real value of x. 
Definition 3. An equation that is sometimes true is called a conditional equation. 


Some examples of conditional equations are x + 2 = 8 and x? — x — 6 = 0. Each is true for specific values of 
x, 6 for the first equation and both 3 and —2 for the second, but false for all other values. The equations are true 
for certain “conditions” only. 


Definition 4. An equation that is never true is called a contradiction. 


Some examples of contradictions are x + 2 =x and 3 = 5. Neither is true for any value of x. 


See solved problems 4.1—4.2. 


Definition 5. A value of the variable that results in a true equation is called a solution or root of the equation. 
The value is said to “satisfy” the equation. 


Definition 6. The set of all of the solutions of an equation is called the solution set of the equation. 


Verify that x = 8 is a solution of each of the following equations. Replace x by 8 and observe that a true 
statement results in each case. 


(i) x=8 

(ii) 3x=24 

(iii) 3x -3 =21 

(iv) 34-1) +5=26 
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Definition 7. Equations which have exactly the same solution set are called equivalent equations. 


Hence, the equations which appear immediately prior to the preceding definition are all equivalent equations. 

The solution to the first equation in the sequence above is obvious. The solution to each of the successive 
equations in the sequence is increasingly more difficult to verify. 

In general, the process of solving an equation involves transforming the equation into a sequence of equiva- 
lent equations. The sequence should result in “simpler” equations as we proceed. Ultimately we hope to obtain 
an equation whose solution is obvious. We employ the axioms and properties of equality in an appropriate order 
to accomplish the task. 

Our efforts in this section will primarily be devoted to finding solutions of conditional equations. Addition- 
ally, the equations will be restricted to first-degree equations. 


Definition 8. A first-degree equation is an equation that can be written in the form ax + b= 0, where a and 
b are constants and a # 0. 


A first-degree equation is an equation in which the variable appears to the first power only and is not part of a 
denominator. Some examples of first-degree equations are 4x + 9 = 0; 5x — 9 = 2x; and 2(x + 3) —-4(2—x) =x. 


Review the axioms of equality which were 


presented in Chapter 1 before continuing. 


The substitution and reflexive properties of equality were stated in Chapter 1. The substitution property 
allows us to substitute equal quantities for one another. The reflexive property states that a quantity equals itself. 

Suppose a= b anda+4=a-+ 4 are given. Since a = b, we may substitute b for a on the right side 
of a+4=a+4 to obtaina+4=b+ 4. Compare a=b withha+4=b+ 4. If we add 4 to both sides of 
a=b, we obtaina+4=b+4. This sequence of statements illustrates that if two expressions are equal, the 
same quantity may be added to both sides to obtain equal expressions. This property is known as the addition 
property of equality. 

Since subtraction is defined in terms of addition, the addition property of equality also allows us to subtract 
the same quantity from both sides of an equation to obtain equal expressions. 

Analogous arguments may be made for multiplication and division by nonzero quantities also. 

We now State the above properties formally. Assume the variables a, b, and g represent real number values 
or quantities. 


Addition property of equality Ifa=b, thena+q=b+4q. 
Multiplication property of equality If a=b, then ag = bq provided that g # 0. 


Equivalent equations are obtained when the properties of equality are applied to an equation. Those 
properties allow us to obtain equivalent equations when we add or subtract the same quantity to or from both 
sides, or when we multiply or divide both sides by the same nonzero quantity. 


See solved problem 4.3. 
The process used to solve first-degree equations is summarized below. 


1. Use the distributive property to remove all parentheses. 
Multiply both sides by the LCD of the entire equation and simplify. 


3. Use the addition property of equality to obtain an equation that contains the variable term(s) on one 
side and the constant term(s) on the other side. 


4. Use the multiplication property of equality to make the coefficient of the variable one. In other 
words, isolate the variable. 


5. Check the result in the original equation. 


See solved problem 4.4. 
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4.2 Graphs of First-Degree Equations 


We discussed solving first-degree equations in one variable in Section 4.1. We now consider first-degree 
equations in two variables. A solution to an equation in two variables consists of a pair of numbers. A value for 
each variable is needed in order for the equation to be identified as true or false. 

Consider the equation y = 3x — 4. If x = 1, then y= 3(1) -4=~—1. So, if x is replaced by | and y is replaced 
by —1, the equation is satisfied. 

The reader can verify that each of the pairs of numbers given below also satisfy the equation. 


If x=0, y=-4. 
Ifx=3,y=5. 
Ifx=-2, y=-10. 


It is customary to express the pairs of numbers as an ordered pair. We usually write the pair in alphabetical 
order and use parentheses to express the fact that a specific order is intended. Hence, (x, y) is the notation used 
to express ordered pairs for the equation y = 3x — 4. The specific ordered pairs from the values above which 
satisfy the equation are (1, —1), (0, —4), (3, 5), and (—2, —10). In fact, there are infinitely many ordered pairs 
which satisfy the given equation as well as all other first-degree equations in two variables. Each ordered pair 
found above is a solution of the equation y = 3x — 4. 

In the ordered pair (x, y), x is the first component or abscissa and y is the second component or ordinate. 
The solution set consists of all the ordered pairs which satisfy the equation. 

Since there are infinitely many elements in the solution set, we must employ a way to display it other than listing 
the members of the set. Back in the 17th century, the French mathematician/philosopher René Descartes developed 
a method to display infinite sets of this type. He created what is now referred to as the rectangular, or Cartesian, 
coordinate system. It associates each ordered pair of real numbers with a unique point in the plane. He placed a 
horizontal number line and a vertical number line perpendicular to one another at a point called the origin. The origin 
is located at the point which corresponds to zero on each number line. The horizontal line is commonly called the 
x-axis, and the vertical line is called the y-axis. Together they are referred to as the coordinate axes. The coordinate 
axes separate the plane into four regions called quadrants. We use Roman numerals to designate the quadrants. 

The first component or x-coordinate of the ordered pair is the directed distance of the point from the 
vertical axis. The second component or y-coordinate of the ordered pair is the directed distance of the point 
from the horizontal axis. The components of the ordered pair that corresponds to a particular point are called the 
coordinates of the point, and the point is called the graph of the ordered pair. If a point lies to the right of the 
vertical axis, its x-coordinate is positive. On the other hand, the x-coordinate is negative if the point lies to the left 
of the vertical axis. Similarly the y-coordinate is positive if the point lies above the horizontal axis and negative 
if the point lies below the horizontal axis. If a point lies on one of the axes, its directed distance from that axis 
is zero and the corresponding coordinate is zero. The coordinates of the origin are (0, 0). 

A rectangular coordinate system is shown in Figure 4.1. 
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Figure 4.1 
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See solved problem 4.5. 


We now return to the idea of displaying a solution set which contains infinitely many elements. 

Consider the solution set of the equation y = x — 2. Since x and y represent any real numbers, we can choose 
arbitrary values for x, then evaluate the right side of the equation to find the corresponding y value. We find 
several ordered pairs in the solution set and observe that a pattern emerges when we graph the points on a 
rectangular coordinate system. The results are shown below. 


If x =—4, y =-6. The point with coordinates (—4, —6) is on the graph. 
If x =—2, y =—4. The point with coordinates (—2, —4) is on the graph. 
If x =0, y =—2. The point with coordinates (0, —2) is on the graph. 

If x = 2, y=0. The point with coordinates (2, 0) is on the graph. 

If x= 4, y = 2. The point with coordinates (4, 2) is on the graph. 


Now graph the points which correspond to the ordered pairs we found. See Figure 4.2 (a). 


Figure 4.2 (a) 


The plotted points appear to be on a line. The line which passes through the points graphed in Figure 4.2 (a) 
is shown in Figure 4.2 (b). The line actually displays the solution set of the equation y = x — 2. In other words, 
every ordered pair which satisfies the equation y = x — 2 is associated with a point on the line and every point 
on the line is associated with an ordered pair which satisfies the equation. We have displayed infinitely many 
ordered pairs. The line is referred to as the graph of the solution set of the equation or, more simply, as the 
graph of the equation. 


Figure 4.2 (b) 
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Even though it is not shown on the graph, the line will continue indefinitely in both directions. Sometimes an 
arrow is shown at each end to indicate this; we will omit the arrows. 
The following theorem can be proven. We omit the proof. 


Theorem 1. The graph of an equation of the form ax + by = c, where a and b are not both zero, is a straight 
line. Conversely, every straight line is the graph of an equation of the form ax + by =c. 


First-degree equations in the form ax + by = c are called linear equations for this reason. The form 
ax + by = c is commonly called the standard form of the equation. We shall introduce other forms in a 
subsequent section. 

The above theorem is very helpful, since we only need to find two points on the line in order to graph it. 
It is advisable to find a third point as a check. The points where the graph crosses the axes are often significant 
and easy to find. 


Definition 9. The x-intercepts of a graph are the x values of the points where the graph intersects the x-axis. 
The y-intercepts of a graph are the y values of the points where the graph intersects the y-axis. 


Refer to Figure 4.2 (b) and note that the x-intercept of the graph of y = x — 2 is 2 and the y-intercept is —2. 
The x-intercept is determined when y = 0, and the y-intercept is determined when x = 0. In all cases, points on 
the x-axis have a y-coordinate of zero and points on the y-axis have an x-coordinate of zero. 


See solved problems 4.6—4.7. 


The results of solved problem 4.7 parts (c) and (d) illustrate the following relationships. In a two-dimensional 
coordinate system, the graphs of equations of the form x = c and y = ¢ are vertical lines and horizontal lines, 
respectively. 

Remember, we must always plot several points in order to graph an equation. If the equation is in standard 
form, the intercept method usually works well. If the equation has y isolated on one side, pick arbitrary values 
for x and determine the corresponding y values. Try to choose x values which will avoid fractional y-coordinates. 
It is advisable to plot three points on a line. The third serves as a check. 

Refer to supplementary problems 4.3 and 4.4 for similar problems. 

You can graph first-degree equations on a graphing calculator if you own one. We shall describe the process 
in a general manner here. Consult your owner’s manual for specific information about the calculator you possess. 

In general, one must set the appropriate “window” or domain and range for the equation to be graphed. 
The domain consists of the x values to be utilized, and the range consists of the y values to be used. The 
default settings on the calculator may be satisfactory, but normally you must determine the appropriate win- 
dow for the equation at hand. This can be done if you determine the intercepts of the graph. 

The next task is that of entering the equation to be graphed. Your calculator most likely accepts only equations 
with y isolated on one side of the equation and all remaining terms on the other. Rewrite the equation if necessary. 
Be careful to manipulate the terms correctly. Clear graphs done previously, enter the expression, and graph it. 


See solved problem 4.8. 


4.3 Formulas and Literal Equations 


Definition 10. Equations that contain more than one variable are called literal equations. 


Definition 11. Literal equations that express how quantities encountered in practical applications are related 
are called formulas. 


Some examples of literal equations that are formulas are shown below. 


P=21+2w Perimeter of a rectangle 
d=rt Distance traveled 
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A= 5 bh Area of a triangle 
I= Prt Simple interest 


We shall apply the techniques discussed in Section 4.1 to solve various literal equations and formulas. 


Definition 12. A literal equation is said to be solved explicitly for a variable if that variable is isolated on one 
side of the equation (and does not occur on the other side). 


See solved problem 4.9. 


4.4 Applications 


Solving real-world problems very often entails translating verbal statements into appropriate mathematical 
statements. Unfortunately, there is no simple method available to accomplish this. The reader should review 
Section 1.7 for assistance with the task. We offer the following suggestions as an orderly approach to apply. 


1. Read the problem carefully! You may need to read it several times in order to understand what is 
being said and what you are asked to find. 


2. Draw diagrams or figures whenever possible. This will help you analyze the problem. Your figure 
should be drawn and labeled as accurately as possible in order to avoid wrong conclusions. 


3. Identify the unknown quantity (or quantities) and use a variable to label it (them). Your variable(s) 
will frequently represent the value(s) requested in the problem statement. The first letter of a key 
word for your unknown quantity may be a good letter to use. Write a complete sentence that states 
explicitly what your variable represents. Don’t be ambiguous or vague. 


4. Determine how the known and unknown quantities are related. The words of the problem may tell 
you. If not, there may be a particular formula which is relevant. 


5. Write an equation that relates the known and unknown quantities. Be careful when doing this! Ask 
yourself if your equation translates the words of the problem accurately. Your equation must seem 
reasonable and make sense. 


6. Solve the equation. 


7. Answer the question that was asked. The value of the variable you used may not be the answer to the 
question. It depends upon how you defined the variable you are using. 


8. Check the answer in the statement of the problem. 
Proportions can quite often be employed to answer a variety of questions. 


Definition 13. The quotient of two quantities, a/b, is called a ratio. 
Definition 14. A statement that two ratios are equal, a/b = c/d, is called a proportion. 


Write ratios of related quantities when you construct proportions. There is often more than one way to do 
this. We will illustrate. 


See solved problems 4.10—4.20. 


4.5 Solving First-Degree Inequalities 


Definition 15. Expressions that utilize the relations <, <, >, or = are called inequalities. 


x-5 


Some examples of first-degree inequalities are 3f +5 >10 and <0. 
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Definition 16. Any element of the replacement set (domain) of the variable for which the inequality is true 
is called a solution. 


Definition 17. The set that contains all of the solutions of an inequality is called the solution set of the inequality. 
Definition 18. Equivalent inequalities are inequalities that have the same solution set. 


To solve inequalities, we shall employ a technique that parallels our approach to solving equations. We 
shall obtain a sequence of equivalent inequalities until we arrive at one whose solution set is obvious. 

The solution set usually includes one or more intervals when graphed on a number line. Graphing the 
solution set helps us visualize it. Review Section 1.2 for graphs of various intervals on the number line. 


Properties of Inequalities 


If a <b, then for real numbers a, b, and q: 


(1) a+q<b+qanda-—q<b-—q. (Adding or subtracting the same quantity on each side of an 
inequality preserves the order (sense) of the inequality.) 


(2) Ifg>0, aq < bq and alg < b/q. (Multiplying or dividing both sides of an inequality by a positive 
quantity preserves the order (sense) of the inequality.) 


(3) Ifqg<0,aq> bq and a/q > b/q. (Multiplying or dividing both sides of an inequality by a negative 
quantity reverses the order (sense) of the inequality.) 


The properties above were stated for the “<” relation. The above properties are also valid for the <, >, and = 
relations. 


EXAMPLE 1. Given that 2 <5, then 


24+3<54+3 2-3<5-3 2(3) < 5(3) 
or5<8 or-l1<2 or6< 15 
265 ; eee 
aa (3) >5 (3) a 

or -6 >-15 r= Ss — 
3 3 


See solved problem 4.21. 


4.6 Graphs of First-Degree Inequalities 


In Section 4.2, we graphed equations of the form ax + by = c. The graphs were determined to be straight lines. 
We now direct our attention to graphs of first-degree inequalities. The process is merely an extension of the 
techniques employed in Section 4.2. The graph is a visual display of the solution set of the inequality being 
discussed. The graph is a region of the coordinate plane called a half-plane. A half-plane is the region on either 
side of a line in a plane. 


See solved problem 4.22. 


The process illustrated in the above problems is summarized below. To graph linear inequalities: 


1. Graph the equation which represents the boundary of the solution set. Draw a solid line if the 
relation involves < or 2. Draw a dashed line if the relation involves < or >. 

2. Choose a convenient test point not on the line, and substitute its coordinates into the inequality. 
Choose a point which has at least one zero coordinate for convenience. 
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3. If the coordinates of the test point satisfy the inequality, shade the region which contains the point. If the 
coordinates of the test point do not satisfy the inequality, shade the region on the other side of the line. 


4.7 Applications Involving Inequalities 


Statements that describe inequalities are set up in a manner analogous to those that describe equations. 
The appropriate relation symbol will be one of the inequality symbols rather than the equals symbol. 


See solved problems 4.23-4.29. 


4.8 Absolute-Value Equations and Inequalities 


In Chapter | we defined the absolute value of a real number as the distance between that number and zero on 
the number line. For example, |-2| = 2, since the distance between the points associated with —2 and 0 on the 
number line are 2 units apart. 


The equation |xl = 3 means that the distance between the points associated with x and 0 on the number line 
is 3. Hence, x is either —3 or 3 as illustrated in Figure 4.3. 


x is here ——_________ or —________ x is here 


Figure 4.3 


Therefore, x = —3 and x = 3 are solutions to lxl = 3. The solution set is {—3, 3}. 
Similarly, 12x — 11 = 3 means that the distance between the points associated with 2x — 1 and 0 is 3. 
Refer to Figure 4.4. 


2x — 1 is here —________ or —______ 2x - 1 is herre 


Figure 4.4 


We conclude that the solutions to 2x — | =—3 and 2x — 1 = 3 both satisfy |2x — Il=3. 


2x-1=-3 or 2x-1=3 
2x=-2 Qx=4 
x=-!1 x= 2 


Therefore, x =—1 and x = 2 are solutions to |2x — 1|=3. The solution set is {—1, 2}. 
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Both examples above illustrate that there are two solutions to equations which involve the absolute value 
of linear expressions that are equal to a positive number. Both solutions are obtained by solving appropriate 
related equations. We generalize our observations below. 


Property 1: If c 20, lgl=c is equivalent to g=-c or g=c. 


Verbally we say that if c is a nonnegative real number, the solutions to the absolute value of a linear quantity 
q that is equal to c are the solutions to the equations g =—c and g =. The application of property 1 permits us to 
write equations equivalent to the original equation, free of absolute values, which we can solve. 


See solved problem 4.30. 


To check an absolute value equation using the calculator method we employed for solved problem 4.4(e), 
you will need to find the absolute value function for your calculator. Most graphing calculators use a built-in func- 
tion, abs(). (You will most likely have to find it as a function on your calculator, since typing “abs” probably will 
not be understood by the calculator.) Now we can check whether the left and right sides of the equation give the 
same result for each of the values we obtained as solutions. The check then for solved problem 4.30(h) follows. 


Calculator check for |2w+6|=|w-8|: 


(—) || 1 |] 4 |] stom |} Alpha || w 2 || + |] 3 || stom || Alpha || w 


abs( |} 2 || w || +]] 6 |] ) |] = |= Result: 22 | | abs( || 2 || w || + |) 6 |] ) || = |= Result: 7.33333 


abs( || w || — || 8 |) |] = |= Result: 22 abs( || w || — || 8 |) |] = | = Result: 7.33333 


The results are the same for both sides of each equation so both values are solutions. 


We employ a similar technique to solve absolute value inequalities. The distance interpretation of absolute 
value allows us to replace the original absolute value inequality with equivalent inequalities which are free of 
absolute values. 

Consider the statement |x| <3. The statement means that the distance between x and 0 is less than three units 
on the number line. Therefore, x lies between —3 and 3 as we illustrate in Figure 4.5. 


X is in here 


Figure 4.5 


The set-builder notation of the solution set is {xI-3 <x <3,x € R}. The solution set consists of all real 
numbers in the interval (—3, 3). lxl < 3 is equivalent to the double inequality —3 < x < 3. We shall primarily 
employ the interval notation for solution sets of inequalities for simplicity. Refer to Section 1.2 to review 
interval notation. 

Similarly, |x + 21 < 3 means that x + 2 is less than three units from 0 on the number line. Refer to 
Figure 4.6. 
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x+2is in here 


Figure 4.6 


In other words, the double inequality —3 < x + 2 <3 must be true. Subtract 2 from each of the three members 


of the inequality to obtain —5 < x < 1. The solution set is {x| -5 <x< 1, x € R}. In interval notation, the solution 
set is (—5, 1). 


The above examples illustrate the general relation that we state as property 2. 


Property 2: Ifc20, Igl<c is equivalent to-—c<q<c. 


Now consider the statement |xl > 3. The statement means that the distance from x to 0 is more than three 
units. Therefore, x lies to the left of —3 or to the right of 3 on the number line. Refer to Figure 4.7. 


X is out here —————————- oF -———— X is out here 


Figure 4.7 


In other words, x < —3 or x > 3. The solution set is {xlx<—3, xe R} U {xlx>3,xe€ R} in set-builder nota- 
tion. We state the solution as (—c°, —3) U (3, ©) in interval notation. 


Now we shall solve lx — 11 > 3. The distance from x — 1 to 0 is more than three units. Hence, x — 1 lies to 
the left of —3 or to the right of 3 on the number line. Refer to Figure 4.8. 


X—1 is out here ——————— oF I——— X—1 is out here 


Figure 4.8 


We observe that x — | <— 3 or x — 1 > 3 must be true. We apply familiar techniques to solve the 
inequalities to obtain x < —2 or x > 4. The solution set is {xlx < -—2,x € R} U {xlx > 4, x € R} or 
(50, =2) (4) ). 

Avoid using improper compound inequality forms such as —3 > x — 1 > 3, since —3 > 3 is false! 

The general relation illustrated above is now stated as property 3 below. 
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Property 3: Ifc20, lgl>c is equivalent to q<-—c org>c. 
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If the original inequality has the form Iql < c or Iq| 2 c when c 2 0, property 2 or property 3 is still appli- 
cable. We merely replace < by < and > by 2 in the associated statements. The solution sets must also include 


the endpoints of the relevant intervals. 


See solved problem 4.31. 


SOLVED PROBLEMS 


4.1 Determine whether each of the following is an identity or contradiction. (Hint: Simplify each side of 


each equation first.) 


(a) x-(x-3)=3 
x-(x-3)=3 
x-x+3=3 
3=3 Identity 
(b) 2(t-—4)-2t+4=0 
2(t— 4) -21+4 = 0 
2t-—8-2t+4=0 
4=0 Contradiction 
(c) (s +2) -(9° +4) _ 9 
S 
Rie ed, 
: = 
vs +4s4+4- 9 —4 
=0 
s 
a, 
s 
4=0 Contradiction 
(d) a*—2ab+b?=(a-—b)* 
a? —2ab + b? =(a—b)? 
a? —2ab +b? =a? —2ab+b? Identity 
(2) 20-3) 4+26-—y) =47 —y) + 40-7) 


2(y — 3) +23 -—y) = 4(7-y) + 40-7) 
2y-6+6-—2y = 28—-4y+4y—28 


O= 


4.2 


x=1 


(a) 


0 Identity 


Determine if the given values of the variable satisfy the equation 5x — 9 + 2(x + 1)=0. 


Replace x by 1 and simplify. Determine if the equation is true. 
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5x-9+2(x+1)=0 
5(1)-9+2(1+1)=0 


5-9+4=0 
9-9=0 
O=0 True 
Thus, x = 1 satisfies the equation. 
(b) x=7 
Replace x by 7 and simplify. 
5x-94+2(x+1)=0 
5(7) -94+2(7+ 1) =0 
35-9+16=0 
42=0 False 


Thus, x =7 does not satisfy the equation. 


See supplementary problem 4.1 for similar exercises. 


4.3 Solve 2x+5=11 for.x. 


2x+5=11 
2x+5-5=11-5 Addition (subtraction) property of equality 
2x=6 Combine like terms 
= = $ Multiplication (division) property of equality 
x=3 Simplify 


Three is the solution or root of the given equation. The solution set is {3}. It is customary to state the result simply 
in the form x = 3. 


4.4 Solve. 
(a) 3x-7=x-I11 


3x-7=x-11 
3x=e=—/Sx-—2= 11 Subtract x 
2x-7=-11 Combine 
2x-74+7=-11+7 Add 7 
2x =—4 Combine 
a 7 = Divide by 2 
x=-2 Simplify 
Check: 3x-7T=x-11 
4) -9 2 = 11 
Safe 11 


—13 =—13 is true so x = —2 is the solution. 
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(b) 4(¢+1)—-3r=5t+8 


4+ 1)-3r=5t+8 
41+4—-3r=5t+8 


t+4=5t+8 
t-t+4=5t-t+8 
4=4t+8 
4-8=41+8-8 
-4=4t 
-4 4 
4.4 
-l=t 
Check: 4(¢+1)-—3t=5t+8 


4(-1 + 1) - 3¢ 125 1)+8 
4(0)+3=2-548 
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Distribute 
Combine 
Subtract tf 
Combine 
Subtract 8 


Combine 
Divide by 4 
Simplify 


3 = 3 is true so t=-—1 is the solution. 


In solved problem 4.4(b) above, operations were chosen so that the variable ¢ ultimately had a positive 
coefficient. You should attempt to choose operations which result in positive coefficients of variables in 
order to reduce errors in signs when solving equations. Concentrate on the variable terms first, followed by 


the constant terms. 


It is also desirable to perform some of the simpler operations mentally. We included more details in the 
above problems in order to clarify the process. We will include fewer details subsequently. 


(c) 3y+1—Q-5)=2y-4 


3y + 1—(y—-5)=2y-4 
3y+1—-yt+5=2y—-4 
2y+6=2y-4 

6=-4 


Distribute 
Combine 
Subtract 2y 


The last equation is false. It is a contradiction. Therefore, there is no value of y that satisfies the original 


equation. There is no solution to the equation. 
(qd) 4s-—20-s)=3Q2s5+1)-5 


4s —2(1 — s)=3(2s+1)-5 
4s-—2+2s=6s+3-5 
6s—2=6s-—2 
-2=-2 


Distribute 
Combine 
Subtract 6s 


The last equation is always true. It is an identity. We conclude that every value of s satisfies the original 


equation. The solution is the set of all real numbers R. 


If some of the terms contain fractions, begin by using the multiplication property in order to “clear” 
fractions. Multiply both sides of the equation by the LCD of the fractions which appear in the expression. 


Then distribute and simplify. 


n 
—+4= 
© 3 4 
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-1 
Dg 2 
4 
n n-1 : 
12 aki =12 a. Multiply by LCD =12 
4n+48=3n-3 Distribute 
n=-51 Subtract 3n and 48 
n-1 
Check: —+4= 
4 
-51 251-1 
3 4 
sped 
4 


—13=—13 is true son =—51 is the solution. 


As indicated back in Section 1.6, some calculators store values by using a keyboard entry using a letter of 
the alphabet. If you have one of those calculators (your calculator manual will tell you whether or not you do), 
you can use it to check your solution of an equation rather easily. Otherwise, use the store and recall keystrokes 
as your calculator manual shows. Though we prefer the process of checking your solutions as shown above for 
the added benefit of strengthening your arithmetic skills, we realize there are occasions when a calculator check 
could be beneficial. To use your calculator for a “quick” check, you could first store the solution in the storage 
location of the letter of your variable. You can then evaluate each side of the original equation to see if their 
results are the same. In solved problem 4.4(e) above, that would mean you would put —51 in storage location 
“n” and proceed. The process (with calculator keystrokes) is shown below: 


Calculator check: 44= 


(-) | 5 |} 1 |] stom | Alpha |} n 


Left side: | n | + || 3] + | 4 || = |= Result:-—13 


Right side : n|}—|}1]) | +] 4 | = |= Result: -13 


= 


Since both sides of the equation give the same result, the value, —51, is a solution. The results of the two 
sides being exactly the same are just as you would expect for a solution. In some cases, however, even 
though the value stored is a solution, the results will differ by a relatively small amount. That amount should 
be very small compared with the values of the results themselves and would be due to calculator round-off 
error. In general, you can ignore such small discrepancies. 


See supplementary problem 4.2 to practice the above concepts. 


4.5 Plot—that is, graph—the points with coordinates (4, 2), (—3, 3), (0, 5), (2, 0), and (—4, -3) ona 
rectangular coordinate system. 


Draw the axes and label them. Then locate the points. To graph (4, 2), start at the origin and move 4 units to the 
right, then 2 units up. Plot the remaining points in a similar manner. See Figure 4.9. 


Figure 4.9 
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4.6 Graph the following equations. Find the intercepts and locate a third point as a check. Label the inter- 
cept points. 


(a) 3x+5y=15 


Let y = 0 and solve for x to find the x-intercept. 


3x+5y=15 
3x + 5(0) = 15 
3x=15 


x =5 is the x-intercept. 


Let x = 0 and solve for y to find the y-intercept. 


3x+5y=15 
3(0) + Sy = 15 
5y = 15 


y =3 is the y-intercept. 


Plot the points and draw the line. See Figure 4.10. 


Figure 4.10 


We may choose any value for either variable and then solve for the other variable to find a point. 
Choose x = —5 and solve for y to locate a third point. 


3x+5y=15 
3(-5) + Sy = 15 
-15+5y=15 
5y = 30 


y=5 
The third point has coordinates (—5, 6) and appears to lie on the line. See Figure 4.10. 
(b) x-2y=6 
Choose y = 0 and solve for x. 
x-2y=6 
x —2(0)=6 


x = 6 is the x-intercept. 
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Choose x = 0 and solve for y. 


x—-2y=6 
0-2y=6 


y =—3 is the y-intercept. 


Plot the points and draw the line. See Figure 4.11. 


Figure 4.11 
Choose x = 2 and solve for y to check. 
x-2y=6 
2—2y=6 
—2y=4 
ee 


The point (2, —2) appears to lie on the line. See Figure 4.11. 


The intercept method of graphing works well on most occasions, although there are circumstances when 
other techniques should be employed. Solved problem 4.7(a) below is such a case. 


4.7 Graph the following equations. 


The equation y = 2x is equivalent to 2x — 3y = 0 so the graph is a straight line. Choose arbitrary values for 


x in the given equation and determine the corresponding y values. It is convenient to display the values in a 
table as shown below. Plot the points and draw the line. See Figure 4.12. 
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(b) 


(c) 


0| 0 
3 | 2 
-3 |-2 


Figure 4.12 


Note that the x- and y-intercepts are both zero. That explains why the intercept method of graphing is un- 
satisfactory in this situation. Both intercepts occur at the same point, the origin. Also observe that we chose 
multiples of 3 for x-values in order to avoid fractional coordinates. 


y=4-x 


Choose values for x and determine the corresponding y values. The equation is equivalent to x + y = 4, so the 
graph is a straight line. Display the ordered pairs in a table, plot the points, and draw the line. See Figure 4.13. 


sallaihal (a 
alslale 


Figure 4.13 


x=-2 


The equation x = —2 can be written in the standard form ax + by =c as 1x + Oy = —2. Therefore the 
graph is a straight line. If we replace y in the equation 1x + Oy = —2 by various values, the result is un- 
changed. That is, x must always be —2, but y can be anything. In other words, the equation x = —2 requires 
the x-coordinate of every point on the line to be —2, while the y-coordinates can be any real value. Some 
representative ordered pairs are shown in the table below. Plot the points (Figure 4.14 (a)), and draw the 
line (Figure 4.14 (b)). 
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Figure 4.14 (a) Figure 4.14 (b) 


It is a vertical line two units to the left of the y-axis. 


(d) y=3 


The equation y = 3 can be written in the standard form ax + by =c as Ox + ly =3. Therefore, the graph is 
again a straight line. If x is replaced by various values in 0x + ly = 3, the result is unaffected. Observe that 
y is always 3. The equation y = 3 requires the y-coordinate of every point on the line to be 3, while there are 
no restrictions on the x-coordinate. Some typical ordered pairs are shown in the accompanying table. Plot 
the points and draw the line. See Figure 4.15. 


y 

6 

4 = 
xity 
a ee 

Xx: 

Oo} 3 —§ 4 9 0 2 4 6 
3 3 _2 

-4 

-6 

Figure 4.15 


It is a horizontal line three units above the x-axis. 


4.8 Use a graphing calculator to graph the following. 


2 
(a) Ve 


CHAPTER 4 First-Degree Equations and Inequalities 109 


Determine the appropriate window. If x = 0, y = —2, so the y-intercept is —2. If y = 0, x =5, so the 
x-intercept is 5. Set the range of values for x in the interval [—2, 7] and the y interval to [-3, 2]. Note that the 
window extends beyond the values of the intercepts. The window may vary, but it should normally include 
the intercepts and the coordinate axes. Now that the graphing window is determined, we must enter the equa- 
tion. Common fractions can not be entered directly on some calculators, so enter them as divisions or mentally 
determine their decimal equivalents. Enter the expression to be graphed and tell the calculator to graph it. See 
Figure 4.16 (note that the calculator screen won’t show much more than the axes and the line for the graph). 


Figure 4.16 


=3-2 
(b) y=3-4 


Recall that intercepts occur at points which have zero as one of the coordinates. The y-intercept is 3 


and the x-intercept is 9. Set the x-interval to [—1, 10] and the y-interval to [-1, 4]. Enter the expression 
and graph it. See Figure 4.17. 


Figure 4.17 


(c) 2x-Ty=8 
The x-intercept is 4 and the y-intercept is —8/7. Set the x interval to [—2, 7] and the y interval to [—2, 2]. 


We must solve for y to enter the expression to be graphed. The result is y = 2x a g. See Figure 4.18. 
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Figure 4.18 


(d) 2.36x+ 1.17y=4.8 


The x-intercept is 4.8/2.36 = 2, and the y-intercept is 4.8/1.17 = 4. The symbol ~ means “is approximately 
equal to.” Set the x interval to [-1, 3] and the y interval to [—2, 5]. Solve for y next. We find y = (—2.36/1.17) x+ 
4.8/1.17. Enter the expression and graph it. See Figure 4.19. 


Figure 4.19 


(e) 325x+710y =—913 


The x-intercept is —913/325 = —2.8 and the y-intercept is —913/710 = —1.3. Set the x interval to [—4, 1] 
and the y interval to [—2, 1]. We obtain y = (—325/710)x — 913/710 when y is isolated. See Figure 4.20. 


Figure 4.20 
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Parts (d) and (e) of the above solved problem demonstrate the advantage of using a graphing calculator. 
The numbers involved are too cumbersome to deal with by conventional methods. Most applications involve 
awkward expressions which are difficult to manage with paper and pencil. 


Try supplementary problem 4.5 for additional practice with a graphing calculator. 


4.9 Solve each of the following equations explicitly for the indicated variable. 


(a) 3x+y=7fory. 


3x+y=7 
y=7-3x Subtract 3x from both sides 
(b) 3x+y=7 forx. 
3x+y=7 
3x=7-y Subtract y from both sides 
T- 
x= 7 Divide both sides by 3 


(c) s+4t-—2=2s—4fors. 


s+4t—2=2s—4 
4t-2=s-—4 
41+2=s 


Subtract s from both sides 
Add 4 to both sides 


Note that the variable can be isolated on either side of the equation. 


(d) s+4t-2=2s-—4 fort. 


4t-2=s-4 Subtract s 
4t=s-—2 Add 2 
s-2 = 
t= Divide by 4 
4 
a ba b 
(e) —-—=—+-—for b. 
12 8 2 4 
eee 
12 8 2 4 


48( : 2) =48( a *) Multiply by LCD = 48 
12 8 ga 


4a—6b=24a+12b Simplify 
4a =24a+18b Add 6b 
—20a =18b Subtract 24a 
eens Divide by 18 
18 
aay Simplify 
9 
(f) 2¢+x)-4(t-x)=5x+7 for x. 
2 (t+x)-4(t-x) =5x4+7 
2t+2x-—4t+4x=5x4+7 Distribute 
6x —2t=5x+7 Combine 
x-2t=7 Subtract 5x 


x=2t+7 


Add 2t 
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(g) (s+5)(t+7)=ufors. 


(s+5)(t+7)=u 
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st+7s+5t+35=u Distribute 
st+7s=u-—5t—35 Subtract 5t and 35 
s(t+7)=u—5t-—35 Factor 


u—5t-—35 a 
s=— Divide by t +7 
t+7 
1 1 1 
(h) —=—+-— for f,. 
fhh 
1 1 1 
—=— 4+ — 
ffi fh 
1 1 1 ; 
5h J-r4.0( + Multiply by the LCD=f ff, 
f fl fh 
FA=LfAt+HS Distribute and simplify 
fh-fh=fh Subtract f f, 
hA-D=fh Factor f, out 
iii es 
h= Divide by f, — f 
2 f-f 1 
: -—5 
(i) pees for y 
yt+2 
Sol. 1 ge 2 
yt2 
x(y+2)=y-5 Multiply by y +2 
xy+2x=y-5 Distribute 
2x+5=y—xy Subtract xy and add 5 
2x+5=y(1—-~x) Factor 
2x +5 et, 
= Divide by 1— x 
1-x 
Sol. 2 =" 
yt2 
x(y+2)=y—-5 Multiply by y + 2 
xy+2x=y-5 Distribute 
xy-y=-2x-5 Subtract 2x and y 
(x-l) y=—-(2x +5) Factor 
—(2x+ 
—— Divide by x —1 
x- 


Note: The reader should observe that the results in solution 1 and solution 2 above are equivalent since the numera- 


tors and denominators are opposites of each other. 


See supplementary problems 4.6 and 4.7 for similar problems. 
4.10 An automobile uses 7 gallons of gasoline to travel 154 miles. How many gallons are required to make a 
trip of 869 miles? 


(Proportion Problem) Let g be the number of gallons required to make the trip. The ratio of the gallons equals 
the ratio of the miles. Therefore, 
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4.11 


4.12 


4.13 


& _ 869 
7 154 
= AN) = 39.5 
154 


We conclude that 39.5 gallons will be required to make a trip of 869 miles. 


Check: We can easily verify that _ = = 5.6429 


7 
Note: There are other proportions we could have used, such as ea = 154° which produce the same result. 
The enrollment at a particular college decreased from 2,900 to 2,813 in one year. What was the percent 


decrease? 


(Proportion Problem) Let p be the percent decrease. We need to know the amount of the decrease in order to 
write the proportion. The enrollment decreased by 2,900 — 2,813 = 87 students. We can now write the appropriate 
proportion and solve. The ratio of the percents is equal to the ratio of the number of students. 


p_ 87 
100 2900 
_ 100(87) _, 
2900 


The enrollment decreased 3 percent. 
Check: (3%)(2900) = 0.03(2900) = 87. 
Note: The proportion, p/87 = 100/2900, produces the same result. 


Use a proportion to convert 19,800 feet to miles. Recall that 5,280 feet are equivalent to 1 mile. 


(Proportion Problem) Let x be the number of miles that are equivalent to 19,800 feet. The ratio of the miles 
equals the ratio of the feet. Therefore, 


x _ 19,800 

1 5,280 

po 2995, 
5,280 


We conclude that 19,800 feet are equivalent to 3.75 miles. 


3.75 _ 19,800 
5,280 


Check : =3.75 


A rectangle is three feet longer than twice its width. If the perimeter is ninety feet, what are the 
dimensions of the rectangle? 


(Geometry Problem) Refer to Steps 1 to 8 in Section 4.4. We are asked to find the dimensions, that is, the length 
and width of the rectangle. Now draw a rectangle and label the dimensions. Refer to Figure 4.21 below. 


Width = w 


Length =/ 
Figure 4.21 
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Let the length of the rectangle be / and the width be w. The problem tells us that the length is three feet longer 
than twice the width. Hence, / = 2w + 3. Additionally, the perimeter of the rectangle is ninety feet. Recall the 
formula P = 2/ + 2w for the perimeter P of a rectangle with length / and width w. Now write the equation that is 
applicable for the stated problem and solve it. 


P=21+2w 
90 = 2(2w + 3) + 2w 
90 =4w +6+2w 


90 =6w+6 
84=6w 
14=w 


The solution tells us that the width of the rectangle is 14 feet. We were also asked to find the length /. We know 
that the length = 2w + 3, so/=2(14) +3 = 28 +3 =31. Hence, the length of the rectangle is 31 feet. 


To check the problem, substitute the numerical values into the known relationships. First, 31 is 3 more than 
twice 14. Next, 2(31) + 2(14) = 62 + 28 = 90. The perimeter agrees with the given value. 


4.14 (a) A worker takes home 70% of his salary after various deductions are subtracted. What is his 
weekly salary if he takes home $476 per week? 


(Salary Problem) We need to know how much his salary is each week. Let s represent his weekly salary. 
Recall that 70% = 0.70. Now write the appropriate equation and solve it. 


0.70s = 476 


— 476 _ 
ia anaes 


His weekly salary is $680. Observe that 0.70(680) = 476, so the result checks. 


(b) What is his hourly salary if he works forty hours per week? 


Let / represent his hourly salary. Now write the equation and solve it. 


40h = 680 
n= 989 17.00 
40 


His hourly salary is $17.00. Observe that 40(17.00) = 680, so the result checks. 


4.15 The total cost of manufacturing a number of items is determined by adding the fixed costs and the vari- 
able costs. If the fixed costs in a particular case are $1,150 and the variable costs are $7.50 per item, 
how many items were made if the total costs are $1,465? 


(Cost Problem) We are asked to find the number of items made. Let n be the number of items made. Now write 
the equation and solve. 


1150+ 7.50n = 1465 
7.50n = 1465 — 1150 =315 
n= 20 = 42 
7.50 


We determined that 42 items were made. Note that 1150 + 42(7.50) = 1150 + 315 = 1465. The solution checks. 


4.16 A man has an investment which earns 3.75% simple interest. The interest earned amounts to $843.75 
annually. Find the amount invested. 
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(Investment Problem) Recall that the simple interest formula is / = Prt, where / is the interest earned, P is the 
principal or amount invested, r is the annual interest rate, and t is the number of years. Since we need to find the 
amount invested, let P be that amount. We also are given that r = 3.75% = 0.0375 and t= 1 year. We can now 
write the appropriate equation and solve. 


I=Prt 
843.75 = P(0.0375) 1 = (0.0375) P 
P= 843.75 = 22,500 
0.0375 


Since P represents the quantity we are seeking, the amount invested is $22,500. To check our answer, we calculate 
22,500(0.0375)(1) = 843.75. 


4.17 If $8,000 is invested in bonds at 4.5%, how much additional money must be invested in stocks that 
yield 6% to result in a total annual return of $1,044? 


(Investment Problem) We again apply the simple interest formula / = Prt. The total return is the sum of the 


return on the bonds and the return on the stocks. Hence, let s be the amount invested in stocks. 


8000 (0.045) (1) +s (0.06) (1) = 1044 
360 + 0.06 s = 1044 


0.06 s = 684 
s= a =11,400 
0.06 


Our results indicate that $11,400 should be invested in stocks. We check our conclusion. 
8000 (0.045) (1) + 11,400(0.06)(1) = 360 + 684 = 1044. 


4.18 Person A can paint a house in 40 hours, while person B can paint the same house in 50 hours. How long 
will it take them to paint the house if they work together? 


(Work Problem) Let t represent the number of hours needed to paint the house if they work together. We shall 
assume both individuals work at a constant rate for simplicity. Our basic strategy is to analyze the part of the task 


F 1 
done by each person. If A requires 40 hours to complete the task, A must complete ae of the task each hour. 
1 
In t hours, A will complete ¢ (=) =t/40 of the task. Similarly, if B requires 50 hours to complete the task, 
1 
B must complete ait of the task each hour. In ¢ hours, B will complete t¢ (=) = 1/50 of the task. 


{The portion done by A} + {the portion done by B} = 1 (One whole task) 


200( =F + =) = 200 (1) 


5t + 4t = 200 
9t = 200 


t= >> 22 hours 


We have determined that 22 5 hours will be required to paint the house if they work together. 


Check: 
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4.19 Two planes flying in opposite directions left Denver at the same time. Plane A flew 540 mph and plane 
B flew 490 mph. How long will it be for them to be 1,800 miles apart? 


(Motion Problem) This is a distance, rate, time question. Recall that d= rt. We are asked to find a time quan- 
tity. Let t be the number of hours it will take for the planes to be 1,800 miles apart. Make a table in order 
to analyze the situation and organize the knowns and unknowns. A sketch helps to visualize the problem 
(as shown in Figure 4.22). 


RATE IN MPH TIME IN HOURS DISTANCE IN MILES 
Plane A 540 t 540t 
Plane B 490 t 490t 
540t miles 490t miles 


Plane A Denver Plane B 


1800 miles 
Figure 4.22 


The sum of the distances traveled by the planes must equal 1,800 miles. Hence, 


4901 + 540r = 1800 


1030t = 1800 
t= acy = 1.75 hours 
1030 


The planes will be 1,800 miles apart in approximately 1.75 hours, or 1 hour 45 minutes. 


Check: 
490t + 540t = 490(1.75) + 540(1.75) 
= 1802.5 = 1800 


4.20 An automobile radiator contains 24 quarts of a 40% antifreeze solution. How many quarts should be 
drained and replaced with pure antifreeze if the final mixture is 50% antifreeze? 


(Mixture Problem) We are asked to determine how many quarts of pure (100%) antifreeze will be needed in 
order to increase the final concentration to 50% antifreeze. Let n be the number of quarts of antifreeze needed, and 
therefore also the amount drained from the radiator. See Figure 4.23. 
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40% + 100% = 50% 
(24 — n) qts. n qts. 24 ats. 
Figure 4.23 


The amount of a particular substance in a mixture is obtained by multiplying the concentration of the substance 
by the amount of the mixture. Construct a table to help organize the important information in mixture problems. 
Or, in the diagram, simply multiply the number in the container by the number underneath it and use the symbols 
between the containers to create the equation to be solved. 


% CONCENTRATION AMOUNT OF MIXTURE AMOUNT OF PURE 
ANTIFREEZE IN QUARTS ANTIFREEZE IN QUARTS 
40% = 0.40 24 0.40(24) = 9.6 
40% = 04.40 n (drained) 0.40n 
40% = 0.40 24 — n (remains) 0.40(24 — n) 
100% = | n(added) In=n 
50% = 0.50 24 0.50(24) = 12 


Write an equation relating the amount of pure antifreeze. That is, 


{amount remaining} + {amount added} = {final amount} 
0.40 (24-—n)+n=12 
9.6-0.4n+n=12 


0.6n = 2.4 
n= oe =4 
0.6 


We conclude that 4 quarts of pure antifreeze should be added in order to obtain a 50% solution after draining 
4 quarts of the 40% solution. 


Check: 
0.40(24 —n) +n =12 
0.40(24 — 4) +4 Z 12 
0.40(20) +4=8+4=12 


Refer to supplementary problems 4.8 through 4.16 to practice the above concepts. 


4.21 Solve the following inequalities, and graph the solution set on a number line. Express the solution set 
using interval notation. 


(a) x-4>2-x 


x-4>2-x 
2x >6 Add x and 4 
x>3 Divide by 2 


The solution set in interval notation is (3, c¢). The relevant graph is shown in Figure 4.24. 


118 CHAPTER 4 First-Degree Equations and Inequalities 


Figure 4.24 


(b) 3(t+4)<t+10 


3(t+ 4) <t4 10 


3t+12<1t+10 Distribute 
2t<-2 Subtract ¢t and 12 
t<-l Divide by 2 


The solution set in interval notation is (—ce, —1]. The relevant graph is shown in Figure 4.25. 


Figure 4.25 
(c) 4-3s212-s 
4-3s2>12-s 
4>12+2s Add 3s 
—8 > 2s Subtract 12 
42s Divide by 2 
ors <4 Rewrite 


The solution set in interval notation is (ce, —4]. The relevant graph is shown in Figure 4.26. 


“i 10 -9 3 7 5 at at 


Figure 4.26 


(d) 4~-3)—-S5(x+2)>-18 


4(x — 3) —S(x +2) >-18 


4x-—12-—5x-10>-18 Distribute 
—x —22>-18 Combine 
-4>x Add x and 18 
orx<—4 Rewrite 


The solution set in interval notation is (—ce, —4). The relevant graph is shown in Figure 4.27. 
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a 210. = 6. Fe as as eC OC 


Figure 4.27 
yt+3 1 
e) —<- 
) 4 3 
y+3 1 
4 3 
3(y+3)<4 Multiply by 12 and simplify 
3y+9<4 Distribute 
3y<-5 Subtract 9 
y< > Divide by 3 


The solution set in interval notation is (-=. =a See the related graph in Figure 4.28. 


-5 -4 -3 -5 -1 0 1 2 3 4 5 
3 
Figure 4.28 


(f) Sm—-2)-—3(n+4) 2 2n- 20 


5(n — 2) — 3(n + 4) 2 2n — 20 
5n—10-—3n-1222n-20 Distribute 
2n — 22 > 2n—- 20 Combine 
—22 2-20 Subtract 2n 


The last statement can never be true. The solution set is empty. There is no graph. 


(g) 5<2x-1<9 


5<2x-1<9 
6< 2x <10 Add 1 to each member 
3< x $5 Divide by 2 


The solution set in interval notation is (3, 5). The relevant graph is shown in Figure 4.29. 


Figure 4.29 
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dy —2<25=9<0 


—2<5-s <0 
-7s -s s-5 Subtract 5 
72 Ss 25 Multiply or divide by —1 
or SS 5s <7] Rewrite 


The solution set in interval notation is [5, 7]. The relevant graph is shown in Figure 4.30. 


-3 -2 -1 0 1 2 3 4 5 6 7 
Figure 4.30 


Refer to supplementary problem 4.17 for similar problems. 


4.22 Graph the following inequalities. 
(a) xt+ys3 

Graph the equation x + y = 3 first using the intercept method. The intercepts occur at (3, 0) and (0, 3). 
The graph is a line passing through those points. It is the boundary of the half-plane which represents the 
solution set of the given inequality. Draw the line on the coordinate system. We must now determine the 
ordered pairs which satisfy the inequality x + y < 3. Those ordered pairs are associated with points on 
one side of the line. We must determine which side is appropriate. Simply identify the coordinates of a 
point not on the line. Choose the origin if it is not on the boundary. The origin has coordinates (0, 0), and 
0 +0 <3 is true. We conclude that points on the origin side of the line satisfy the stated inequality. Shade 
the origin side of the boundary to represent the solution set of the inequality x + y <3. See Figure 4.31. 


Figure 4.31 


(b) x+y<3 


The graph is similar to the graph in part (a). The points on the boundary x + y = 3 are excluded this time 
since we are given a strict inequality. We draw the boundary as a dashed line to indicate that the points on 
the line are not included. The points on the origin side of the line are included in the graph. See Figure 4.32. 


CHAPTER 4 First-Degree Equations and Inequalities 121 


Figure 4.32 


(c) x-2y24 
The intercepts of the graph of x — 2y = 4 are points with coordinates (4, 0) and (0, —2). Graph the bound- 
ary as a solid line, since the coordinates of points on the line satisfy the given inequality. The origin is not on 
the boundary, and 0 — 2(0) 2 4 is false. The half-plane not containing the origin is shaded. We can verify this 
result by choosing a point in the shaded region. Substitute the coordinates of the point into the inequality, and 
determine if the statement is true. We illustrate by choosing the point with coordinates (5, 0). 
5 — 2(0) 2 4 is true. Our results are confirmed. See Figure 4.33. 


Figure 4.33 


—l 
(d) >—x 
ar 
Graph the equation y = (—1/4) x as a dashed line, since the points on the boundary do not satisfy the given 
inequality. Since the origin lies on the boundary, another point must be chosen to determine which side of 
the line to shade. We arbitrarily choose (4, 0). Since 0 > (—1/4)(4) =—1 is true, the half-plane containing 
(4, 0) is shaded. See Figure 4.34. 
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Figure 4.34 


(e) x2-3 


The graph of x = —3 is a vertical line three units to the left of the y-axis. The boundary points are included 
in a2 relation; therefore, a solid line is drawn. The origin may be employed to determine appropriate shad- 
ing. 0 = —3 is true, so the origin side of the line is shaded. See Figure 4.35. 


y 
4 
2 
; a a” * 
x>-3 =2 
-4 
Figure 4.35 


(f) y<5 


The graph of y = 5 is a horizontal line five units above the x-axis. Draw a dashed line, since the points on 
the boundary are excluded. We use the origin as our test point and note that 0 < 5 is true. Shade the region 
below the line. See Figure 4.36. 


Figure 4.36 
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1 
>-y+3 
(g) x 5) 


Graph the boundary x = ; y +3 as a dashed line. The graph can be determined by choosing arbitrary 
values for y and solving for the corresponding x. Next, determine which half-plane should be shaded. The 
origin is not on the boundary, and 0 > Z (0) + 3 =3 is false. Shade the half-plane which does not contain the 


2 
origin. See Figure 4.37. 


Figure 4.37 


Practice graphing linear inequalities in supplementary problem 4.18 


4.23 A student must have an average of at least 80% but less than 90% on five tests to receive a B in a course. 
The student’s grades on the first four tests were 95%, 79%, 91%, and 86%. What grade on the fifth test 
will result in a B for the course? 


+794+914+864+ 
(Grade Problem) Let p be the percent grade on the fifth test. The average for the five tests is alls : sid fo 
95+79+91+86+ p — ; ; : 
Then 80 < 5 <90 must be satisfied. Apply the techniques of Chapter 4 to solve the inequality. 
95+79+91+86+ p 
80< 5 <90 
400 < 351+ p < 450 
49< Pp <99 


The student’s percentage grade on the fifth test must be in the interval [49, 99) to receive a B in the course. 


Check: To check the result, let p be some arbitrary number in the interval [49, 99), say 50. Then 


95+79+914+86+p 


80< <90 
5 
> 954+79+91+864+50 ; 
80< 5 <90 
80< 80.2 <90 is true. 


Our check is not foolproof, although it indicates that our solution to the inequality is probably correct. 
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4.24 


4.25 


4.26 
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Car rental company X rents a particular car for $54 per day. Rental company Y rents a similar 
car for $49 per day plus an initial charge of $75. For what rental period is it cheaper to rent from 
company Y? 


(Consumer Problem) Let d be the number of days the car is rented. Then it costs $54d to rent from company 


X and it costs $(49d + 75) to rent from company Y. Now solve 49d + 75 < 54d. 


49d +75 <54d 
715 <5d 
15<dord>15 


Company Y is cheaper if the rental period is more than 15 days. 


Check: Choose an arbitrary rental period of 18 days to check our conclusion. The costs for companies X and Y, 
respectively, are 


54d = 54(18) = 972 for company X, 
49d + 75 =49(18) + 75 = 957 for company Y 


The results substantiate our conclusion. 


A retiree requires an annual income of at least $2,000 from an investment that earns interest at 4% per 
year. What is the smallest amount the retiree must invest in order to achieve the desired return? 


(Interest Problem) Recall that / = Prt. Let P be the amount the retiree invests. Then 


I=Prt 2 2000 

P(0.04)1 2 2000 
P 2 aut = 50,000 

0.04 


The smallest amount the retiree can invest is $50,000. 


Check: To check the result, try P = $55,000. Then J = 55,000 (0.04)(1) = 2200 > 2000. Apparently our conclusion 
is correct. 


An organization plans to raise money by sponsoring a concert featuring local talent. The organization 
will sell 1,000 reserved-seat tickets and 500 general-admission tickets at the door. Reserved-seat tickets 
cost $3 more than general-admission tickets. What is the minimum price of a reserved-seat seat ticket if 
the organization must gross at least $25,500 in order to make a profit? 


(Profit Problem) Let p be the price of a reserved-seat ticket in dollars. Then general-admission tickets will be 
(p — 3) dollars. The gross receipts are then 1000p + 500(p — 3). Now write the appropriate inequality and solve. 


1000p + 500 (p — 3) 2 25,500 
1500p — 1500 = 25,500 
1500p 2 27,000 

p2i8 


The minimum price of a reserved-seat ticket is $18. 
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Check: To check, suppose the price p is $18. The gross receipts are then 


1000p + 500(p — 3) = 1000(18) + 500(18 — 3) 
= 18,000 + 7500 = 25,500 = 25,500 


4.27 A store has space for 200 items of a seasonal type of apparel it plans to sell. The items are available 
in small, medium, and large sizes. Past records indicate that demand for the medium-size items is the 
greatest, and that 1/3 as many small-size items and 1/2 as many large-size items as medium-size items 
will be needed. What is the largest number of medium-size items for which the store has space? 


(Retail Problem) Let m be the number of medium-size items. Then the number of small-size and large-size items 


is ;m and sm, respectively. Now solve, 


ere < 200 
3 2 


2m+6m+ 3m < 1200 
11m < 1200 
ms ~* = 109.09 109 


The largest number of medium-size items for which the store has space is 109. In order to have a whole number of 
items, we must drop back to the largest integer less than or equal to 109.09. 


Check: Let’s use m = 108 to check. Then 


Laine Li | 108) + 108 + | 108) 
3 2 3 2 
= 36+ 108 + 54=198 < 200 
4.28 A supplier received an order, to be shipped by truck, for 100 boxes of merchandise that weigh 39 pounds 
each. In addition, the order must include the largest number of 65-pound boxes of merchandise that the 


truck can carry. The truck can carry 5 tons safely. How many 65-pound boxes of merchandise can be 
included in the order by the supplier? (1 ton = 2000 Ib.) 


(Supplier Problem) Let n be the number of 65-pound boxes of merchandise that can be included. Then 
100(39) + 65n < 5(2000) = 10,000 
3900 + 65n < 10,000 
65n $6100 


1 
ns — = 93.846154 — 93 


The supplier can include no more than 93 of the 65-pound boxes of merchandise in the order. 


Check: 100 (39) + 65 (93) = 3900 + 6045 = 9945 < 10,000 


4.29 The length of a rectangle is three times its width. If the width varies from 9 to 12 feet, what is the range 
of values for the perimeter? 


(Geometry Problem) Let P be the perimeter of the rectangle. Recall that P = 2/ + 2w, where / and w are the 
length and width of the rectangle, respectively. For this rectangle, / = 3w. See Figure 4.38. 


l=3w 
Figure 4.38 
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The perimeter of the rectangle is P = 2/ + 2w = 2(3w) + 2w = 8w. Therefore, since the width is restricted in the 


given information, 


9<w <12 
8(9) < 8w< 8(12) 
72< P <6 


The perimeter lies in the interval [72, 96]. 


Check: To check, suppose w = 10 feet. (w varies from 9 to 12 feet.) Then the perimeter is 8w = 8(10) = 80. Note 
that 80 lies in the indicated interval. 


Refer to supplementary problems 4.19 through 4.23 for similar problems. 


4.30 Use property | of Section 4.8 to solve the following. State the solution set for each. 


(a) Ith=6 
t=-6 or t=6 
{—6, 6} 
Check: 
t=-6 t=6 
I-61 = 6 l6l=6 
(b) Is+5l=4 
s+5=-4 or s+5=4 
s=-9 s=-l 
{-9, -1} 
Check: 
s=-9 s=-l 
I-9 + SI=|-41=4 -1+51=l4l=4 
(c) l4y-7l=5 
4y-7=-5 or 4y-7=5 
4y=2 4y=12 
y=3 ve 
Check: 


1 
yra v=3 
1 
4| — ]-7/=|2-7 4(3)—7/=|12-7 
(S)-qee-1 Keo t=2-9 


(d) |2n-—7l=-3 
The equation states that the distance between 2n — 7 and zero is minus three. Distance is not negative. 
There is no solution to the equation. The solution set is the empty set @. Property | is not applicable if the 
constant c < 0. 
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(e) |I3-—xl-8=-5 
13 — xl — 8 =—5 is equivalent to |3 — xl = 3. Now apply property 1. 
3-x=-3 or 3-x=3 
—x=—-6 —x=0 
xe=6 x=0 
{6, 0} 
Check: 
x=6 x=0 
3 -6|-8=I31-8 I3-O01l-8 =|31-8 
=3-8=-5 =3-8=-5 
In solved problem 4.30(e), we rewrote the original equation in an equivalent form prior to the application 
of property 1. Be sure to isolate the absolute value expression first or property | is not applicable. 
(f) I7x-141=0 
7x -14=-0 or Tx-14=0 
Since —0 = 0, there is only one equation to solve. We shall choose 7x — 14 =0. 
7x-14=0 
7x = 14 
x=2 ~— so {2} 
Check: x = 2 
I7 (2) — 141=114 - 141=l0l=0 
(g) l4s-—6l=s 
If s <0, there is no solution. If s > 0, we proceed in the usual manner. 
4s—6=-s or 4s—6=s 
5s-6=0 3s-6=0 
5s=6 35 =6 
s= 6 s=2 
5 
15 
5 
Check: 
= s=2 
5 
4| © loge [4 (2)-6=2 
5 5 
24 2 F 
page 8-422 
5 5] 5 
S28 |2)=2 
5:| 5 
== 2=2 
S 5 
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(h) |l2w+6l=lw-8l 


In order for the absolute value of two quantities to be equal, they must be the same distance from zero. 
This can be true if the two quantities are equal or if they are opposites of one another. Therefore, our abso- 
lute value equation is true if 


2w+6=w-8 or 2w+6=-(w-8) 


wt+6=-8 2w+6=-wt+8 
w=-14 3w+6=8 
3w=2 
2 
w= 
6) 


Check: 
w=-14 ee 
3 
\2(-14) + 6 =|-14 — 8| = 4g 2 le = | 
3 2 
|-28 + 6 21-22 ease 
4° 3\ 9 3 
|-23| 2 |-22| ea \cee 
ie 
22=22 cae 
a 3 


4.31 Use either property 2 or property 3 of Section 4.8 to solve the following inequalities. Express the solution 
set in interval notation. 


(a) Ith<7 
It| < 7 is equivalent to —7 < t <7 by property 2. The solution set is (—7, 7). 
(b) Isl<4 


Is| <4 is equivalent to —4 < s < 4 by property 2. The solution set is [—4, 4]. 
(c) Ixl25 
|x| 25 is equivalent to x < —5 or x = 5 by property 3. The solution set is (—ee, —5] U [5, ©). 


(d) Ilwt+3l>4 


lw + 31 > 4 is equivalent to w + 3 <—4 or w +3 >4 by property 3. Therefore, w <—7 or w > 1. The solution 
set is (—ce, —7) U (1, °). 


(e) ly-6<4 


ly — 6l < 4 is equivalent to —4 < y— 6 <4 by property 2. -4 < y— 6 <4 implies 2 < y < 10. The solution set 
is (2, 10). 


(f) Ip+214+3<5 


Subtract 3 from both members to obtain lp + 21 < 2. Now apply property 2 and solve. -2 S$ p+2<2 
implies —4 < p <0. The solution set is [—4, 0]. 


(g) 3lx-8l>12 


Divide both members by 3 to obtain lx — 81 > 4. Now apply property 3 and solve. |x — 81 > 4 is 
equivalent to x —- 8 <—4 orx— 8 > 4. Hence, x < 4 or x > 12. The solution set is (—e°, 4) U (12, ). 


(h) l4y+31-5<10 
l4y + 31-5 < 10 is equivalent to l4y + 31 < 15. Therefore, 
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-15<4y+3<15 
-18< 4y <12 


The solution set is & 3} 


@ 


a 
4 


3_% 
4 


21 


2 1 is equivalent to 


The solution set is (—ce, 8] U [16, °). 


V) 


(k) 


I5-2yl+4<3 


15 — 2yl +4 <3 is equivalent to |5 — 2yl <—1. 15 — 2yl <—1 means that the distance between 5 — 2y and 0 
must be less than —1. That is not possible. The statement is a contradiction. There is no solution. The solu- 


tion set is empty and is represented by @. 


IS —2yl+4>3 


5 — 2yl + 4 > 3 is equivalent to I5 — 2yl > —1. 15 — 2yl > —1 means that the distance between 5 — 2y and 
0 must be more than —1. That is always true. The statement is an identity. All real numbers satisfy the 


inequality. The solution set is (—ce, °°), 


Refer to supplementary problems 4.24 and 4.25 to practice solving similar equations and inequalities. 


SUPPLEMENTARY PROBLEMS 


4.1 Determine if the given values of the variable satisfy the equation. 


(a) 5(t-2)-(t+ 2) =3—t for t=0 andt=3 
(b) s*—4s=4-s fors=—l ands=4 
4.2 Solve. 
(a) 3x+5=20 
(c) 4(s—2)=s+10 
a,a,a_ 
(e) $4+94+4=13 
(g) 3(n-14)-7(n— 18) =2 
(i) 3(x+2)-5x=23—2) 
() 7-5@+4)=4G4+D40-7 


4.3 Use the intercept method to graph the following. 
x-y=4 (b) y-x=4 
(e) 2y—3x=6 


(a) 


(d) 2x+4y=12 


(b) 
(d) 
(f) 
(A) 
G) 
() 


2t-—7=13 
5n-10=7n+3 
t 
=-+11 
t a 
4n — 6(1 — n) = 4(2n + 3) 
3(¢+ 1) -—t=2(t4+ 5) 


2 
-=(44+5)=— 
mg hrnlag 


(c) 3x+4y=12 
(f) 2x+3y=8 
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4.4 


4.5 


4.6 


4.7 


4.8 


4.9 


4.10 


4.11 


4.12 


4.13 


4.14 
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Graph the following. 

=. et. a2). 
(a) y=-~x (6) y=5-3 key -y=2 
(d) y=-3 (e) x=4 (f) x=2y+4 


Use a graphing calculator to graph the following. Your graphing window may vary slightly from those shown. 
@ y=sx-3 () y=2-% (c) 3.28y-5.62x= 11.8 


(d) 4x+7y=4 (e) 413x—248y =-1,279 (f) y=0.46x+V11 


Solve each of the following equations explicitly for the indicated variable. 


(a) 2x+y-—3=2fory (b) 2xt+y—-—3=2 forx 
(c) 2a-—3b+5=a+8 fora (d) 2a-—3b+5=a+8forb 
X_ViX,Y _ _Af=t-— 
(e) AG 5 ty fory (f) 3(s+1) - 28s -4t)=t-4 fort 
x-2 
(g) y= for x (h) (3a—5) (2b +7) = -20 for b 
x+2 


Each of the following is a formula employed in mathematics, the social sciences, or the physical sciences. 
Solve each formula for the indicated variable. 


(a) P=21+2w forw (b) C=2zrforr 
(c) a= for V, (d) A=P+ Prt fort 
1 2 
1 1 1 5 
—=—+4— forR C==(F -32) for F 
(e) RRR, or (f) 9 | ) for 
(g) S=Sy tytt set for v, (h) a,=a,+(n—1)dforn 


Two cars leave an intersection traveling in opposite directions. Their average speeds are 54 and 58 mph. How long 
will it be until they are 308 miles apart? 


Convert 200 grams to ounces, if 1 gram = 0.0353 ounces. 


A baby weighed 6 pounds 4 ounces at birth. Six months later the baby weighed 10 pounds 10 ounces. What was the 
percent increase in the baby’s weight? (Hint: Use 1 lb = 16 oz to express the weights in pounds.) 


A store sells its merchandise for cost plus 15%. (a) What is the selling price of an item which costs the store 
$67.60? (b) A buyer of the item must pay 6.5% sales tax. What is the total paid by the buyer for the item? 


Factory A can produce 5,200 blobs in 20 days while factory B can produce 3,390 blobs in 30 days. How many days 
will be required for the factories combined production to fill an order for 5,595 blobs? 


A man has an annual income of $5,550 from two investments. He has $10,000 more invested at 5% than he has in 
a riskier investment at 7.5%. How much does he have invested at each rate? 


How many square yards of carpet will be needed to carpet a room with the indicated dimensions in feet in 
Figure 4.39 below? 
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4.15 


4.16 


4.17 


4.18 


4.19 


4.20 


4.21 


4.22 


4.23 


12 


26 
Figure 4.39 


How many liters of a 16% solution of acid should be mixed with 20 liters of 50% solution of acid in order to obtain 
a 36% solution? 


It takes an airplane 15 minutes longer to complete a flight between two cities when it has a 50 mph headwind 
than it takes when the wind isn’t blowing. The plane normally cruises at 500 mph when the wind is not blowing. 
(a) How long does the trip take when the plane has the headwind? (b) How far apart are the cities? 


Solve the following inequalities and graph the solution set on a number line. Express the solution set using interval 
notation. 

(a) 2s-1<5-s (b) 2x+323(x+4+2) (c) 2-4t<5-t 

(d) 4y-14-6(y+1)>3y (e) 4(¢-—1)4+3t+ 10s 7(t+2)-3 (f) **°35 

(g) st1<2s+1<4 (h) Ssyt2s3 

Graph the following linear inequalities. 

(a) x-y2-3 (b) 2x+y<8 (c) x-3y>9 (d) y2-4 

(e) x<0 (f) y>dx (g) xsfy+4 


A student must have an average of at least 80% but less than 90% on four hour-long tests and a comprehensive 
final exam to receive a B in a course. The student’s grades on the first four tests were 94%, 79%, 91%, and 86%. 
What is the minimum grade the student needs on the final exam in order to receive a B for the course if the final 
exam counts twice as much as an hour test? 


Rental agency R charges $12 plus $8 per hour to rent a rototiller. Rental agency S charges $10 plus $8.50 per hour 
to rent the rototiller. For which rental period (in hours) is it cheaper to rent from agency R? 


Ray needs a combined annual return of at least $5,200 from two investments. A reasonably safe investment earns 
3.75% per year, while a more risky investment earns 5.5% per year. He has half as much invested in the risky 
investment as he has invested in the more safe investment. Find the minimum amount that can be applied to the 
more risky investment. 


Kerry makes $11.00 per hour working in a fast-food restaurant. He also does lawn jobs that net him $175 per week. 
Find the minimum number of hours he must work in the restaurant in order to earn enough to pay his car insurance 
premium of $1,218.00. The premium is due in three weeks and he has saved nothing to date. 


A manufacturer anticipates it will need a new two-level rectangular storage facility for its inventory. Available 
ground space for the facility consists of 18,000 square feet. The normal inventory of materials for medium-size 
metal sheds is 200 items that require 50 square feet each. An unknown number of large-size metal sheds that 
require 80 square feet each for materials is to be determined. Find the maximum number of large-size metal sheds 
for which the manufacturer will have space in the new facility. 
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4.24 Use property 1 to solve the following. State the solution set for each. 


(a) i2x=8 (6) Bt-8l=17 (c) I2-x=10 
(d) \5s+6l|-8=-3 (ec) Bn+51=-2 (f) 16+4al=2 
(g) I4y-ll=3-y (h) ix+51=[5x—8l (i) 6=l4k + 101 
7 2 = 1), 3)=2 
(j) 26+5=lt+4 (k) Ew+i|=4 () 5bs-31=3 


4.25 Use either property 2 or property 3 to solve the following inequalities. Express the solution set in interval notation. 


(a) Ikl24 (b) Itl<8 (c) Is+1lS7 
(d) lw-5Il>6 (e) l2n-1l-4<-1 (f) l4-—3xl28 
ae 1 
(g) I3s+1l<-5 (h) I3s+ 112-5 (i) Hari <l 
(i) aB-4 >8 (k) 7-E42 <4 @) <—3|-42> 
5, 2 2 ~ 4 3 
ANSWERS TO SUPPLEMENTARY PROBLEMS 
4.1 (a) t=0 does not satisfy the equation; tf = 3 satisfies the equation. 
(b) s=-1ands=4 both satisfy the equation. 
4.2 (a) x=5 (b) t=10 (c) s=6 
213 = = 
(d) n =o (e) a=12 (f) t=22 
(g) n= + (h) n=9 (i) All real numbers 
(j) No solution () x=-1 Q) s= = 
4.3 (a) See Figure 4.40. (b) See Figure 4.41. (c) See Figure 4.42. 
(d) See Figure 4.43. (e) See Figure 4.44. (f) See Figure 4.45. 


Figure 4.40 Figure 4.41 
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2x + 4y = 12 


Figure 4.44 Figure 4.45 
4.4 (a) See Figure 4.46. (b) See Figure 4.47. (c) See Figure 4.48. 
(d) See Figure 4.49. (e) See Figure 4.50. (f) See Figure 4.51. 


Figure 4.46 Figure 4.47 
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-4 


Figure 4.48 Figure 4.49 


Figure 4.50 Figure 4.51 
4.5 (a) See Figure 4.52. (b) See Figure 4.53. (c) See Figure 4.54. 
(d) See Figure 4.55. (e) See Figure 4.56. (f) See Figure 4.57. 


Figure 4.52 Figure 4.53 
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-24 


Figure 4.54 


y y 


413x + 248y = -127 
real : y =0.46x +41 


Figure 4.56 Figure 4.57 
3=y 
4.6 (a) y=5-2x (b) i= 
(c) a=3b+3 (a) p= 
—2 35-4 
=—. t= 
(e) y ze (f) 10 
2y+2 —(2y+2 15-21 
(g) x= a orx= (y +2) (h) b= S e 
l-y y-l 6a-10 
P-2l Cc 
4.7 =—— b =— 
(a) w 5 (b) r = 
A-P 
(c) y= 2% (d) t= 
P, Pr 
RR 9 
pe F=-C+32 
) R,+R, ce 5 
28 — 25, - gt? 7a, td 
(@) y= (ht) n=" 
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4.8 (Motion Problem) 2.75 hours. 


4.9 (Proportion Problem) 7.06 oz. 


4.10 (Proportion Problem) 70%. 


4.11 (Consumer Problem) (a) $77.74; (b) $82.79. 


4.12 (Work Problem) 15 days. 


4.13 (Investment Problem) $50,400 at 5% and $40,400 at 7.5%. 


4.14 (Geometry Problem) Approximately 35 square yards. 


4.15 (Mixture Problem) 14 liters. 


4.16 (Motion Problem) (a) 2.5 hours or 2 hours 30 minutes; (b) 1,125 miles. 


4.17 (a) (-., 2). See Figure 4.58. (b) (-ce, -3]. See Figure 4.59. 
(c) [-1l, ). See Figure 4.60. (d) (-ce, —4). See Figure 4.61. 
(e) (-ee. cc), See Figure 4.62. (f) [5-} See Figure 4.63. 


1 
(g) [o, 3} See Figure 4.64. (h) =. +} See Figure 4.65. 


Figure 4.58 
-10 -8 -6 -4 -2 0 2 
Figure 4.59 


Figure 4.60 
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Figure 4.61 


-10 -8 -6 -4 -2 0 2 
Figure 4.62 


Figure 4.63 


Figure 4.64 


& 4 26 22 a O84 2 3 4 «5 
2 
Figure 4.65 
4.18 (a) See Figure 4.66. (b) See Figure 4.67. (c) See Figure 4.68. 
(d) See Figure 4.69. (e) See Figure 4.70. (f) See Figure 4.71. 


(g) See Figure 4.72. 


Figure 4.66 Figure 4.67 
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Ne) B 
mx 


2 +0 2 4 
-2# 
aa y > — 4 
Figure 4.68 Figure 4.69 


Figure 4.70 Figure 4.71 


Figure 4.72 


4.19 (Grade Problem) 65%. 


4.20 (Consumer Problem) More than 4 hours. 


CHAPTER 4 First-Degree Equations and Inequalities 139 


4.21 (Investor Problem) $40,000. 
4.22 (Consumer Problem) 63 hours. 


4.23 (Business Problem) 325. 


4.24 (a) {-4,4} 


GQ) {-l} 


4.25 (a) (-0,-4] U [4, °) 


(c) [-8, 6] 


(e) [-1,2] 


(kK) (-e2, -10] U [2, ©) 


25 
@ {33 


(e) @ There is no solution. 


(c) {-8, 12} 


(f) {-2,-1} 


@ {4- 


(b) (8, 8) 


(d) (-s,-1) U (11, ©) 


Exponents, Roots, and Radicals 


5.1 Zero and Negative-Integer Exponents 


Zero Exponents 


We know that a nonzero quantity divided by itself equals one. In particular, if n is a positive integer and b # 0, 
b"/b" = 1. Also, if the fourth law of exponents is to hold when m =n and b # 0, b"/b" = b"/b" = b"™ = b°. 
It follows that b° must be equivalent to 1. 


Definition 1. If b+40,b°=1. 


A nonzero quantity raised to the zero power is equal to 1. 


EXAMPLE 1. (a) 5°=1 (b) (-8)°=1 (c) (x-8)°=1,x#8 


Note: The expression 0° is indeterminate. We are unable to give the expression meaning in this text. 


Negative-integer Exponents 


Let us now consider expressions which contain negative-integer exponents. We would like the laws of exponents 
introduced in Chapter 2 to hold for negative exponents also. In particular, if b #0, b”- b" = b™C” = h° = 1, 

The multiplicative inverse property states that if b # 0, b” - 1/b" = 1. Consistency compels us to state the 
following definition. 


Definition 2. If b 40, b” = 1/b" where n is a positive integer. 


In other words, an expression with a negative exponent is equivalent to the reciprocal of that expression with 
a positive exponent. Assume no denominator is zero in examples 2 and 3. 


‘coe | 1 
EXAMPLE 2. T=>=— b) xt=— ‘75% os 
(a) PG (b) x x (c) (s+) Gap! 


Now consider an expression with a negative exponent in the denominator. If n is a natural number (i.e., 
a positive integer) and b 4 0, 


= Definition of a negative exponent 


=|- a Definition of division 


=p" Multiplicative identity 
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In other words, a nonzero expression with a negative exponent in the denominator is equivalent to the same 
expression with a positive exponent in the numerator. 


1 1 jlo; —_— 2 
EXAMPLE 3. (a) 7>=4'=4  (b) =t (c) ae (a+b) 


Be aware that if b 4 0 and n is a positive integer, the important ideas stated above are 


(i) b=] 
1 
Be b- el 
(ii) b 
(iii) erg = b" 


It can be shown that the laws of exponents stated for positive integers in Chapter 2 are valid for zero and 
negative-integer exponents as well. This is an extremely useful consequence of our definitions. We may apply 
the laws of exponents in any order. In general we attempt to choose the order which is most efficient, although 
the results will be the same regardless of the order chosen. 

Since we now understand how to interpret expressions with any integer exponent, laws (4a) and (4b) stated 
back in Section 2.5 may be combined into one statement. The result for our exponent laws is shown in the 
summary below. 


Laws and Definitions for Integer Exponents 


Law 1 b” Z b" = bp" 
Law 2 (b” y” = b™ 
Law 3 (ab)" =a" -b" 
b” a 
Law 4 =b"",b#0 
b" 
Law 5 Se Se »b#0 
b b" 
Definition 1 b° =1,b#0 
Definition 2 b= - »b#0 


The simplest form of an expression with exponents is the form which contains only positive exponents and 
no base is repeated in a product or quotient. With law 4, it is sometimes necessary to apply the definition 
of negative exponents in order to obtain the result in simplest form. In the following solved problems, we 
illustrate a variety of examples. Remember to apply the appropriate order of operations when applicable. 


See solved problems 5.1-5.2. 


5.2 Scientific Notation 


Scientific notation is particularly useful in applications which involve very large or very small mathematical 
quantities. This notation allows us to compress the representation of very large or very small numbers. You 
may have seen numbers like 8.36£11 and 4.82E — 8 when using a scientific calculator or computer. The 
expression 8.36£11 means 8.36 x 10!! or 836,000,000,000 and, similarly, 4.82E — 8 means 4.82 x 10-8 or 
0.0000000482. 
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Now let us compare some integer-exponent powers of ten and their decimal representations. 


1 


10°=1 10° =—= 01 
10 
10'=10 10° = = = Poet 
10° 100 
10° = 100 io" = og =—= 0.001 
10° 1,000 
1 
10° = 1,000 10° =.= = 0.0001 
10* 10,000 
10°=10,000 10°= ae! = = 0.00001 
10° 100,000 


Standard notation or decimal notation is the form we normally use to express numerical values. 

Note in the above display that the exponent on ten tells us the number of places and the direction to move 
the decimal point from one in order to express the number in decimal notation. If the exponent is positive, the 
movement is to the right, and if the exponent is negative, the movement is to the left. Stated another way, if the 
exponent on ten is positive, we are multiplying by that number of factors of ten. Similarly, if the exponent on 
ten is negative, we are dividing by that number of factors of ten. 

A number is written in scientific notation if it has the form qg x 10! where q is in the interval [1, 10) and i is 
an integer (the “x” here is the multiplication operation, not the variable). 

The procedure used to write a number in scientific notation follows. 


1. Count the number of places from the decimal point that are required to obtain a q in [1,10). Position 
the decimal point in g. The number of places counted is the magnitude of the exponent on ten. If 
movement of the decimal point was to the left, the exponent on ten is positive. If movement of the 
decimal point was to the right, the exponent on ten is negative. 


2. Write the number in the form g x 10’. 


Observe that the exponent on ten is positive if the original number is greater than or equal to ten. Similarly, the 
exponent on ten is negative if the original number is less than one. 


See solved problem 5.3. 


Think about the meaning of 7.89 x 10°, for example. The symbols indicate that we are to multiply 7.89 times 
three factors of ten. The result is 7,890. In other words, 7.89 x 103 = 7,890. We have illustrated how to convert 
from scientific notation to standard form if the exponent on ten is positive. 

Now consider a number of the form 4.56 x 10-*. The symbols indicate that we are to multiply 4.56 times 
10-? = 1/10. Hence, 4.56 x 10-? = 4.56 x 1/10? = 4.56/10? = 4.56/100. In other words, divide 4.56 by two 
factors of ten (or 100). The result is 0.0456. This illustrates how to convert scientific notation to standard form 
if ten has a negative exponent. 

The procedure used to convert a number in scientific notation to standard or decimal form follows. 

If the exponent on ten is positive, move the decimal point to the right the number of places equal to the 
exponent on ten. If the exponent on ten is negative, determine the absolute value of the exponent and move the 
decimal point that number of places to the left. 


See solved problem 5.4. 
There are circumstances in which it is more appropriate to express a number as a product of a number that 
is not in the interval [1,10) and a power of ten. Any of the following forms of 4,350 may be useful in certain 


situations, but only one of them is in scientific notation. Which one? 


0.435 x 104 4.35 x 10° 43.5 x 107 435 x 10 
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The factored form which contains no decimals is frequently the easiest to use. 


See solved problem 5.5. 


Significant Digits 


Numbers obtained by measurement are approximate. Knowing the accuracy of measurements obtained in 
applications is extremely important. The accuracy of a measurement indicates the preciseness of that mea- 
surement. Scientific notation is used to indicate the accuracy of measurements. Stated another way, scientific 
notation indicates which digits are significant in a number. The significant digits are simply the digits that 
have meaning in a numerical representation. They are the digits used to specify q in scientific notation. 

All nonzero digits are significant. Zeros between nonzero digits are significant. Zeros to the right of the 
decimal point are significant, except as indicated in the example below the following table. Zeros used as 
placeholders to position the decimal point are not significant. 

If a number such as 7,900 is encountered in an application, the final zeros are not assumed to be significant 
unless further information about the accuracy of the number is available. For example in the statement, “The jets 
are 7,900 feet apart,” we assume that the number has two significant digits and that the measurement is accurate 
to the nearest hundred feet. 

The table below illustrates the number of significant digits and the accuracy of several forms of the 
number 7,900. 


NUMBER NUMBER OF SIGNIFICANT DIGITS ACCURACY TO THE NEAREST 
7.9 x 10° = 7,900 2 Hundred 
7.90 x 10° = 7,900 3 Ten 
7.900 x 103 = 7,900 4 One or Unit 
7.9000 x 103 = 7,900.0 5 One-tenth 
7.90000 x 10? = 7,900.00 6 One-hundredth 


As another example, 2.59 x 10-4 = 0.000259 has 3 significant digits. (Leading zeros in standard form are not 
significant. You can assume all zeros are significant in scientific notation form.) 
Work supplementary problem 5.6 to check your understanding. 


5.3. Rational Exponents and Roots 


Our original discussion of exponents required the exponents to be natural numbers. In Section 5.1 integer expo- 
nents were defined. We give meaning to rational exponents in this section. Recall that a rational number is a num- 
ber of the form a/b where a and D are integers and b # 0. 

Consider an expression such bag b?. What should b? mean? If Law 2 of exponents holds, (b2)2 = = pF? 
b! = b. In particular, (25 2 2572 z= = 25'S 25. Therefore, 25 ® is the number whose square is 25. We also 
know that 5* = 25 and (— 5)? = 25. Hence, 252 2 must be another name for 5 or (—5). To avoid ambiguity, the 
nonnegative value, 252 = 5, is chosen. 


Definition 3. 7 is the nonnegative quantity which, when squared, is equal to b. It is called the principal 
square root of b. 


See solved problem 5.6. 

We develop a definition of b> in a similar manner. Apply Law 2 of exponents again to obtain 
(bs p=bs 3=b1=b. In particular, (83 3 pa gr 3 = 8!=8. Hence, gy is the number whose cube is 8. Note 
that 2? = 8 also. Therefore, 83 and 2 must be different names for the same number. 

Definition 4. 5% is the quantity which, when cubed, is equal to b. It is called the cube root of b. 


See solved problem 5.7. 
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Consider b* next. Apply Law 2 of exponents once more to obtain (be) =pr*=bl=b, 
Specifically (16+) = 164 = 16! = 16. We know that 24= 16 and (-2)* = 16. So 16* is the same as 2 or (2). 
We have encountered a situation like that encountered with the square root. We choose the positive value again 
for 16*. That is, 16% = 2. 


Definition 5. b* is the nonnegative quantity which, when raised to the fourth power, is equal to D. It is called 
the principal fourth root of b. 


See solved problem 5.8. 


The discussion above illustrates that the possibility of ambiguity occurs when the root is even. The inclu- 
sion of the term nonnegative eliminates the ambiguity for square roots and fourth roots. There is only one real 
value for cube roots, so no ambiguity is involved. We now state a general definition. 


Definition 6. If 1 is a natural number, bis the real number which when raised to the nth power is b. It is 
positive when n is even. It is called the principal nth root of b. 


The preceding definition is stated another way below. 
1 |q| if n is even, b =O and q" = b. 
Definition 7. b" = 
q if nis odd and q" =b. 


If b < 0 and n is even, there is no real-number root. We will address this situation in Section 5.6. 
See solved problem 5.9. 


Roots are often represented symbolically in a notation called radical notation. The symbols are shown 
below. 


EXAMPLE 4. br is written as lb , if m is a natural number greater than one. 


EXAMPLE 5. (a) 8° is written as V8. 
(b) 16 is written as 4/16 
(c) gr is written as 2/9 = /9. 


We stated that b” and ¥/b are symbols which represent the nth root of b. %/b is the quantity which, 
when raised to the nth power, yields b. lb is nonnegative if n is even. In a/b, b is called the radicand, 
is called the radical sign, and n is called the index of the radical. The following example illustrates the 
terminology. 


EXAMPLE 6. 
EXPRESSION RADICAND INDEX ROOT 
V5t 5t 3 Cube 
x+y x+y 5 Fifth 
fy wid 8 Eighth 
8la°b 8la*b 2 Square 


Note: The radical symbol J without an index showing always means square root. The index is understood 
to be 2 when not showing. 

We have explained the meaning of rational exponents whose numerators were one. We shall now employ 
Law 2 of exponents to define rational exponents in general. 
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Definition 8. If bu is a real number, then br= (bry, 


In other words, bn is the nth root of b raised to the mth power. 

The statement, “b” is a real number,” merely excludes even roots of negative numbers. 

Fortunately, the laws of exponents stated previously for integers apply to rational exponents also, provided 
the root is a real number. Therefore, it follows that 


pi a i 
bn — (b" ye — (b™)" . 


In other words, as long as all of the roots are real, the results are the same if we first determine the nth root 
of b and raise the result to the mth power, or if we first raise b to the mth power followed by finding the nth 
root of the result. 


See solved problem 5.10. 


1 1 
We previously stated that b” and x/b are equivalent expressions. Therefore, if b” is a real number and m/n 
is reduced to lowest terms, the following are equivalent expressions also. 


1 


bn _ (p=) _ (x/b)" 
i 
=(b")" =o" 
See solved problem 5.11. 


Some of the results in solved problem 5.11 are not simplified. We will explain simplification of radicals 
in the next section. 

Simplification of expressions which contain rational exponents is analogous to expressions which have 
integer exponents. The sequence of operations can vary without changing the result. Normally operations 
within parentheses should be performed first. In other instances one should do exponentiation first. Analyze 
the expression to be simplified to determine the most efficient method to employ. In any case, the order of 
operations stated previously must be adhered to. A particular base should appear as few times as is possible 
and all exponents should be positive. 


See solved problems 5.12—5.14. 


5.4 Simplifying Radicals 


Now that we know how to interpret radicals, we must learn how to simplify them. The definition of a radical 
and the following three properties provide almost all of the necessary tools. 


Properties of Radicals 
If 2/a and ab are real numbers, then: 


1. Yab=4a lb (The nth root of a product is the product of the nth roots of the factors.) 


a_ Na ere ‘ 
2. a= Na ,b#0 (The nth root of a quotient is the quotient of the nth roots of the numerator and 


b Wb 


denominator provided the denominator is not zero.) 


3. Yo =b" forb>0 (If the index and the exponent of the radicand contain a common factor, the 
common factor may be divided out.) 
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Properties 1 and 2 are actually Laws 3 and 5 of exponents. Property 3 is obtained if we rewrite the radical 
in exponential form and reduce the exponent. The steps involved follow. 


1 ae 
haf km (pi Jin b kn b n up 
In order to simplify radical expressions, we must know what is meant by the simplest radical form. 
The requirements are given below. 


Simplest Radical Form 
A radical expression is in simplest form if: 
All factors of the radicand have exponents less than the index. 


The radicand contains no fractions. 
No denominator contains a radical. 


sa cae a 


The index and the exponents of the factors in the radicand have no common factor other than one. 


A perfect nth power of a factor must possess an exponent that is a multiple of n. Thus, perfect square factors 
must have exponents that are multiples of two, perfect cube factors must have exponents that are multiples of 
three, etc. Keep this idea in mind as you simplify radicals. 


See solved problem 5.15. 


Rationalizing the Denominator 


There are circumstances which result in radicals in the denominator such that none of the factors of the rad- 
icand have exponents which are multiples of the index. This situation violates criterion 3 for simplifying rad- 
icals. We apply the fundamental principle of fractions to obtain a rational expression in the denominator. This 
process is called rationalizing the denominator. The technique employed is to multiply the numerator and 
denominator by the expression which changes the denominator into the nth root of a perfect nth power. That 
is, the denominator is a rational expression if it is the square root of a perfect square, or the cube root of a per- 
fect cube, or, in general, the nth root of a perfect nth power. 


EXAMPLE 7. Simplify es 


¥25 
8 8 8 5 _ 8V5_ 385 
25 ys? sr YS YS? 5S 


See solved problem 5.16. 


We next illustrate how property 3 of radicals is used to reduce the index or order of a radical. Recall that 
property 3 allows us to divide out common factors of the index and exponents in the radicand. 


See solved problem 5.17. 


Finally we illustrate how to find products and quotients of radicals with different indices. Property 3 of 
radicals may be used, although it is easier to convert radicals to their equivalent exponential form, then simplify. 


See solved problem 5.18. 


5.5 Operations on Radical Expressions 


Adding and Subtracting 


The distributive properties, a (b + c) = ab + ac and (b + c) a= ba + ca, were used previously to combine like 
terms. These same properties can be employed to combine like radicals. Like radicals are radicals with the same 
indices and radicands. Like radicals can be manipulated just as like terms can be manipulated. 
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See solved problem 5.19. 


Multiplying and Dividing 


We employ the distributive properties to multiply expressions which contain radicals. The process is analo- 
gous to multiplying polynomials. Radicals multiplied by factors should be written with the factors preceding 
the radical in order to avoid ambiguity. That is, write yVx rather than Jxy. The latter may be construed as 


xy incorrectly. 
See solved problem 5.20. 


We now turn our attention to division. If the denominator contains irrational terms, division is accomplished 
by rationalizing the denominator. Refer to Section 5.4 if necessary. 


See solved problem 5.21. 


5.6 Complex Numbers 


Consider the equation x” = —9. There is no real number solution, since there is no real number whose square is 


negative. We define a number system in this section which will satisfy our needs. Our first step is to define a 
quantity 7. 
Definition 9. The imaginary unit, i, is defined by the equation 7? =—1. 


The imaginary unit is the number whose square is —1. Therefore, Vi? =i=-1. We list some powers of 
i below. 


i= J-1 

i? =(J-1) =-1 
P=? -i=(Di=-i 
f=? -? =(-l)(D=1 
ae aes 


P= -?=0)(-bD=-1 


Note that the cycle repeats beginning with i>. In other words, any power of i is i, -1, —i, 1. 
We employ the number / to represent the square root of a negative number. The process is illustrated 
below. 


(a) V-9 = J-1-9 = V-1V9 =i-3=3i 

or V9 =V1-9=V7-9 =V 7? V9 =1-3=3! 
(b) V5 = V-1-5 = V-1V5 =iv5 

or —5=V-1-5 VP? V5 iS 


EXAMPLE 8. 


We now employ the imaginary unit, 7, to define a new type of number. The new number is called a complex 
number. 


Definition 10. A complex number is a number of the form a + bi, where a and b are real numbers, and i is 
the imaginary unit. a is called the real part and b is called the imaginary part of the complex number. We use 
C to represent the set of complex numbers. 


In the complex number 4 + 5i, 4 is the real part and 5 is the imaginary part. 
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All real numbers may be written in complex number form. We assume (ji = 0. See the equalities below. 


8=8+0i 
= so) 
2 2 


V3 = J3+0i 


Since every real number is also a complex number, R CC. Does C, the set of complex numbers, contain 
numbers which are not real numbers? The answer is yes! The numbers given in Example 7, ./—9 = 3i and 
J-5 =iV5, are not real numbers. These numbers are called pure imaginary numbers. Pure imaginary 
numbers may be written in complex number or a + bi form also. Refer to the equalities below. 


3i=04+ 31 
iv5 =0+iN5 
Bega ss 

4 4 


Pure imaginary numbers are merely complex numbers whose real part is zero. No pure imaginary number 
is a member of the set of real numbers. Therefore, the set of real numbers, R, is a proper subset of the set of com- 
plex numbers C. That is, RCC. 

If b is an irrational number in the a + bi expression, we write the i factor first. We write 3 + iV2 rather than 
3 + /2i in order to avoid ambiguity. Hence, the complex number form is sometimes a + ib. 


See solved problem 5.22. 


Definition 11. a+ bi=c+diif and only ifa=candb=d. 


The above definition states that two complex numbers are equal if and only if their real parts are the same and 
their imaginary parts are the same also. 
We shall now consider operations on complex numbers. 


Addition: (a + bi) + (c+ di)=(at+c)+(b+@i 
Subtraction: (a + bi) — (c + di) =(a—c)+(b-d)i 


To add or subtract complex numbers, simply add or subtract their real parts and their imaginary parts, 
respectively. 


See solved problem 5.23. 


We multiply complex numbers as if they were two binomials. That is, distribute. You may use the FOIL 
method. Read the following sequence of statements. 


(a+ bi) (c+ di) =ac + adi + bei + bdi* 
=ac + adi+ bci + bd (-1) 
= [ac + bd(-1)] + [adi + bci] 
= (ac — bd) + (ad + be)i 


Multiplication: (a + bi)(c + di) = (ac — bd) + (ad + be) i. 


It is not necessary to memorize the above equation. It is preferable to treat the complex numbers as bino- 
mials, multiply, then combine like terms. 
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Take another look at the right side of the multiplication equation. 


ac is the product of the first terms—F 
—bd is the product of the last terms—L 
adi is the product of the outside terms—O 


bci is the product of the inside terms—I 


It may be helpful to think of multiplication of complex numbers in terms of the FLOI rule. This sequence 
places like terms in juxtaposition in the product. Like terms are therefore more readily combined. 
There is one more item we must clarify prior to proceeding. Compare the statements shown below. 


V-3V-5 = (13) (iv5) =? VI5 =- VIS 
V-3V-5 # {(-3) (-5) = vI5 


The product of the square roots of negative quantities must be determined as in the first sequence. 
If b > 0, rewrite V—b in the form iVb before performing any computations. This is important! 


See solved problem 5.24. 
Definition 12. a+ bi and a — bi are complex conjugates. 
In general, 


(a + bi) (a— bi) = a — (bi? 


a 
=a -#(-1) 
=a@+b? 


Since a, b € R, (a? +b’) € R. In other words, the product of two complex conjugates is a real number. 
This result is useful when we divide certain complex numbers. 


The quotient of a complex number and a real number is found in a manner similar to dividing a polynomial 
: 2 at+bi_a_ b, 
by a monomial. In other words, if a, b, ce R, and c 4 0, then ——— =—+-i. 
c c oc 
If the divisor is a complex number that is not real, the division is accomplished by multiplying the numerator and 
denominator by a factor which results in a real number in the denominator. The appropriate factor is usu- 
ally the conjugate of the divisor. We express these ideas symbolically below. 
at+bi a b. 
=—+-—iand 

c c oC 


Division: If a,b,c €R,andc#0, then 


if a,b,c,d €Randc,d #0, then a =|>5 5 : 5 
ct+di ctdi c-di ct+d ct+d 


at+bi_at+bi (55 Css ; 
If the divisor has the form ci and c # 0, the division can be accomplished by multiplying the numerator and 
denominator by i. Observe that ci - i= ci? = c (-1) =—c is a real number. 


See solved problem 5.25. 


We conclude the chapter by summarizing some important ideas. Complex numbers and their operations 
have been defined. The numbers and the operations satisfy the same properties as the real numbers; associative, 
commutative, inverse, etc. The numbers together with their properties form a system called the complex num- 
ber system. We use C to represent the set of complex numbers. 
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The Venn diagram shown in Figure 5.1 below illustrates the relationships between the various sets of num- 
bers we have introduced. The letters used to represent the various sets of numbers shown in the diagram are 


restated for you also. 


Figure 5.1 


SOLVED PROBLEMS 


opoOCcszZ 


Natural numbers 
Whole numbers 
Integers 

Rational numbers 
Real numbers 
Complex numbers 


5.1 Perform the indicated operations and simplify. 


(a) 3° 
3_1_1 
°° 3579 
(b) 9-3 
ee Sey ee ee 
3 27 27 3 
2 
(c) qe 
2 2 
gan =2-16=32 
3 -1 
d —_ 
5 
2 2" 3) 
(e) (-3)* 
a 1 1 
3)" = Ss: 
(-3) (39 
2.3% 
(f) 62 


6° 3° 27 3 3 


Refer to supplementary problem 5.1 for practice problems. 


-1 -1 1 —n n 
= ) Soe ; . As you may note, this indicates that [<) +] ; 
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5.2 Perform the indicated operations and simplify. Assume that no variable is zero. 
(a) x8- x7}. x3 
x6 . x! y x3 = x6+ (1) + (-3) =x 
(b)  (s?- 4) (s*- 6) 


2 
(s? : 3) (s+ f r?) = (s? : s*) (3 ‘ rt) = go2t4 = p3tc2) = g2 ‘: re = (Se 


p 
(c) @ yy 
(x2 + 8)? = x P2Py) = y4y6 = x 
: a 
(d) (sty? (st)? 
(52073 (st)? = s2A@ P3522 = 56H-2Dp3H-2) = ApS = x 
p 
(e) C3ab’?y* (2a°b*y* 
3-6 416 
(-3ab?Y? (202b2)? =(-3)? a? (6)? 2? (a)? (b?y? = ab ] ti 
7p0 Coe 
a’b -1 
~=27-4 108’ 
5379 
i 
ne 
or ose st 


(g) (ae | 


ada -2 qe 2 d -2 oes ae : 
dd” “ae | = ee 


(h) 4° @b? \?(127a2b 
ab* ab* 


- 3 Y? M4 4 3 
[4 labs } [2 la?b =(41@ pty? (2a py 


ab“ abt 
=(4" aby? (12'a*b’y 
=4 VD Gp? 121 G4 p52 
=42q7p? .127 a®p® = 42.122 G28) p20 


4p 4p 4p 
1274" (3-4)¥a" 37-4? a 
bs 
~ 9a" 
xia-y 
(i) » 
(xy) 
ia ft 4 1 1 
2a |= lay Saga 
yiayt (t ‘) “ae eae 
(xy)' i [Lom 1 1 
” xy 


= 
2n 
Cc so = pe ees es -1(n— = = 
— =(c" (nt) h=(c" n ) '=(c" ') lig I(n Dog --! n 
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(kK) G@tty'y" 


-1 
+ 
| ee =) or 
xy ytx x+y 


a’b? 


0 
3 2 
b+ab 
e | =1 (The zero exponent law) 


Refer to supplementary problem 5.2 for similar problems. 


5.3. Write the following numbers in scientific notation. 


(a) 30,000 


The decimal point must be moved four places to the left to obtain the appropriate gq. 
30, 000 = 3 x 104 
(b) 254,000 
The decimal point must be moved five places to the left to obtain the appropriate q. 
254, 000 = 2.54 x 10° 
(c) 5,085,273 
The decimal point must be moved six places to the left to obtain the appropriate gq. 
5,085, 273 = 5.085273 x 10° 
(d) 0.09 
The decimal point must be moved two places to the right to obtain the appropriate q. 


0.09 = 9 x 107 
(e) 0.000076 
The decimal point must be moved five places to the right to obtain the appropriate q. 
0.000076 = 7.6 x 10° 


(f) 0.0004050 


The decimal point must be moved four places to the right to obtain the appropriate q. 


0.0004050 = 4.050 x 10+ 


(g) 4.78 


The decimal point must be moved zero places to the right to obtain the appropriate q. 


4.78 = 4.78 x 10° 


See supplementary problem 5.3. 
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5.4 


5.5 


Write the following numbers in standard form. 
(a) 4.69x 10° 


Move the decimal point three places to the right, since we are multiplying by three factors of ten. 


4.69 x 10° = 4,690 


(b) 4.69x 10+ 


Move the decimal point four places to the left, since we are dividing by four factors of ten. 


4.69 x 10 = 0.000469 


(c) 14x 108 


Move the decimal point six places to the right, since we are multiplying by six factors of ten. 
1.4 x 10° = 1,400,000 
(d) 3.215 x 10+ 
Move the decimal point four places to the right, since we are multiplying by four factors of ten. 
3.215 x 104 = 32,150 
(e) 7.3213 x 10+ 
Move the decimal point four places to the left, since we are dividing by four factors of ten. 
7.3213 x 10 = 0.00073213 
G) 9x10 
Move the decimal point five places to the right, since we are multiplying by five factors of ten. 
9 x 10° = 900,000 
(g) 9x10° 
Move the decimal point five places to the left, since we are dividing by five factors of ten. 


9 x 10° = 0.00009 
See supplementary problem 5.4 for more conversion problems. 


Perform the indicated operations using the appropriate factored form of each number. Express the result 
in standard form. 


325,000 

(a) — 
0.025 
3 
325,000 _ 225 %10" = 13x 10° =13,000,000 
0.025 25x10 
(py (0004) (0.000036) 
0.00016 
(0.004) (0.000036) 4x10 x36x10 36x10° 


= = — =9x10" = 0.0009 
0.00016 16x 10 4x10 


See supplementary problem 5.5 for practice. 
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5.6 Evaluate the following. 


L 
(a) 92 
1 
92=3 since 32=9 
it 
(b) 1002 
1 
1002 = 10 since 102 = 100 
L 
(c) -162 


1 1 
162 =— (162) =-(4) =—4 since (4?) = 16 and -(42) = —16 (Remember the order of operations.) 
5.7 Evaluate the following. 
L 
(a) 643 


L 
64 3=4 since 43 = 64. Another way of looking at these is by using the laws of exponents developed 
4 


ll 
= 
& 
ww 
~~ 
we! 
ll 
aN 
wo 
sp 
ll 
=e 


L 
earlier. 64 3 


(c) (27) 


L 
(—27)3 =-3 since (-3)? = —27 


5.8 Evaluate the following. 


1 
(a) 10,0004 


1 
10,0004 = 10 since 10* = 10,000 


al 
814=3 since 34=81 


-814 =-3 since 34 = 81 (Remember the order of operations.) 
5.9 Evaluate the following. 


(a) 362 


1 
36? =|6| =6 since 6° = 36 
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(c) (64): 


1 
(64)3 =4 since 4° =64 


1 
0? =|0| =0 since 0* =0 


5.10 Evaluate the following. 


2 
(a) 643 
2 1\2 
64? =(64") =4 =16 
3 
(b) 325 
325 (323) <2? =8 
4 
(c) (2773 
4 1\4 
( a7): =( a7) =(-3)' =81 
4 
(d) -273 
4 1\4 
-273 --(27) =—(3)* =—81 (Compare with part c.) 
5 
(e) (-8)? 
5 iis 
( ail 9] =[-2) =-32 


2 
ee re a ee 


2 1 |2 _ 275 
(-125)3 Leieaat >] 2 


zt 


= 3 7 
: =(-125)? =—5 (We applied the definition of negative exponents.) 


125 
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5.11 Express the following in radical notation. 


5.12 Perform the indicated operations and simplify. Assume all variables represent positive real numbers. 


(a) 


(b) 


(c) 


(d) 


(e) 


oa) 


1 


6p 
1 
pat 
2 
2 
x3=(/x)y or Ux? 
6 
7 
6 
PB =(VT) or L7° 
3 
ge 
ae 1 1 
s*=—= or 
go Ws vs 
1 
(8y)* 
1 
(8y)* =4/8y 
1 
Syt 


1 
8yt= 82/y (The exponent applies to y only.) 


See supplementary problem 5.7. 


(a) 


(b) 


(c) 


(d) 


xex4 
24 21 88 
xoxtax3 tax? =P 
3 al 
srs3 
3-1 3,-1 9S 4 
psi ago 3 =p ld =5h5 
4 
pe 
2 
r® 
p 41) ws 
5 =p5 6 =z 30 = 730 
to 
1-1 
b?b3 
3 
b4 
1 -l Uy 3-2 1 
2p3 23 6” 6 13 29 al 
b?b? bb _b b ape $j e apes 1 
3 3 3 3 as 
b4 bt b+ b4 b? 
(.243) 
x2x?2 
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157 
=I 
(yz2)* 
y'z 
Ce 
yize 
-l 
1 a a 1 1\(-l 1 -l 
(-2)* oo) GIG) fe . Chee I Se 
i mo =a yt 228 Fuy4 7% 
y?z3 y?z3 y2z 
5 
1 5 2A 
te 
y* 
a1) 
St? 
(2) | 
sf 


Do the external exponentiation first, since four is a multiple of each of the rational exponents. 


4.44 Gi (4) 
) 4) 
s2t g2l -2 


ny (t4y) 


This is a special product. 


tN ty? a pay? ol 
2 | _(,2] 42x2y? +[y2] =xX+2x7?y?+y 


(i) («2 + y] (xe = y] 


This is a special product. 


1 1 1 1 1\2 1\2 1 1 
(2492) (2?-»2}] =e) -(2) =2 


=v Sey 
7 Ny Lf 
(k) (322 +b?) (a2 —4p?] 
Apply the FOIL method to distribute. 
De No L Le = Ra eae gi z ee 
(302 +6?) (a2 ~ 40°] =3a’a? +3a? (4b?) +020? +b? (452) 30-1026 —4b 


Refer to supplementary problem 5.8 for similar problems 


5.13 Evaluate the following. 
(a) 2/27 


4/27 =3 since 33 = 27 


64 =I81=8 since 8* = 64 
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(c) Y-32 
3/-32 =-2 since (—2)° = -32 
(d) */16 


4/16 = 12| =2 since 24 = 16 


Express in exponential form. 
(a) ifs-t 
ut 
ys—t =(s-1)’ 
(b) x* 
1 3 
he = (x°)4 =x4 
(c) 100r's 
1 
V100r*s =(100r°s)? 
(d) 83/P -—w 
1 
83 —w? = —w’)3 
(e) 9¥(2x—-y)’ 
1 2 
9s(2x—yy =9[2x-yy ]5 =9 2x-y)5 
(f) va br 
1 
agp? = (a™'p™? yn 
See supplementary problem 5.9. 


Use the properties of radicals to express the following in simplest radical form. For simplicity, assume 
all variables represent positive numbers. 


(a) 20 


Identify perfect square factors of the radicand. Employ the appropriate properties next. 


(20 =s/4-5 25 = 5 2.5 


(b) 500 


Identify perfect square factors of the radicand. Employ appropriate properties next. 


500 = J100-5 = 102-5 = V10? V5 = 10V5 
(c) 3/5,000 


Identify perfect cube factors of the radicand. Then employ the appropriate properties. 


3/5,000 = 3/1,000-5 =*/10° -5 =V10° 5 =108/5 
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(d) V54x° 


Identify perfect cube factors of the radicand. Then employ the appropriate properties. 


154x5 = 3/27-2x3x? = 3/3333 2x? = 3/39 x3 2x? =3x3/2x" 


(e) 132q''p!7 


Solution 1: Identify perfect fourth powers of factors of the radicand. Apply the appropriate properties next. 


432a"b” =4/16-2a*a®b'b = 4/24 a’b" -2a°b = 4/24 (a) (bt) -2a°b 
= 4/24 (a?) (bt Y2a°b = 2a°b* /2a°b 


Solution 2: The division algorithm may be employed to determine the exponents of factors that are 


removed from the radicand as well as the exponents of factors that remain in the radicand. Divide the 


exponents of factors in the radicand by the index of the radical. 432a"'b" = fap" so 3 = 1 with 


rem. 1; = 2 with rem. 3; and a =4 with rem. 1. The quotients of the divisions are the exponents of the 


factors preceding the radical, while the remainders are the exponents of the factors in the radicand. 


Therefore, 4/2°a''b" =2!a°b*4/2'a°b' =2a°b*4/2a°b. 
Gf) J3x’y./6xy° 


Multiply the radicals first, then simplify. 


3x7 yfOxy? = [3x°y-6xy? =/18x°y* = f9-2x7 x0? = 9x77)? V2x 
= 3xy’J/2x 


(g) 3sV2r-4t/10st 


Employ the commutative and associative laws, multiply the radicals, then simplify. 


3sJ2t-4t/10st = 3s (42) ./2t (0st) = 12st 20st? = 12stV4-5st? =12stV4r J5s 
=12st-2tJ5s = 24st? /55 


10 
RY 


(h)  3{— 


20 
t 
Determine perfect fifth powers of factors in the radicand first, then simplify. 


{ = (2 (Coy _s 
20 4 


t (t*)? ry t 


' 32x fox 
(i) y Vy 


Multiply first. Determine perfect third powers of factors in the radicand next, then simplify. 
[32x [25° _ [32x 22° _ Joax’ _ Va?x? _ 4x 
y Vy Vy y yl?” 
(7) 4(a+b) 


Determine perfect fourth powers of factors in the radicand, then simplify. 


(a+ by =4[(a + by’ (a+b) =4{(at by s(a+b) = (a+ b) sa +b) 


Try supplementary problem 5.10 to improve your skills. 
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5.16 Simplify. Assume all radicands are positive numbers. 


4 


() — 
V5 
We must obtain a perfect square in the radicand since the index is 2. Multiply the numerator and denomi- 
nator by ./5 to accomplish the task. 
4_ 4 V5_4V5_ 45 
5 V5 V5 Js? 5 
7 
(b) 


a7 


We must obtain a perfect square in the radicand since the index is 2. Multiply the numerator and denomi- 
nator by /7 to accomplish the task. 
7 7 V¥7_ 17 _1WN7_ 7 
3V7 3V7 V7 3V7 3-7 3 


82 
ee . 


We must obtain a perfect square in the radicand since the index is 2. Multiply the numerator and denomi- 
nator by /5 to accomplish the task. 


8V2 _8V2 V5 _8V2-5_ 810 
J V5 VS JS 5 


1 
@) =F 
Va 
Solution 1: We need a perfect cube in the radicand this time. Multiply the numerator and denominator 
by 3/2, since 8 = 2? is a perfect cube. 
1 1 42 42 = ¥2 
V4 V4 ¥2 38 2 
Solution 2: The exponential form of the expression may be employed also. The exponent of all factors of 
the radicand in the denominator must ultimately be multiples of the index of the radical for the denominator 
to be rationalized. 
ee ee eee ee) 
3 T T 
v4 43 (2? 3 23 23 2 2 
9 
() = 
x 
We need a perfect cube in the radicand again. Multiply the numerator and denominator by he F 
9 9 Ye 9x? oe? 
Vx Ve Uy? Ux? x 
3 
ON Va 


Apply property 2 of radicals first. Rationalize the denominator next. 


CHAPTER 5 Exponents, Roots, and Radicals 


AB _ v3 _ v3. V2t_ V3-2t _ Vor 
2 J2r V2 V2t J’ 2t 


3 
(g) \ OF 
{2 28 _ 8 Yer _ Ben? _ for 
2r Y2t Y2t sary? fan 2t 
5 
h pe 
(h) ay 
if _ 5 _ 5 fay" _Y5-2y* _ Yl0y* _ Sfl0y” 
By yay Py Ayr ty? Yay —2y 
: 1 
@) J-—— 
s-—T 
1 vi vi s-t_ fs-t _ st 
fot 83t i8=F (81 \-0° s-t 
. 4 
Gi) 2446 
Recall that (a + b) (a — b) = a* — b*. Multiply the numerator and denominator by 2 — V6. 
4 4 2-V6 4(2-V6) 4(2-v6) 4(2-6) 
2+J6 2+V6 2-6 2-(J6) 4-6 =) 
=-2(2-6)=2V6-4 
7 
k 
. Vx -5 


Multiply the numerator and denominator by Vx +5. 


7 7 Vx+5_— 1(vx+5) 7(Jx +5) 


7(/x +5) 


Vx-5 Vx—5 Vx+5 (Vx -5)(Vx +5) Wey =s - 


Try supplementary problem 5.11 for drill. 


5.17 Simplify. Assume radicands are positive numbers. 


(a) Yb 

Ye =*Ib =Yb =Vb 
(b) 97 

or =3?? =r? =V3t 
(c) Voax® 


/64x° =*/4?x° =*[(4x?) = 8/42? 
(d) f32(x-y) 
19132(x — yy = 9/25 (x— y)> =*If2(x— P= J20°— y) 


x-25 
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5.18 Simplify. Assume radicands are positive numbers. 


(a) Vxix 
4 dif 38 s 
Vxifxe =x?x3 =x? F=x 6 =O HHH? 
ale 
b sie 
” 


1 3-2 1 


(oa eee 
= = x2 Say 6 ayo HSly 


(@) Vir 


1 i} 24 44 10-12 2 
Ve Ve =? (=P =P 5 


=f § =f5 = 


1 
2 15/72 
15 


~~ 


1 15, 3 15, 18 15/13 


5/42 15, 3 15 tr t 


vsVs 
Js 


(d) 


See supplementary problem 5.12. 


5.19 Simplify. Assume variables represent positive numbers. 


(a) 3V5+8V5 
3/5 +8V5 =(3+8) V5 =11V5 
(b) 735x +8Y5x —3/5x 
75x + 8V5x —3Y5x =(74 8-3) V5x =1295x 
(c) 4Vt—3Vt—(2Vu —6Vu) 
4 t —3Vt —(2Vu —6Vu) =4Vt —3Vt —2Ju +6Ju = (4-3) Vt +(-2+ 6) Vu = Vt + 40 
(d) 4,/50y—5,/72y 


Simplify the radicals first. 


4,/50y —5./72y =4./25-2y —5./36-2y =4/25,/2y —5 /36,/2y =4-5./2y -5-6/2y 
=20./2y -30./2y =(20-30) /2y =-10 /2y 
8 
e) 916+ — 
. Va 


8 8 2 83/2 83/2 
93/16 +— =93/16 + — -~==9 38-24 =93/83/24+4—~= 
V4 V4 2 8 2 


3 
=9.290+ 8? wigyn safari 
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Jab b 
n BiB 


Jab 2 _ Jab 5vb _ ab 5b Ja _ Jab 2JVab _ Vab —2Vab 


a a a Ja a Ja Ja oa a a 
_(1=2)Vab _- Jab 
a a 


(g) 3y°J48x7y° —4x J108x° y"” 


By? f48x7y® —4x f108x5y" =3y? J16-3x%xy® — 4x [36- 3x4 xy” 


=3y"/16x°y° V3x —4x /36x*y? V3x 


=3y 4x3 y' 3x —4x6x7 y V3x 


=12x° y° J3x — 24x y° 3x =-12x° y° ¥3x 
Do supplementary problem 5.13. 


5.20 Perform the indicated operations and simplify. Assume radicands are positive. 
(a) J3(J2-~3) 
V3 (V2 - V3) =v3V2 -V3v3 = V6 - V9 = V6 -3 
(b) (3V2-4V3) (5v2+2y3) 
Employ the FOIL method to distribute, then combine like terms. 
(3.V2 — 4/3) (5V2 + 23) =3V2 -5V/2 +3V2 -2V3 -4v3 -5V2 - 4,3 -2v3 


=15-2+6V6 —-20V6 -8-3=30-14/6 —24 


=6-14/6 
(c) (x5) (2x+3¥5) 
(x— V5) (2x +3V5) =2x7 +3xV5 —2xV5 -3-5=2x? + x5 —15 
(a) (ve—VF) +( oF) 


Apply the binomial difference special product form to the first term. 
(Js—<t) +(/s+7) =(Js) -2Vsvt4+(Vt) 4048 
=s—2Jst +t+st+t=25+2t—-2Jst 


(e) (¥a+¥b) (Ja - Jab +Jb°) =P 


Distribute term by term. 


P=(Va+¥b) (Va? —Jab + 4/0) 
= Vala? —faxlab +Jalle + Vb Va — bab +o Vb? 
=Va? —Ja?b + Vab? +4/a°b -Vab? +3/b° 


=Va? +¥b =atb 
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Note that we obtained a special product; it is the sum of two cubes: P = (3/a) + (3/5) =atb. 


If the steps in the above problems are reversed, we observe that the results can be written as a product of 
factors with irrational terms. There are situations which require irrational coefficients in some or all of the 
terms in factors. 


See supplementary problem 5.14 to practice multiplying radical expressions. 


5.21 Simplify. Assume radicands are positive. 


8— /32 
(a) D 
Simplify the radical, then reduce. 
8-32 8-J16-2 8-4/2 4(2-V2) 2-2 
12 12 12 4-3 3 
4 
ee 
Rationalize the denominator and simplify. 
4 _ 4 (7-N3)_4(7-V3) _ 4(7- v3) _ 2(7-3) 
7+J3  (7+¥3) (7-v3) 49-3 46 23 
V2 
MP ee 
V2. V2 (34+ vx) _V2(34+Vx)  3V2+V2x 
3-vx (3-vx) (3+vx)  9-x 9-x 
V3 
d) —?_ 
aa V5+V7 
3 _ VB (W5-V7)_ V3 V5-V3V7 _ V15- 21 __ V21-Vi5 
V5+V7  (V5+V7) (J5-V7) 5-7 -2 2 
(e) ew 
vi+Jw 
I-w  _ (d-w) (Vi-vw)_d-w) (Wi -vw) | 
Vi+Jw (vi+Jw) (vi- Vw) l-w eA 
20 
(f) 5 
20 _ 20 5" _ 2005" _ 20925 _ v5 
J 5 ys? Ys? 5 
eg == 
BG 


Refer to solved problem 5.20(e) for an indication of the appropriate rationalizing factor. We must multiply 
by a factor such that the product is the cube of the terms in the denominator. Form 4 of the special products 
given in Section 2.4 is the appropriate form. 


22 (iB - 9805 +95") 295" - 935 +45") 
B+ (B+) (VF BSI) HS 


_ 2(9/9- 915+ 425) 2(J9-VI5+ 425) Yo-V15 +25 
345 8 4 


See supplementary problem 5.15 for similar problems. 
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5.22 Express each of the following in complex number form. Express the results appropriately in a + bi or 


a+ ib form. 
(a) 5 
5=5+0i 

(b) -88 

—88 =-88 + 0i 
(c) -~v-6 

V-6 =—,/-1-6 =—V-1V6 =—iv6 =0-iv6 
(d) 3+V-2 

34+J-2 =3+,/-1-2=34V-1V2 =3+iv2 

(e) 4v-12 


4J-12 =4,/-1-4-3 =4J-1V4 V3 =4i (2) V3 =8iv3 =0+8iv3 
Note the order of the factors in the imaginary part. 


5.23 Perform the indicated operations. 
(a) (2+7iI)+B3+i0 
(2+ 71) + (3+) =(24+3)+(7+ Di=5+8i 
(b) (-2+4i)+(3-3i) 
(2+ 41) + (3 —3i) =(-24+3)4+(4-3)i=141li=14+i 


(c) 7+(4-2i) 
74 (4—-2i) =(74+4)+(-2i)=11-2i 


(d) (2+7iI)-@3+i) 
(2+7i)-3+i)=(2-3)+(7-Di=-1+4+ 6i 


(e) (-2+4i)-@G3-3)i) 
(—2 + 41) — (3 — 31) = (-2 -3) + [4- (3) ] i =-5 +7i 


(f) 7-(4-2i) 
7 - (4-21) =(7-4) + [0- (-2)] i=3 +23 


The results above illustrate we can treat i as a variable and combine like terms when we are either adding 
or subtracting complex numbers. 


5.24 Perform the indicated operations. 
(a) (2+5i) (3+ 2i) 
Use the FLOI rule to distribute. 


(2 + 5i) (3 + 2i) =2 - 3 + (Si) (21) +2 (21) + 3 (51) =6 + 102 + 4i + 157 
=6-10+(44+15)i=—-4 + 19i 


166 CHAPTER 5 Exponents, Roots, and Radicals 


(b) (5-3) 2+) 
Use the FLOI rule to distribute. 


(5 — 31) (2+ i) =5-2 + (-3i)i + 5i + 2(-3i) = 10 - 37 + 5i- 61 = 10-(-3) + (5-6) i= 13 -i 


(c) 3(44+71) 
Think of i as a variable and distribute in the usual manner. 
3(44+ 71) =3-44+3 (7i/) =12421i 


(@) -i(2— 91) 


Distribute in the usual manner. 


i (2 — 91) = -21 + 97? =-21+ 9 (-1) =-9 -2i 


(e) J-3(2-V-2) 


Rewrite /—3 and V—2 first. Then distribute. 


J-3(2 -J-2) = iV3(2-iV2) = 2iV3 -7? V6 = 2iV3 - (-1) V6 
= 2143 + V6 = V6 +2iV3 


G) Gi 
Apply the special product form for the square of a binomial difference. 


(5-i2 =52-2-5i+72=25— 101+ (-1) = 24-10: 


(g) (4+3i) (4-3) 


Use the appropriate special product form. 


(4+ 31) (4-31 = 4 - Bi = 16 —- 97 = 16-9 (-1) = 16+ 9 =25 


Part (g) illustrates a special situation. Note that the product is a real number. The factors are complex 
conjugates of each other. 


5.25 Express the following in a + bi or a+ ib form. 


7-8i 
a 
(a) 3 
7-81 7 
=-—--1 
3 3 
11-20: 
b 
(b) 5 
11-20: = = 
di 11 20 -_ 11 (-4)i= At sg 
5 5 -5 5 
5+ J-2 
(c) - 
2i 
5+J—2 S+iv2 S5+iv2 i_Sit?V2 Si-V2_ 5i V2 
2i 2i 2% i 2i° 2 2 -2 
Si V2 V2 5. 
=—+—= i 


2 2 2 2 


CHAPTER 5 Exponents, Roots, and Radicals 167 


T+i 
(d) — 
—l 
T+i 7+i i Tit@ Ti-1 -147i ; 
=. SS = =-14+7i 
i il i (-1) 1 
4 
ey ws 
ee 
4 4 34i 12447 124+47 12447 12 4. 6 2. 
= . = = = =—+—i=—+—i 
3-i 3-i 34+i 3-7” 9-CD 10 10 10 5 5 
5+2i 
W) 443i 
542i 5+2i 4-31 20-67?-15i+8i 20+6-15i+8i 26-7i 26 7. 
= - = = = = Ll 
44+3i 443i 4-3i 4’ —(3i) 16+9 25 25 25 
6 
(g) —= 
V3 
6 6 6 i_ 6i _ Gi _-6i V3 _-6iV3 _ aiJ3 
V3 iv3) iv3 i ?PV3) V3) V3 V3 3 
(h) 34+ /-25 
5-—-9 


344-25 34+iV25 345i 345i 543i _15+15i? +914 25% 
5-J-9 5-if9 5-31 5-3i 543i 5? —(3i) 


15-15+34i 347 
= =—=i 
25+9 34 
Answers to division problems may be checked by multiplying the quotient by the divisor to compare 
with the dividend. We illustrate the process by checking the answer to solved problem 5.25(f ). We 
5+2i 26 


=—- <- above. The check follows. 
4+3i 25 25 


26 7, ._{ 26 of Sb a 58 26 : She 
(= 75 ‘Jass= (3 ]44(Z ‘\a0+( 2 Jao+( 75 ‘ja 


104. 21., 78, 28, 104+21 78-28. 
= V+ = + 1 


determined that 


2 25 «25, 25. SOS 25 
or 54.57 
25. 25 


The quotient times the divisor does equal the dividend. The check is complete. 


See supplementary problem 5.16 to practice operations on complex numbers. 


SUPPLEMENTARY PROBLEMS 


5.1 Perform the indicated operations and simplify. 


(a) 4° (b) 2-4? (c) 


a3 1_y ay 2 Ree ad 
(e) (2) ©. ine @ le) =e (| o5 
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5.2 Perform the indicated operations and simplify. Assume that no variable is zero. 


(a) 10-52 (b) 4 
2 2 
(c) [sa ea (d) 21432 
(e) n?-n-n Gy OF Per) 
(g) a} (h) (—2s22)? (55-4 By? 
a~b 

2 x : ics a i 

(i) Pare (j) x 


=, 3 2 
bp” 4 8x2 yo 
) (4) ) [25] = =| 


5.3. Express the following in scientific notation. 
(a) 93,000,000 (b) 100,000,000 (c) 0.000034 
(d) 20.005 (e) 0.0007090 (f) 0.008 


5.4 Express the following in standard (decimal) form. 
(a) 5.87x 10° (b) 6.23 x 107+ (c) 7x10’ 
(d) 2.03 x 10° (e) 4x 10° (f) 9.82 x 10° 


5.5. Convert to the appropriate factored form of each number and perform the indicated operations. Express the result in 
standard form. 


700 x 810 is 0.075 x 0.068 560 x 0.0423 
9,000 x 2.8 (®) 0.00034 x 0.0015 ©) 1,410 x 0.080 


5.6 Determine the number of significant digits and the accuracy of the following numbers. 
(a) 1.27x 103 (b) 1.270 x 10° (c) 127,000 (d) 0.0060 
(e) 30,200 (f) 5.001 (g) 4x10°% (h) 90.0 x 10-3 


5.7 Change to radical notation. 
1 2 is 
(a) b? (b) x5 (c) 3y4 
al al 1 
(d) (St) 3 (e) 5f3 (f) (+ w)2 


5.8 Perform the indicated operations and simplify. Assume all variables represent positive-real numbers. 


(a) cc (b) oe (c) a 
B 
ee a 1 3 
a1\° 53 6 
a) (ais?) (e) [2 | | 
y x ys 


(g) b (02 = »*| (h) (.2 _p) (i) (2 ~ay?}(722 + y] 


CHAPTER 5 Exponents, Roots, and Radicals 


5.9 Express in exponential form. 


@@) 7 (b) st 
iO Neale (ec) V9afxy® 


(c) a/b? 


9 
ja+b 


f) 
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5.10 Use the properties of radicals to express the following in simplest radical form. For simplicity, assume all variables 


represent positive numbers. 


(a) 50 (b) 4/250x° 
325 2 500x° 
(d) 3N2a°b? ¥32ab (e) Ay" 
y 
(g) a&(x-y)" (h) ¥se—8 
5.11 Simplify. Assume all radicands are positive numbers. 
7 10V10 
(a) = (b) —z- 
6 V5 
2x 3 
Oa, O) we 
: 6 
© aed0 
5.12 Simplify. Assume radicands are positive numbers. 
(a) 49 (b) {/x°y" 
Vk 
(d) 66 Og 


5.13 Simplify. Assume variables represent positive numbers. 


(a) 5V¥7-2V7 
(c) 7-Yk? +48? -3 


(e) fe +37 
7 
(g) AxyJ45xy® +./5x°y8 


5.14 Simplify. Assume radicands are positive. 


(c) 


(g) 


(b) 
(d) 


f) 


(A) 


(a) V5(3+~2) (b) Wx-Jy)Wvx 


(d) (2V7+3V5\(5—5) (e) (Vva+vby 


5.15 Simplify. Assume radicands are positive. 


V¥27-6 5 

b 
@ 0) eo 
Ca ie 
Tee De 


(c) 


(g) 


(c) ¥243s1r'7 


(d) 


(h) 


‘ 


(c) 64a°b° 


2. 4 
(f) — 


3V6 - (9V6 — 2/6) 
23/32 - 73/108 


2 
a - 
x 
at 22 
3 


Ft 79 


(ce) (V7+V3)\W7-V3) 


(f) @s+ty 


(d) 


(A) 
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5.16 Perform the indicated operations. 


(a) 10+(-3 +41) (b) (—4+4 61) + (5 — 2i) (c) (-3-5i)+3i 

(d) 10-—(-3 +41) (e) (—4+ 61) — (5 -2i) (G) ¢3-5)-3i 

(g) (6—3i) (-2 +1) (h) —5 (3 +2i) (i) (2-6i)7 

VG) (3+7i) G-7i) (k) ~-16 B+V-1) (1) (6+ 2i) 
—10+16i 12-287 

(m) (4+ V—2\-5—V-) (n) " 0) <= 

6 4-31 9 
PY Fa @) 3-9 (r) TS 
2-J-9 4-2i 
(s) 1+ J-16 © i(5 + 27) 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


1 fi 1 
5.1 (a) 16 (b) 3 (c) 27 (d) 10 
-l 3 125 
=! 2 =e hy 
(e) 3 (f) 256 (g) G (h) ie 
2 -1 11 
5.2 (a) 5 (b) Ba (c) 576 (d) 18 
1 1 = 
a —— h 
(ec) n O = Caer sa 
: 3 1 x! 
@) x oo —— 5 O) 
yQy+x") b* Tay" 
5.3 (a) 93x10’ (b) 1x 108 (c) 3.4x 10> 
(d) 2.0005 x 10 (e) 7.090 x 10+ (f) 8x10 
5.4 (a) 587,000 (b) 0.000623 (c) 70,000,000 
(d) 0.00203 (e) 0.000004 (f) 9.82 
5.5 (a) 22.5 (b) 10,000 (c) 0.21 
5.6 (a) 3, nearest ten (b) 4, nearest unit (c) 3, nearest thousand 
(d) 2, nearest ten-thousandth (e) 3, nearest hundred (f) 4, nearest thousandth 
(g) 1, nearest thousandth (h) 3, nearest ten-thousandth 
5.7 (a) vb (o) (Mz) or Ve? () 3(g) or 34> 
1 5 
(d) 1" (e) 7 (f) vi+w 
ae Ss 4 
5.8 (a) c!° (b) x (c) + 
ro 
a BS 
@ = (e) y" CH xy? 


5 9 11 1 


3: 3 1 
(g) b?—b4 (h) s—2s2t? +1 () 7x? +x2y? -14x?y? -2y? 
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5.9 


5.10 


5.11 


5.12 


5.13 


5.14 


5.16 


(a) 
(d) 


(a) 


(d) 


(g) 


(a) 


(d) 


(a) 


(d) 


(g) 


(a) 


(d) 


(a) 


(d) 


52 

24a°b Jb 
(x-yy {xy 
16 


3V7 

-173/4 

13x*y* V5x 

3V5 +V10 

10/7 — 235 + 15/5 -15 


3-2 


2V3 — 10 


x x 


7+4i 
13 —4i 

—94+ 12: 

58 

(-20+ 2V3)- (4/6 +5V2)i 


(b) 
(e) 


(b) 


(e) 


(A) 


(b) 


(e) 


(A) 


(b) 


(A) 


(b) 
(e) 


(b) 


(e) 


(A) 


1 
(st)? 


1 1 
O* Gy")? 


5xi/2x° 


5xV5x 
y 


Cannot be simplified further. 


10V2 

14xy 

Ty 

8 +26 

xa y? 

fk 

4/6 

22J7 

7 

579 

x—fxy 

a+2Jab +b 

-5 (3 +4) 
13 

vi -J2 

4(24/2 +2+2/4) 
(b) 144i 
(e) -9+8i 
(h) -15-10i 
(k) 4+ 12i 
(n) —5+8i 
ene 

53. 53 

(ft) 71816, 


(c) 
Pf) 


(c) 


(f) 


(f) 


(i) 


(c) 
(f) 


(c) 


) 


(c) 
(f) 


(c) 


f) 


2 
ab? 


(a+b)? 


38714 V387t 


3a’? V2 
b 


4434? 


(15 — x) J2x 
5x 


(f) 


—3-2i 
-3 - 81 
642i 

32 + 241 
+7 -3i 


33 


-1 
; or 9(a+b)? 
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CHAPTER 6 


Second-Degree Equations 
and Inequalities 


6.1 Solving by Factoring and Square Root Methods 


A second-degree equation is a polynomial equation of degree two. Second-degree equations in one variable 
are commonly referred to as quadratic equations. The standard form of a quadratic equation is ax? + bx +c =0 
where a > 0. The solutions, roots, or zeros of a quadratic equation are the values of the variable for which the 
equation is true. There are normally two solutions or roots of a quadratic equation, although there occasionally 
is one or no solution to the equation. 

The variable terms may vanish as we solve certain equations. The equation x? + 1 = x? — 2 has no solution, 
since the x? terms vanish if we subtract x? from both sides and obtain 1 = — 2. This statement is a contradiction. 
There is no solution to the equation. 

If a given equation contains a variable in the denominator of a fraction, we multiply by the LCD to clear 
all fractions. The resulting equation may have solutions that do not satisfy the original equation. This situation 
occurs for values of the variable which produce a zero value in the original denominator. Equivalently the LCD 
may contain a factor whose value is zero for a particular value of the variable. Recall that equivalent equations 
are obtained only when we multiply both sides of an equation by a nonzero quantity. The apparent solutions to 
the resulting equation which do not satisfy the original equation are called extraneous roots. We are obligated 
to check for extraneous roots when we multiply by factors which involve a variable. It is part of the solution 
process. 


Factor Method 


The reader should review factoring polynomials in Chapter 2 before continuing. We shall employ the zero factor 
property to solve quadratic equations. 


Zero Factor Property: Ifa-b=0,thena=0orb=0. 


The zero factor property states that if the product of two quantities is zero, then at least one of the quantities 
is zero. 


See solved problem 6.1. 


Square Root Method 


If b = 0 in the quadratic equation ax? + bx + c = 0, the equation becomes ax” + c = 0. Furthermore if c is sub- 
tracted from both sides and both sides are divided by a, then x* = —c/a. Replace —c/a by the single letter d. The 
equation then has the form x* = d. The values of x for which the equation is true are those numbers we can square 
to obtain d. The possibilities are Vd and —J/d. A common way to express Jd and—VJd is +Jd. The results of 
the above discussion are stated in the theorem which follows. 


THEOREM 1. If x? =d, then x=+V4d. The solution set is {tJ }. 
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If the first-degree term is missing in a quadratic equation, we may find the roots by applying the above 
theorem. This technique is referred to as the square root method or simply as the extraction of roots. 

The square root method may also be employed to solve equations which involve a perfect square equaling 
a real number. 


See solved problem 6.2. 


6.2 Completing the Square and the Quadratic Formula 


Quadratic equations are best solved by factoring, but not all quadratic expressions factor. Consider x? + x + 1, for 
example. Additionally, the square root method only works if the equation can be written in the form (ax + k)? = d. 
We now develop a technique that works for all quadratic equations. The process is rather cumbersome, 
although it is important in a variety of applications you may encounter in subsequent courses. The process is 
called completing the square. 
We first observe some useful relationships when a binomial of the form x + k is squared. The result is a 
perfect square trinomial. 


(xt k= x? + 2kx + kK? 
Note the following relationships on the right side of the equation. 


1. The coefficient of the squared term, x’, is one. 
2. The coefficient of the linear term, x, is 2k. 
3. The constant term, k?, is the square of one-half the coefficient of x. 


We shall make use of the above relationships to solve quadratic equations by completing the square. 
Let us first illustrate how to form perfect square trinomials. 


See solved problem 6.3. 


Let us now employ what we have learned and the square root method to solve quadratic equations by 
completing the square. 


Completing the Square 


For this method, we utilize the form (x + &)* = d in order for us to solve by the square root method. Hence, our 
first objective will be to use the skills shown in solved problem 6.3 to write the equation in the appropriate form. 
Our next step is to extract roots as was illustrated in Section 6.1. 


See solved problem 6.4. 
The steps involved in solving a quadratic equation by completing the square are summarized below. 


Isolate the variable terms. 

Make the coefficient of the squared term one if it is other than one. 

Determine the square of one-half the coefficient of the linear term and add to both sides. 
Factor the perfect square trinomial. 

Extract square roots and simplify if necessary. 

Isolate the variable. 


a eS 


State the solution set. A check is recommended. 


Work supplementary problem 6.4 to improve your skills. 

Solving quadratic equations by completing the square is rather laborious. We now make use of the tech- 
nique to develop a more efficient method that reduces some of the effort. The method employs the quadratic 
formula which we now derive. 
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The Quadratic Formula 


The quadratic formula is developed through solving a quadratic equation by completing the square. We begin 
with the standard form of the equation ax? + bx + c= 0. 


1. Isolate the variable terms. ax’? +bx=-c 
2. Divide both sides by a. Cia 
1 ° b? 
3. Determine k? = , =—5 
2\a 4a 
> bd =e bP 
Add to both sides and simplify. x +—x+—- {=—+—, 
a 4a a 4a 
ane 4a, 2D 
a 4a 4a 
7 b’? —4ac 
4a’ 
2 2 
-—4 
4. Factor the left side. xt ae = b — 
2a 4a 
b?-4 b’? —4Aac 
5. Extract square roots and simplify. x+ -+| = a V 
2a 4a 4a’ 
4 b* —4ac 
_ 2a 
= b?-4ac -b+,/b —4ac 
6. Isolate the variable. x= 2 +2. = —_*____. 
2a 2a 2a 


The last equation is called the quadratic formula. We restate the result for reference. 


The Quadratic Formula 


The solutions to ax’ +bx+c=0,a#0, are given by 


_-b+,[b —4ac 


x= 
2a 


The formula expresses the solutions to any quadratic equation which can be written in standard form in terms 
of the coefficients a, b, and c. We merely substitute the appropriate values into the formula and simplify. The 
process may be employed to solve every quadratic equation that can be written in standard form. The formula is 
used often. Learn it and remember it! 

The radicand of the quadratic formula is called the discriminant: D = b? — 4ac. The discriminant will tell you 
how many and what type of solutions a quadratic equation will have, as follows. If D > 0, the equation has 2 real 
solutions; if D = 0, the equation has exactly 1 real solution; and if D < 0, the equation has 2 complex solutions. As 
with completing the square, the discriminant is also useful for purposes other than solving quadratic equations. 


See solved problem 6.5. 
In summary, to solve quadratic equations: 


1. Use the factor method if the expression can be factored rather easily. 

2. Ifthe first-degree term is missing, employ the square root method. 

3. The quadratic formula may be utilized to solve other quadratic equations. It may be employed to solve 
all quadratic equations, although it is less efficient for the types suggested in steps | and 2 above. 

4. Completing the square may be used without exception, although it is the most cumbersome and prone to 
error. Completing the square is an important technique that we need for reasons other than solving equations. 
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Many applications in the real world involve quadratic equations with coefficients other than integers. 
The coefficients are often decimal numerals or irrational numbers. We often employ the quadratic formula and 
a calculator to approximate the solutions in those instances. Work through solved problem 6.6 with your 
calculator to become familiar with the process. 


See solved problem 6.6. 


6.3. Equations Involving Radicals 


If a given equation contains one or more radical expressions, we shall attempt to eliminate the radicals to solve 
the equation. The property which facilitates the process is stated below. 


Property 1. If a=b, then a? =b’. 

Essentially the property says if two expressions are equal, then their squares are equal. The statement can- 
not be reversed, however. That is, the converse is not true. We’ll make use of the fact that the solutions of the 
equation a = b are included in the solutions of a? = b?. The squared version sometimes has solutions which are 
not solutions of the original equation. In other words, squaring both sides of an equation sometimes introduces 
extraneous roots. We are obligated to check for extraneous roots when Property | is used; it is part of the solu- 
tion process. In the following solved problem, we illustrate the procedure. 

See solved problem 6.7. 

Property 1 can be generalized as follows. 

Property 2. If a=b, then a? = b? where p is a rational number. 

In other words, rational powers of equal expressions are equal. If the rational exponent is in reduced form and 
its denominator is even, a check is required as part of the solution process. Extraneous solutions may have been 
introduced. Property 2 is used to solve equations which contain higher order roots, in which we raise both sides 


of the equation to the power of the index of the radical (or to the reciprocal of the power if not in radical form). 


See solved problem 6.8. 


6.4 Quadratic Form Equations 


Some equations can be transformed into a quadratic equation by substitution. We shall let the variable u represent 
an appropriate expression, then substitute and solve an equation of the form au? + bu + c= 0. Once values for u 
are obtained, we will find values for the original variable which satisfy the given equation. Quadratic form equa- 
tions are encountered in equations in which the variable factor in one term is the square of the variable factor in 
another term and no other terms contain variable factors. Watch for this type of equation. 


See solved problem 6.9. 


6.5 Applications 


The procedures suggested in Section 1.7 for translating verbal statements into equations should be reviewed 
at this time. In the current section, the equations obtained will be quadratic. It may be that none, one, or both 
solutions of the equation are meaningful for the physical situation at hand. The solutions obtained to equations 
should always be checked in the original statement. 


See solved problem 6.10. 
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6.6 Graphs of Second-Degree Equations 


The graph of y = ax* + bx +c, a# 0, is a curve called a parabola. Since the curve is not a straight line, we must 
plot more points in order to establish the pattern that is necessary when graphing first-degree equations. The 
shape of a parabola will become apparent as we graph the equations in solved problem 6.11. 


See solved problem 6.11. 


We now discuss how we can determine the more significant parts of the graph. The highest or lowest 
point on the curve can be very important. The highest or lowest point on the curve is called the maximum or 
minimum point, respectively. In solved problem 6.12, we employ the process of completing the square to find 
the maximum or minimum point. The maximum or minimum point on a parabola is called the vertex. Review 
Section 6.2 before proceeding. 


See solved problem 6.12. 


Refer to the expression in solved problem 6.12(a). Think of the general form y = ax? + bx +c. 
For y = x? — 6x + 5, a= 1, b=—-6 and c = 5. The x-coordinate of the minimum point was x = 3. Note that 


—b_ -(-6 
eae ae The y-coordinate of the minimum point was y = —4. Observe that 


4ac—b? | 
2a 2(1) 2 4a 


4(1)(5)-(-6) 20-36-16 
4(1) 4 4 


= —4, Similar results occur if we apply the same procedures to the expression 


in solved problem 6.12(b). The reader should verify the conclusions. In general, 


The maximum or minimum point on the graph of the parabola y = ax” + bx +c is called the vertex. 
The vertex occurs at x =—b/(2a). For the y-coordinate, evaluate y = (4ac — b*)/(4a) or simply evalu- 
ate y = ax? + bx +c for x = —b/(2a). 


The standard form of the parabolic equation is y = ax* + bx +c. An alternate form is the vertex form: 
y=a(x—h) +k where (h, k) is the vertex of the parabola. Note the value of a is the same in both forms. In 
solved problem 6.12, we employed completing the square to convert from the standard to the vertex form. We 
could instead simply apply the formulas for the x- and y-coordinates of the vertex and put them into the vertex 
form of the equation. The advantage of the vertex form is obvious in that the vertex coordinates are already 
part of the equation and don’t have to be found. (To convert from the vertex to the standard form, simplify the 
equation using normal polynomial operations.) 

A line parallel to the y-axis that passes through the vertex divides the parabola into parts that are mirror 
images of each other. This line is called the axis of symmetry of the parabola. The idea of symmetry can be 
employed when graphing the curve. Recall that the y-intercept of a graph is found if we let x = 0 and solve 
for y. Similarly if y = 0, the value(s) of x are the x-intercepts. In solved problem 6.12(a), the y-intercept is 5 and 
the x-intercepts are | and 5. The intercepts of a parabola should usually be found. There are no x-intercepts if 
the parabola opens upward and the vertex is above the x-axis or if the parabola opens downward and the vertex 
is below the x-axis. Sometimes the x-intercepts are irrational and therefore require a calculator to plot. 

The ideas discussed above are summarized below. To graph parabolas with the equation y = ax? + bx +c, 


If a> 0, the parabola opens upward. If a < 0, the parabola opens downward. 
Find the x-coordinate of the vertex. It is given by x = —b/(2a). 

Find the y-coordinate of the vertex. Evaluate y = ax* + bx + c for x = —b/(2a). 
Let x = 0 and evaluate y = ax? + bx + c to determine the y-intercept. 

Let y= 0 and solve y = ax? + bx + c for x to determine the x-intercepts, if any. 


De ie 


Plot the points found and one or two additional points. Use symmetry to complete the graph. 


See solved problem 6.13. 
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If the equation includes a second-degree expression in y, that is, x = ay? + by + c where a 0, the roles of 
x and y are interchanged. The curve is a parabola that opens to the right if a > 0 and the parabola opens to the 
left if a < 0. The vertex has y-coordinate —b/(2a). A line parallel to the x-axis that passes through the vertex is 
the axis of symmetry. The intercepts are found in the usual manner. 

The procedure used to graph a parabola of the form x = ay” + by + c is analogous to the procedure stated 
previously. To plot arbitrary points, pick values for y and solve for x. 


See solved problem 6.14. 


Graphs on the Calculator 


Second-degree equations of the form y = ax” + bx +c, a# 0, can be easily graphed on a graphing calculator. We 
must first determine an appropriate graphing window to display the graph. We know that the vertex occurs at 
x =—b/(2a), so set the range of x values so that —b/(2a) is near the middle of the interval. The appropriate range 
of y values is determined partially by observing whether the parabola opens upward or downward. Enter the 
expression and graph it after the graphing window has been identified. If a parabola isn’t showing in the window 
chosen, zoom out (create a “larger” window) until a parabola is seen. Graphing windows are not unique. Accept- 
able windows may vary slightly from those indicated in the problems which follow in solved problem 6.15. 


See solved problem 6.15. 


The zeros or x-intercepts and the vertex are often very useful in applications. The approximate coordinates 
of these points can be determined using the trace function on your graphing calculator. The calculator displays 
either x-coordinates or y-coordinates (or both) of points on a curve as the cursor is moved along the curve. 

The first steps are to graph the expression and then set the calculator to trace the path. The cursor begins 
at the left of the x-range on many calculators. The zeros occur when y = 0, so set the calculator to display 
the y-coordinates of points and press the direction arrow until y is as close to zero as possible. Move the 
cursor back and forth through zero until you are satisfied the best value has been obtained. Next display the 
x-coordinate of the point and record it. The value obtained is an approximate zero of the expression. Display 
the y-coordinate once more and move the cursor along the parabola until the second zero, if there is one, is 
obtained. 

If not already calculated, the approximate coordinates of the vertex can be obtained similarly. Simply dis- 
play the y-coordinates of points and trace the curve until the maximum or minimum value is obtained. Record 
the y-value, display the corresponding x-value and record it. These recorded values are the approximate coor- 
dinates of the vertex. The results obtained may vary slightly as the graphing window is altered. Remember that 
results obtained using the above technique are approximate. 

The zoom feature on a calculator, if it has one, can be used to improve the approximations discussed above. 
This feature essentially alters the graphing window being utilized. The zoom feature allows us to pull away to 
see more of the graph, or to magnify a part of the graph to obtain more refined estimates of significant coordi- 
nates. It should be employed if a high degree of accuracy is required. 

Many graphing calculators have built-in algorithms that will find the zeros and maximum and minimum 
points easily and quickly. Check your calculator manual to find if, and how, your calculator may do this. 


See solved problem 6.16. 


6.7 Quadratic and Rational Inequalities 


Quadratic Inequalities 


A quadratic inequality of the form ax? + bx + c < 0 with a > 0 is in standard form. (Note that < may be replaced 
by >, S, or 2.) 

In order to solve the inequality x — x — 6 < 0, we must find the values of x for which x* — x — 6 is negative. 
We begin by solving the equation x* — x — 6 = 0. The factor method works well. x7 — x -— 6 = (x + 2) («- 3) =O if 
x=—20rx=3. 
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For x= (-3) (0) (4) 
x+2is - - - +++ +++ 
x-3is === I +++ 
t t t t t t ed 
5 -4 -3 1 0 1 2 4 5 
(x+2)(x-3) is +++ == 5 + ++ 
-2 3 
Figure 6.1 


The value(s) of the variable for which an expression is either zero or is undefined are called the critical 
value(s) for the expression. Thus, —2 and 3 are the critical values for the expression x? — x — 6. 

The inequality x? — x — 6 < 0. can be written as (x + 2) (x— 3) <0. The product of the factors is negative when 
one factor is positive and the other factor is negative. We shall examine the signs of the factors x + 2 and x — 3 
for various arbitrary values in the intervals established by the critical values —2 and 3. 

We illustrate the relevant information in Figure 6.1. We call the figure shown in Figure 6.1 a sign diagram. 
The signs of the factors and their product for various values of x in the intervals formed by graphing the critical 
values on a number line are shown. The value for x (test value) used in a given interval is arbitrary. (Choose 
an integer value to test in general.) We also note that a factor has the same sign for all values of the variable in 
a particular interval. We can determine the solution set by reading the results indicated from the sign diagram. 

In our illustration it is apparent that x? — x — 6 < 0 for all x in the interval (—2, 3). An alternate method is to 
simply check if the test values satisfy the original inequality. —3 and 4 do not, while 0 does for this inequality. 
The solution is the interval or intervals of the test value(s) that satisfy the inequality. 

We now summarize the procedure employed above. 


Procedure for Solving Quadratic Inequalities 


1. Write the inequality in standard form. 
2. Find the critical values by forming a quadratic equation of the form ax” + bx + c = 0. Solve by factor- 
ing or use the quadratic formula. 


3. Construct a sign diagram for the factors by choosing arbitrary test values for the variable in the inter- 
vals determined by the critical values. Find the signs of the factors and their product in each interval. 
Alternatively, instead of the sign diagram, you can simply choose a test value out of each region 
for which the critical values break the number line. If the test value satisfies the inequality, then the 
interval it’s in is a solution; if not, then the interval isn’t a solution. 


4. Identify and record the solution set for the inequality. 


See solved problem 6.17. 


Rational Inequalities 


We can employ the same method to solve rational inequalities. The inequality must be written in the form 
P (x)/Q (x) < 0 to apply the method. (The < symbol may be replaced by >, <, or 2.) 


See solved problem 6.18. 


General Inequalities 


After the inequality is in standard form and fully factored, the power of the factor which generates a critical 
value determines the solution behavior for the interval on either side of it. An odd power indicates inclusion 
of exactly one of the two intervals, while an even power indicates inclusion of both or neither of the intervals. 


See solved problem 6.19. 
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SOLVED PROBLEMS 


6.1 Solve the following quadratic equations by the factor method. Check your answers. 
(a) x*+x-12=0 


Factor the quadratic expression and apply the zero factor property: x? + x — 12 = (x + 4) (x — 3). Now solve 
the resulting linear equations. 


4=0 or x-3=0 

x=-4 x=3 
Check: x=-—4; x? +x-12=0) x=3; x +x-12=0 
(-4)° +(-4)-1220 (3)? +(3)-1220 
16-—4-12=0 9+3-12=0 


The solution set is {—4, 3}. 


(b) #+15t-100=0 
Follow the procedure used in part (a). ? + 15t— 100 = (t + 20) (t— 5). 


t+20=0 or t-—5=0 
t =-20 t=5 
Check : 
t=—20; t? +15t-100=0 | t=5; t? +15t-100=0 
(—20)° +15(—20) -1002 0 (5)° +15(5)— 1002 0 
400 — 300-100 = 0 25+75-100=0 


The solution set is {—20, 5}. 


(c) w*-2w+1=0 


w-2w+1l=(w-l(w-1)) 


w-1=0 or w-1=0 


Check: w=1;w?-2w+1=0 
12?-2(11)+120 
1-2+1=0 


The equation has only one solution, since the expression has only one factor. The solution set is {1}. Note 
the factor w — | occurs twice; hence, 1 is called a double root or a root of multiplicity two. 


(d) (2r+7) 3r—8)=0 


Apply the zero factor property immediately. 


2r+7=0 or 3r—-8=0 
2r==7 3r=8 
“7 8 
r=— r= — 
2 3 
Check : 
7 8 
are (2r+7) (3r—8)=0 = (2r+7) 3r—8)=0 
(+) ][{2 s|eo (2 }+7]]{2)-s]=0 
2 2 3 3 
—21 j 16 2 
-7+7]|—-8]2 — —8]= 
[-7+ [2 s 0 [e+7]t 8] =0 
of =24-8]-0 |8+7]o=0 
2 3 


The solution set is {> st. 
2 3 
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(e) 4y? + 2y=0 


Ay’ +2y=2y(2y4+1) 


2y=0 or 2y+1=0 
0 
a y 
-1 
y=0 a 
Check : 
-1 
y=0; 4y’ +2y=0 yaa dy’ +2y=0 
1) 1 
4(0)° +2(0)2 0 4, — | +2} — |+0 
(0) +2(0) [= [= 
0+0=0 4} + |+42|— |20 
4 2 
1-1=0 


The solution set is {0. =I. 


(f) 2p (p—3)=Sp*-7Tp 


Distribute and write the equation in standard form first. Then factor. 
2p’ -6p=5p —Tp 
0=3p" - p=p(3p-l) 


p=0 or 3p—-1=0 
3p=1 
1 
p=~ 
Check : 
p=0; 2p’ -6p=5p’—Tp pa 2p’ -6p=5p’—Tp 


2 2 
1 1 1 1 
2(0)° —6(0) 2 5(0)? —7(0 2 6 25 7 
(0)° — 6(0) 2 5(0)" —7(0) [=| (=| (=| (=| 
0-020-0 [5] 2254 
9 9} 3 


0=0 ce sae 
9 9 9 9 


The solution set is {0. 5} 


2 3 
(g) Stl== 
Xx Xx 


Multiply both sides by the LCD to clear fractions. Then write the equation in standard form and solve. 


ae 


24x? =3x 
x? —-3x+2=0 
(x-1(x-2)=0 
x-1=0 or x-2=0 
x=2 


Check for extraneous solutions. 


x=1 
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Check : 
x=1; = jae x=2; a 
x x x 
2 3 2. 
+125 —+t1 
ily 1 2. 
24123 2 4 
4 
3=3 2 
2 


The solution set is {1, 2}. 


ae es 
t'-—9 


(A) a 


Ile Ix ll 
NIW plow wplw &|w 
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Follow the procedure employed in part (g): f — 9 = (t+ 3) (t— 3) =LCD. 


5 ee 
t-—3 


r—9 


5 30 
(t+ 3) (¢ 9) 5 afore 5) 2°] 


5(t+ 3) — 2(t +3) (t—3) =30 
5¢+15-—2(1° —9)=30 
5t+15—2r° +18 =30 


We must check for extraneous solutions. 


Check : 
-l 5 30 
t=—; = 

2 t-3 r-9 
= a2 30 
3 any ~9 

2 
(5) 2 (30) 4 


10, 120 
al=6" 1236 
-10 14, 120 
a es 
A A 
Fe 


or 


0=2r —5t-3 
0=(2t+1) (t-3) 


t-3=0 
t=3 


ss 22 3 is undefined. 


0 


; : . : f=l ; : : 
t = 3 is not a solution. The solution set is {s} -t=3 is an extraneous root. There is only one solution. 


We can check our possible solutions by the calculator using the method we employed for solved problem 4.4(e) 


as shown below for solved problem 6.1(/): 
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Calculator check for ee 2= = : 
t= = (-) || 1 | = |] 2 |) stom | Alpha || ¢ 
5] =i c}e)}—13 1) -| 2 | = |= Result: -3.42857 
30 } +] che * | 24 —] 9 |) |] = |= Result: -3.42857 


: -l1. : 
The results are the same for both sides so > is a true solution. Whereas 


t=3: 


3 || stom || Alpha | ¢ 


Stel Ciel —| 34) | —| 2 | = |= Result: undef 


30 } = Chey * 2) -—] 9 |) | = |= Result: undef 


Since the result for either side was undefined (both sides in this case), 3 is not a solution. It was extraneous. 
(3 would have also been extraneous if the results for the two sides would have simply been different numbers.) 


Practice solving quadratic equations using the factor method by working supplementary problem 6.1. 


6.2 Use the square root method to solve the following. 
(a) x*-49=0 


Solve for x? and extract roots. 


x?-49=0 
x? = 49 
x=t/49 =47 
The solution set is {+7}. The results may be checked mentally. 
(b) y?+20=0 
y?+20=0 
y? =-20 


y=tV-20 =4J-1-4-5=42i/5 


The solution set is {+ 2/5}. 


(c) 5t+1=37 5° +1 = 37 
5t = 36 

r= 36 

5 


36, V36_, 6 _, 6 V5_, 65 
5 V5 JS V5 V5 5 


oi] 


The solution set is {308 F 


(d) Qw-3)?=7 


(2w-3) =7 
2w-3 =+V7 
2w = 347 
+J7 34/7 3-V7 
w = ———; thatis,w= or w= 
2 2 2 


+V7 
The solution set is aul 
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6.3 


(e) (5x+1)?+13=0 


(5x1)? +13=0 


(5x +1)? =-13 
5x+1=+J-13 =+iV13 

5x=-1+iV13 
-1+iV13 
x = —_—. 

5 

-14+iv13 
Check : ye (5x+1)? +13=0 


2 
Ae 
se | +1320 


[-1+iV13 +1]? +1320 
[ivi3] +1320 
i? (J13)* +1320 


Ade13=6 
42/3 
ye, (5x41)? +13=0 
72 
ee 
28 |. 41320 


[-1-ivi3 +1] +1320 
|-wia| +1320 


(-i (V13)Y +1320 
-1-13+13=0 


“NB 
—r. 


The solution set is | 


See supplementary problem 6.2 for similar exercises. 
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Determine the number k such that if k? is added to the given expression, the result is a perfect square 


trinomial. Write the result as the square of a binomial. 


(a) x°+8x 
The coefficient of x is 8 = 2k, sok= : =4. Addk’? =47 = 16. 
4+ 8x44 =x + 8x4 16=(44+ 4) 
(b) x*-8x 
The coefficient of x is -8 = 2k, so k= = =-4. Add k? = (-4)* = 16. 
x? — 8x + (-4)? =x? — 8x + 16 = (x — 4)? 
(c) P+ 20t 


The coefficient of t is 20 = 2k, so k =? 10. Add k? = 107 = 100. 


7 + 20+ 10? = 2? + 201 + 100 = (t + 10)” 
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6.4 
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(d) w?-11w 


2 
The coefficient of w is —11=2k, sok=—. Add k? (4) = 


121 


2 2 
w?—llwt aL =w iiwet w se 
2 4 2 


See supplementary problem 6.3. 


Solve by completing the square. 
(a) x*+10x-3=0 
Add 3 to both sides. 
Determine k = a =5 
Square k = k? = 57 = 25 
Add k? = 25 to both sides. 
Factor the left side. 
Take square roots and simplify. 
Solve for x. 


The solution set is {-5 +27}. 
(b) ?-7t+2=0 


Subtract 2 from both sides. 


Determine k = — 


2 
Square k=k? = asl = 
2 4 


Add ” to both sides. 
Factor the left side. 
Take square roots and simplify. 


Solve for tf. 


T+ V41 
The solution set is | a) 


(c) 6y’-3y=4 


The coefficient of y” is not one, so begin by 


dividing both sides by six. Then proceed as 


in parts (a) and (b). 


Determine k = ’ = = = 
2 4 


2 
a) 1 
4 16 


Therefore, k? = 


2+ 10x=3 


x? + 10x+25=3425 

(x +5)? =28 

x+5=4/28 =4J4-7=+2V7 
x=—-5t42V7 


t—Tt=-2 
-8 +49 
ie =.34 _ 41 
4 4 4 4 
a) ad 
t-—-— = 
2 4 
pte SELMAN, VAI 
2 4 Ja 2 
pa NEL _TtN4I 
!) 2 
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x, 1 2 138 
+= +—= 
2 16 3 16 48 


Add as to both sides. 
16 


Factor the left side. yr ey eee 
4 48 
Take square roots and simplify. a | 35 _ N35 v35 
4 48 V48 16-3 
_, WB _ vB 
~ VI6 V3 4y3 


_1,v35_1, 35 v3 
4°4/3 4 4/3 VB 
1, Vi05 _ 34-105 
4” 12 12 


Solve for y. 


3+ J105 
12 , 


The solution set is | 


6.5 Use the quadratic formula to solve the following. 
(a) x2-3x+1=0 


The equation is in the appropriate form. Therefore, the coefficients can readily be identified: a = 1, b=-3, 
and c = 1. Substitute the values into the formula and simplify. 


b+,/b 4ac _ (-3)£,/(-39 4(I) (1) 3+ 9-4 345 


2a 2(1) 2 3 


3 
The solution set is | 


(b) 3x°+4x-5=0 


The equation is in the appropriate form. Therefore, the coefficients can readily be identified; a = 3, b=4, 
and c =—5. Substitute the values into the formula and simplify. 


_-b+/b° 4ac_—4 4+,/4 4(3)(-5)_ -4+ J16+60 _ 4476 
2a 


2(3) were 6 
44419 44 J4J19 -442V19 _2(-24V19) -2+ 19 
6 6 6 2-3 3 
2+ 
The solution set is {288} 
(c) 3P =t-2 


We must first write the equation in the standard form 37 — t+ 2=0. Now a=3, b=~-1, and c =2. Substi- 
tute into the formula and simplify. 


-b+,b’-4ac 14/1) -4@)@2) 141-24 14/23 _14iv23 
2a 2(3) 6 6 6 


x= 


ei 
I. 


The solution set is | 


(d) w7+3=-8w 


Proceed as in part (c). The standard form is w? + 8w +3 =0.a=1, b=8, and c= 3. 
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-b+,/b°-4ac -8+.,/8? —4(1) (3) -8+./64-12 -g+/-52 -8+./4-13 
pon v 7 j (1) 3) _ ve _ = af 
a 


2(1) 2 2 


_-84V4VI3_-842V13 _ 2(-4+13) 
2 D 2 


=-4+/13 


The solution set is {4 + J13}. 
Work supplementary problem 6.5 for practice. 


6.6 Use your calculator to solve the following. Verify the intermediate values. 
(a) 2.36x*+ 4.02x + 1.18=0 
Use the quadratic formula; a = 2.36, b = 4.02, and c = 1.18. 


-b+,/b?-4ac -4.02+4 4.02” — 4(2.36) (1.18) 


x= 


2a 2(2.36) 
_ 4.022, [16.1604 — 11.1392 _ —4.024-V5.0212 _ —4.02+2.2408 
4.7200 4.7200 4.7200 
—4.02+ 2.2408 — 
x= : Se = — 0.3769 = —0.38 or 
4.7200 4.7200 
—4.02—2.2408 —6.2608 
x= = =—1.3264 =—-1.33 
4.7200 4.7200 


The solution set accurate to two decimal places is {—0.38, —1.33}. 


(b) 1.18x? —2.35x+4.03=0 
a=1.18, b=—2.35, and c = 4.03 


b+ b> —4ac —(-2.35)+ (2.35) —4(1.18) (4.03) 2.354 ,/5.5225 —19.0216 


x= 


2a 2(1.18) 2.3600 
_ 2.35£V-13.4991 — 2.35+iV13.4991  2.3543.674 li 
2.3600 2.3600 2.3600 


x = 0.9958 +1.5568i = 1.00 +1.56i 
The solution set is {1.00 +1.567}. 


You were asked to verify the intermediate values in the above problems. Refer to your owner’s manual if 
the values obtained by you were different. Normally it is unnecessary to record the intermediate values in the 
calculations. They were included for your reference. 


The given equations contained coefficients accurate to two decimal places. The answers given are 
approximate because of round-off, and should be expressed accurate to two decimal places also. 
In order to accomplish two-decimal-place accuracy, the intermediate values are given to four-decimal- 
place accuracy. 


Try supplementary problem 6.6 for additional drill. 


6.7 Solve the following. Check for extraneous roots. 


(a) V3x =9 
Apply Property 1 and solve the resulting equation. 
V3x =9 
(v3x) =9° 
3x=81 
x= oe =27 


3 
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Check: 
x=21; V3x =9 
fa 29 
V8129 
9=9 
The solution set is {27}. 
(b) V-5x =-15 


Apply Property 1 and solve the resulting equation. 


(J-5x)° =C15)° 


—5x=225 
Se 48 
—5 
Check: 
x=—45; V¥-5x =-15 
.{-5(—-45) = -15 
2252-15 
154-15 


The solution set is { } = @. There is no solution. 


(c) V2t+1=5 


Apply Property 1 and solve. 
2t+1=5 


(Jz) =5 
2t+1=25 
2t=24 


Check : 
$12; Jf2t+1=5 

(202125 

244125 
BS) 

5 


252 
5 = 
The solution set is {12}. 


(d) (x—-10)? =7 


Recall that the one-half power of an expression represents the square root of the expression. Apply 


Property 1 and solve. 
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Check : 
x=59; (x-10) =7 
(59-10) 27 
(49)° 2 
7=7 
The solution set is {59}. 


(e) 4/2y-5-3=2 


Isolate the radical term, then apply Property 1 and solve. 


4,/2y-5-3=2 
4,J2y—-5=5 
(42-5) =5° 
16(2y—5)=25 
32y-80=25 
32y=105 


Check : 


The solution set is {+I. 
32 


(f) V3k-V4k—5=0 


Solution 1: Proceed as before. 


V3k — J/4k—5 =0 


(V3k — /4k—5) =0° 
3k — 23k /4k—5+4k-5=0 


Radicals remain, what now? Try a different approach. 
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Solution 2: 


V3k —V4k—5 =0 
Add V4k —5 to both sides to obtain 
V3k =J4k—5 
Now apply Property | and solve. 
V3k =,/4k—5 
(3k) =( JHE=3) 
3k=4k—-5 
5=k 
Check: 
a5; V3k — /4k-5 =0 
3(5) —./4(5)-5 2 0 
VI5- 20-520 
V15-V1520 
0=0 
The solution set is {5}. 


(g) V2t+9-t=3 


Isolate the radical term, then square and solve. 


Jf2t+9-1=3 
Jf2t+9 =t+3 
((2r+9) =0+43) 
2+9=0 +649 
O=t +4t 
O=r(t+4) 


t=0 or t+4=0 


t=-4 
Check: 
t=0; +9-1=3 | t=-4; J2t+9-1=3 
J2(0)+9-023] f2(-4)+9-(-4)23 
V9-023 J-8+9+423 
3-023 V1+423 
a= 14423 
543 


t =—4 is an extraneous root. The solution set is {0}. 
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(h) YwtV¥w+2 =2 


Apply Property 1 twice, isolating the radical each time. 


(Yw2) =(4-) 
w+2=16-8w+w 
0=14-9w+w? 
0=(w-—7)(w-2) 


w-7=0 or w-2=0 
w=7 w=2 
Check: 

w=7,; wt.Jwt+2 =2 | w=2; wt.Jw+2 =2 
7+ 474222 2+,/2+222 
7+V9 22 Ot, 2 
74322 J2+222 
10 #2 V422 
2=2 


w =7 is an extraneous root. The solution set is {2}. 


(i) V¥x+3=34+V2-x 


Apply Property 1 twice. 


x+3=34+/2-x 
(Jx+3) =(3+./2—x) 
x+3=94+6/2-—x+2-x=11-x+6,/2-x 
2x -8=6,/2-—x 
(2x-8)' =(6/2—x), 
4x? —32x+64=72-36x 
4x* +4x-8=0 
4(x+2)(x-1)=0 


x+2=0 or x-1=0 
ya =2. x=1 


Check: 


x=-2; JX+3=34+2-x | x=1; Jx+3=3+ 2-x 
(—2)+3 2 3+,/2—(-2) J@)+323+,/2-@) 


145 244 


x =—2 and x =1 are extraneous roots. The solution set is { }=@. There is no solution. 
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Reflect on the procedure used in the above problems. Property | was applied in each case after a radical 
term was isolated. The result was then an equation we could solve. The squaring step sometimes introduces 
extraneous solutions. We must check all potential solutions in the original equation prior to specifying the 
solution set. 


Improve your skills by working supplementary problem 6.7. 


6.8 Solve. Remember to check for extraneous roots. 


(a) ¥t=4 
Apply Property 2. Cubing undoes cube root. 
Vt=4 
(iy =# 
t=64 
Check: 
t=64; ¥r=4 
V6424 
4=4 


The solution set is {64}. 


(b) 4—-x=-2 


Proceed as in part (a). 


Check: 
x=12; f4—x=-2 
4-122 V8 
J-82-2 


-~2=-2 


The solution set is {12}. 


() (t5)'=-1 
The one-fourth power represents the fourth root of the expression. Apply Property 2. 


1 
(y+5)4=-1 
1 4 
l(y+3yF =(-1)* 
yt+5=1 
=-4 
Check: 
1 
y=-4; (y+5)4=-1 
(445) 2=1 
1 
(yt 2-1 
14-1 


y =—4 is an extraneous solution. There is no solution. The solution set is { } =@. 
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(d) Yw-3+7=10 


Isolate the radical term first. 


4fw=3 +7=10 
4lw—3 =3 
(yr=3)' = 
w-3=81 
w=84 


Check: 
w=84, 4fw-3+7=10 
4[84-3+72 10 
481+72 10 
3+7210 
10=10 
The solution set is {84}. 
=) 
(ey 1° =5 


The variable f will be isolated if we raise both sides to the —3 power. 


-1\3 
(:3) =5° 
_1_ it 
“S198 
Check: 
fobs fF a5 
125 


125325 
5=5 
The solution set is {—. 
125 
3 
(f) p?+20=12 
3 
p? +20=12 
3 
pr =-8 
2 
3\3 2 
(pi =(-8)3 
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Check: 
p=t p +20=12 
(4): +202 12 
(v4) +202 12 
2°+20212 


8+20212 
28412 


3 
5 : : 2 
Isolate p? and then raise each side to the 5 power. 


p = 4 is an extraneous root. There is no solution. The solution set is { } = @. 


(g) ¥zt+44+5=6 


Isolate the radical term first. 


yz+4+5=6 


Yzt+4=1 


(ray =r 


zt+4=1 


Check: 


z=-3;  Yfz+44+5=6 
13444526 
Yi+526 
1+526 
6=6 
The solution set is {-3}. 


See supplementary problem 6.8 for similar problems. 


6.9 Solve. Check for extraneous roots when necessary. 
(a) yt-9y+20=0 
Since y* is the square of y’, let u = y’ so that uv? = y*. Now substitute to obtain 


w—9u+20 = 0 


(u—5)(u-4) = 0 
u=5 or u=4 
Since u = y’, 
y=5 or y=4 
y=tV5 y=i2d 


The solution set is {+/5, +2}. 
(b) 1§+15=8fF 


1° =(P) so let u=P, so that u? = ¢°. Now substitute and rearrange. 


w—8u+15 = 0 

(u-3)(@-5) =0 

w=3 or u=5 
Since u = 1°, 

P=3 or P=5 

t=33 t= V5 


The solution set is BB : 3/5 }. 
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(c) x+13x?+36=0 
1\2 1 
rel.) so if u=x2, thenu? =x. 
u’ +13u+36=0 
(u+9)(u+4)=0 


u=-9 or u=-4 
i 
Since u=x?, 
L i 
x? =-9 or x?=-4 
x=81 x=16 
A check is mandatory this time. 
Check: 
Re ES 
x=81 x+13x?+36=0 | x=16; x+13x? +36=0 
1 1 
81+13(8)? +3620 16+13(16)? +362 0 
81+13(9) +3620 16+13(4)+3620 
23440 10440 


Both potential solutions are extraneous. There is no solution. The solution set is { } = @. 


(d) 2w++5w?-12=0 
Let u=w’, then u? =w’. 
2u’ + 5u—12=0 
(2u—3) (ut+ 4)=0 


or u=—4 


or w =-4 


Ba 6 
7 +f “Be 2 


The solution set is [8 sak af 
2 1 


(e) s3—2s3-8=0 


1 2 
1 ae 
Let u=s?,thenu’ =s?. 


u=4 or u=—2 
1 
Since u=s3, 
1 1 
p=4 or yi =-2 
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A check is required. 


2 1 2 1 
s = 64; s} —2s3 -8=0 | s=-8; s3 — 253 -8=0 
2 an 2 a 
643 — 2(64)3 -820 (-8)3 — 2(-8)3 -820 
1 1 [ al 1 
(643) — 2(64)? -820 (-8)3 2(-8)3 -820 
4’ —2(4)-820 (-2)’ —2(-2)-820 
16-8-820 4+4-820 
0=0 0=0 
The solution set is {—8, 64}. 
(f) x?-x!-20=0 
Letu=x", then uw? =x~. 
uw —u—20=0 
(u+4)(u—5)=0 
u=—-4 or u=5 
Since u=x", 
x'=-4 or x'=5 
-l 1 
x=— x=- 
4 5 
The solution set is {> =}. 
4 5 
2 a 
(g) 20°+7t°=—3 
1 2 
Let u=?°, thenu’? =f. 
2u°+7u=-3 
Qu? +7u+3=0 
(2u+1)(u+3)=0 
oe or u=-3 
2 
1 
Since u=t°, 
1 i 
fs or p=-3 
2 
ears 
(3) oo t=(-3)° =— 243 
A check is a good idea here. 
| ee : 7 i 
t=—; 2t°+7t° =-3 | t=-243; 2t° +7 =-3 
32 
2 1 
=4i- 5: -1 \5 7 2 
2)— | +7/—| +-3 2(—243)° + 7(-243)5 2-3 
32 32 
‘Ws 1 . 
_1\ 1. [ | 1 
2 ag was 2-3 2L(-243)° | + 7(-243)° 2-3 
=] +7 ie ee 2(-3)? + 7(-3) 2-3 
2 2) ~ 
1 7, 
2} — |--=2-3 2(9)- 212-3 
4 2 
Pod ao 18-212-3 
2 2 
-3=-3 -3=-3 


The solution set is {= - 243}. 
32 
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6 
(h) 3Br—2+5=——— 
3/3r—-—2 
First clear the fraction, then apply the above process. 


6 
r—2+5=- 


3r—2 


33r—2 (33r—2 +5) =3/3r 2 es) 
(33r—2) +5 3r—2=6 


Let u=3/3r 2, then uv? =(33r-2) 
(s3r—2) +5 33r—-2=6 
w+5u=6 
uw +5u—6=0 
(u+6)(u-l)=0 


u=—6 or u=1 

Since u = 3/3r —2, 
3Br—2=-6 or 3Br—2=1 
(33r—2) =(-6y (33r—2) =1 


3r —2=-216 3r—-2=1 
—216+2 -214 1+2 
r= = r=—=]1 
3 3 3 
A check is necessary. 
—214 6 


214 2 6 2 6 
3 2+5= 3/3 (1I)-2+5= ——__ 
3 es | = 3/3 (1)-2 


The solution set is — : i} 


Practice solving quadratic form equations by working supplementary problem 6.9. 


6.10 Solve. State the answer in complete sentence form. A calculator is helpful in many instances. 


(a) The distance d in feet that an object falls in ¢ seconds is approximated by the formula d= 16?. 
How many seconds elapse if an object falls 2,700 feet? 


d= 16t? so solve 2,700 = 167? for t. 


2,700 = 162? 
2,700 _ 2 
16 


Disregard the negative solution, as it is meaningless. 
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Check: 
t=13; d=16t 
2,700 = 16(13)” =2,704 
2,700 ~ 2,704 


Approximately 13 seconds elapse as an object falls 2,700 feet. 


(b) The area of a circle is given by the formula A = zr’. Find the radius r of a circular region with area 
1,385 square feet. 


A =r’ so solve 1,385 = mr? for r. Divide by z, then extract square roots. 


1,385=ar° 
> _ 1,385 
~ TU 
pot = ~+/4408501 ~+21 


The negative solution is meaningless. 
Check: 
r=21; A=ar 
= 1 (21)? = 1,385.44 = 1,385 


The radius of the circular region is approximately 21 feet. 


(c) The volume V of a cylindrical container is determined by V= rh, where r is the radius and h is 
the height of the cylinder. Five cubic feet of planting mix are used to fill a cylindrical planter 18 
inches in height. What is the radius of the container? 


Isolate r? and extract square roots. The height must be expressed in feet since the volume is given in cubic 
feet. Eighteen inches is = =1.5 feet. V= mr’h or 5 = mr’ (1.5) so 
po 2710610 
7 (1.5) 


r=+-+¥1.0610 =+1.03 


The negative solution is not applicable. 
Check: 
r= 1.03; V=arh 
= 7 (1.03)? (1.5) = 4.999 = 5 
The container has a radius of approximately 1.03 feet. 


(d) The Pythagorean Theorem states that the sum of the squares of the lengths of the legs, a and b, ina 
right triangle is equal to the square of the length of the hypotenuse c. That is, a” + b? = c?. Find the 
length of a leg of a right triangle with hypotenuse c = 26 cm and leg a = 24 cm in length. 


Suppose b is the length in cm of the unknown leg. Then 


24? + b? = 267 
b? = 267 — 24? = 676 — 576 = 100 
b=+,100 = +10 
Reject the negative root since lengths are positive. 
Check: 
b=10; C+hP=c? 


24? + 10° = 576 + 100 = 676 = 26° 


The unknown leg is 10 cm in length. 
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(e) 


) 


(g) 
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The converse of the Pythagorean Theorem can be employed to construct a right angle. The con- 
verse states that if a2 + b* = c?, where a, b, and c are the lengths of the sides, then the triangle is a 
right triangle. A right angle is formed by the two shorter sides of the triangle. Find the appropriate 
length of the longest side of a triangle whose shorter sides are 9 and 12 feet in length in order for 
the shorter sides to form a right angle. 


We must determine the length c when a = 9 and b = 12. We know a? + b* = c’, so substitute and solve for c. 


c2=92 + 127=81 +4 144=225 


eat 225 =215 
Disregard the negative root. 
Check: 

c=15; C+bhP=cC 


9° + 12? 2 15? 
81+ 144 2 225 
225 = 225 
The shorter sides form a right angle if the longest side is 15 feet in length. 


The height h in feet of a baseball above the ground ¢ seconds after it is thrown upward is given by 
h=-16f + 80r + 5. How long after it is thrown does the ball strike the ground? 


The ball strikes the ground when the height / = 0. Use the quadratic formula to solve 0 = —167 + 80 + 5 or 
161? — 80t -— 5 =0 for t. 


_ bt yb —4ac 


t 


2a 
(80) + .j(-80)’ —4(16)(-5) _ 80+. /6,400 +320 
2(16) 32 
_ 80+ 6,720 _ 8081.98 
32 32 

es — _ 161.98 _ 5.06 
The other root is meaningless since it is negative. 
Check: 

t= 5.06; 0=-167 + 80r+5 


0 =—16(5.06)" + 80(5.06) + 5 = 0.1424 = 0 


The expression differs from 0 slightly because of round-off. The ball strikes the ground approximately 
5 seconds after it is thrown upward. 


Find the dimensions of a rectangle whose area is 1,568 m7? if the length is twice its width. The area 
of a rectangle is A = lw. 


Let w be the width of the rectangle in meters. The length is then 2w meters. Therefore, solve 


1,568 = (2w)w = 2w? 


784 = w? 
w= +784 = +28 
Disregard the negative solution. If w = 28, / = 2w = 2(28) = 56. 
Check: 
w = 28; A=lw 
1=56; = 56(28) = 1,568 


The dimensions are / = 56 m and w = 28 m. 
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(h) An airplane requires 4 hrs, 45 min to complete a round trip of 1,100 miles each way. The plane had 
an 80 mph tailwind going and a 70 mph headwind on the return trip. Find the speed of the plane in 
still air. 

Let s be the speed in mph of the plane in still air. The rate the plane travels with an 80 mph tailwind is then 
s + 80 mph. The rate the plane travels with a 70 mph headwind is s — 70 mph. This is a distance, rate, time 
problem. The quantities are related by the formula d = rt. We need the equivalent form ¢ = d/r. We summarize 


the above information in the table below. 


din miles rinmph tin hr 

Going 1,100 s+80 ain) 
s+80 

Returning 1,100 s—70 ae 
s—70 


The equation which relates the known and unknown quantities can be formed by relating the times 


involved. 


Total time = time going + time returning 


The times must be expressed in the same units in the equation. We choose hours since we desire the speed 


of the plane in miles per hour. 


; 45 3 
4 hr 45 min = : + A i =4 ri hr =4.75 hr. Write the equation and solve for s. 


1,100 , 1,100 
s+80 s—70 
4.75(s +80) (s — 70) =1, 100(s — 70) +1, 100(s +80) 
4.75(s* +10s—5, 600) =1, 100s — 77, 000 +1, 100s + 88, 000 
4.75s° +47.5s — 26, 600 = 2, 200s +11, 000 
4.75s* — 2, 152.5s —37, 600 =0 


4.75 = 


Use the quadratic formula. 
-b+,|b? -4ac 
2a 
_~(-2,152.5) +,|(-2, 152.5)’ —4(4.75) (-37, 600) 
2(4.75) 
_ 2,152.5+.)5, 347,656.25 2,152.52, 312.5 


9.5 9.5 
2,152.54+2,312.5 4,465 
s= = 
9.5 9.5 


s= 


=470 mph 


s is negative if we evaluate (2,152.5 — 2,312.5)/9.5. Speed is not negative, so disregard the negative root. 
Check: 


1,100 | 1,100 
s+80 s-—70 
_ 1,100 1,100 _ 1,100 , 1,100 
470480 470-70 550 400 
=2+2.75=4.75 


s=470; 4.75= 


The speed of the plane in still air is 470 mph. 


Refer to supplementary problem 6.10 for similar applications. 
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6.11 Graph the following. 
(a) y=x* 


We begin by choosing arbitrary values for x and determine the corresponding y values. Make a table of 
values. Plot the points and connect them with a smooth curve. 


Figure 6.2 


(b) y=x?+2 


Proceed as in part (a). 


Figure 6.3 


(c) y=-°4+3=3-x% 


Proceed as in part (a). 


Figure 6.4 
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(d) y=-2x 


Proceed as in part (a). 


Figure 6.5 


Observe that the parabola opens upward when a, the coefficient of x, is positive. The parabola opens 
downward when a is negative. We can therefore predict the direction the parabola opens merely by observing 
the sign of the coefficient of the x* term. 


6.12 Find the maximum or minimum point and graph the expression. 
(a) y=x*-6x4+5 


Make the expression on the right involve the square of a binomial. 


Group the terms involving x. y = (x? — 6x) +5 
Add and subtract [4(-6)} =[-3) =9. y=(?-6x+9)+5-9 
Rewrite. y=(x-3)-4 


The parabola opens upward since a = 1 > 0. The smallest value the right side can have occurs when x = 3. 
The value of x which makes the expression in parentheses zero is the x-coordinate of the minimum point. 
Choose x’s equidistant from 3 and evaluate to find additional points on the curve. Plot the points and draw a 
smooth curve through them. 


Figure 6.6 
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(b) y=-x°-4x+1 


Group the terms involving x. y=(-x? -4x) +1 
Factor out —1 from the group. y=-(?4+4x) +1 
Add and subtract Is (4)? =4. y=-(?+4x+4)4+144 


(Observe signs carefully.) 
Rewrite. y=-—(x+2)?+5 


The parabola opens downward since a = —1 < 0. The largest size the right side can have occurs when 
x =—2. The value of x which makes the expression in parentheses zero is the x-coordinate of the maximum 
point. Choose x’s equidistant from —2 and evaluate to find additional points on the parabola. Plot the points 
and draw a smooth curve through them. 


Figure 6.7 


6.13 Graph the following. Utilize the procedure stated above. 


(a) y=x?-4x 
1. The parabola opens upward since a = 1 > 0. 
2. The vertex occurs at x= =a = a) = cs = 
2a =2(1) 2 


3. The y-coordinate of the vertex is y = 2? — 4(2) = 4 - 8 =-4. 

4. Ifx=0, y=0?-4(0) =0-0=0. This is the y-intercept. 

5. Ify=0,0=x*7 — 4x or x* — 4x =0. Hence x(x — 4) = 0. 
Therefore, x = 0 and x = 4 are the x-intercepts. 


6. We record the ordered pairs found in a table and find a couple of additional points to graph. Plot the 
points found and draw a smooth curve through them to complete the graph. 


2 —-4 
0 0 
4 0 
-1 5 
5 5 


Figure 6.8 
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(b) y=-2x?-7x-3 


i 


The parabola opens downward since a =—2 <0. 


fy 7 7 


The vertex occurs at x = r 
2a 2(-2) -4 4 


749 ,98_24_ 49 24_ 25 
8 8 8 8 8 8° 


If x= 0, y =—2(0)* — 7(0) — 3 =-3. This is the y-intercept. 
If y=0, 0 =—2x? — 7x — 3 or 2x7 + 7x +3 =0 80 (2x + 1)(x +3) =0. 


Therefore, x = + and x = —3 are the x-intercepts. 


Record the ordered pairs found in a table. Find additional points, plot all points, and draw the curve. 


Figure 6.9 


(c) y=—-2x?+x-2 


i 


The parabola opens downward since a =—2 < 0. 


Theveiek iene = 71 atl 
ig 2) 4 


2 
ise" ge 2 *] +4 2=-2 A j= 
4 4) 4 16) 4 8 


If x = 0, y = 2. This is the y-intercept. 


: . : : . —15 
There are no x-intercepts since the maximum point has y-coordinate a 


Find several more additional points to plot and graph the curve. 


Figure 6.10 


y =-2x°-7x-3 
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6.14 Graph the following. 


(a) x=y’-3 
1. The parabola opens to the right since a= 1 > 0. 
2. The vertex occurs at y= = = a =0. 
3. The x-coordinate of the vertex is x = 0? — 3 =-3. 
4. Ifx=0,0=y?-3 so y=+V3 are the y-intercepts. 
5. The x-intercept is at the vertex. 
6. Record the values in a table and plot the points. Find about two more points and draw a smooth curve 


through them. 


Figure 6.11 


(b) x= -y’?+5y+6 


i 
2, 


The parabola opens to the left since a =—1 <0. 


The vertex occurs at y = —b/(2a) = —5/(2(-1)) = -5/(-2) = 5/2. 


2 
The x-coordinate of the vertex is x = +5 a +6= =a + a +6 
2 2 4 2 


—25 50 24 49 
ayy Sa, 
fa ha 
Ifx=0,0=-y? + 5y+6=— (” —5y— 6) =— (y+ 1) (y— 6) and y =—1 or y= 6. These are the 
y-intercepts. 


If y =0, then x = —0? + 5(0) + 6 = 6 is the x-intercept. 


Make a table of the ordered pairs found above. Pick arbitrary values for y to find additional ordered pairs 
on the curve. Draw the curve. 


Figure 6.12 


CHAPTER 6 Second-Degree Equations and Inequalities 205 


(c) x=2y?-y+2 
1. The parabola opens to the right since a=2>0. 


2. The vertex occurs at y = —b/(2a) = — (-1)/(2(2)) = 1/4. 


-~ 


2 
tynt enol) —1yg22 1p pet 2.1615, 
4 4) 4° 164 ° 8 8 8 8 


4. There are no y-intercepts since the vertex lies to the right of the y-axis. 


wm 


If y =0, then x = 2(0)? — 0 + 2 = 2 is the x-intercept. 


6. Record the known ordered pairs in a table. Find additional ordered pairs to plot and draw the graph. 


Figure 6.13 


Work supplementary problem 6.11 to practice graphing parabolas. 


6.15 Graph the following on a graphing calculator. 
(a) y=x?-8x4+11 


The parabola opens upward since a = 1 > 0. The vertex occurs at x = —b/(2a) = — (-8)/(2(1)) = 8/2 = 4. 
Try an x-range of [—1, 9]. If x =4, y =—5 and the y-intercept is 11 so set the y-range to [—6, 12]. Now enter 
the equation and graph it. 


y=xX°-8x+11 


Figure 6.14 
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(b) y=-x°-6x-5 


The parabola opens downward since a = —1 < 0. The vertex occurs at x = —b/(2a) = — (-6)/(2(-1)) = 
6/(—2) =—3. Set the x-range to [—8, 2]. If x =—3, y = 4 and the y-intercept is —5 so set the y-range to [—10, 5]. 
Enter the expression and graph it. 


Figure 6.15 


(c) y=-0.76 (x — 4.38)? + 7.89 


The parabola opens downward since a = —0.76 < 0. The vertex occurs at x = 4.38 since the maximum point 
occurs at the value of x which makes the expression in parentheses zero. The y-value is 7.89 when x = 4.38. 
Set the x-range to [—2, 10] and the y-range to [—10, 10]. Graph the expression. 


Figure 6.16 


6.16 Graph the following on a graphing calculator. Employ the trace feature to approximate the zeros (roots) 
and vertex of each. Express answers to three-decimal-place accuracy. 


(a) y=x?—4.8x + 2.06 


Graph the expression. Try to fill the graphing window with the part of the curve that includes the zeros 
and the vertex. The zoom feature can be utilized to magnify the relevant portion of the curve. Display the 
y-coordinate and instruct the calculator to trace the curve until y = 0 to determine the first zero. Display the 
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x-coordinate and record it. We obtain x = 0.468 for the first zero. Display the y-coordinate and continue the 
trace to obtain the vertex. Record the y-coordinate, then display the x-coordinate and record it. The vertex 
is approximately (2.426, —3.699). Display the y-coordinate and continue the trace to obtain the other zero. 
Display the x-coordinate and record it. It is x = 4.298. 


(b) y =—1.2x2 —7.92x — 8.368 


Proceed as in part (a). The first zero obtained is x = —5.279. The vertex is approximately (—3.300, 4.700). 
The second zero is x = —1.321. 


(c) y=0.77x2 — 6.70x + 16.15 


Proceed as in part (a). There are no real zeros. The graph does not intersect the x-axis. The vertex is 
approximately (4.351, 1.575). 


Refer to supplementary problem 6.12 for similar problems. 


6.17 Solve the following. Make a sign diagram in each case. Express the solution set in interval notation. 
(a) x*+3x-10>0 
We must find the values of x for which the expression is positive. Employ the procedure stated in Section 6.7. 
1. x?+3x-10>0 


2. Solve x7 + 3x -10=0. x7 + 3x-10=(* +5) (x— 2) =0 if x =—5 or x =2. The critical values are —5 
and 2. 


For x= (-6) 
x+5 is- - - 


xX-2 is- - - 


8 6 
(x +5) (x-2) is+ + + 


Note: Test values —6 and 3 satisfy the inequality; O does not. Therefore, the 
intervals containing —-6 and 3 are solutions; the interval containing O is not. 


Figure 6.17 


4. The solution set is (—o°, —5) U (2, -). 
(b) 3x7+x<10 
1. 3x°+x-10<0 


2. Solve 3x2 +x-10=0. 3x? +x-10=(«+ 2) (3x 5)=0ifx=—2orx=2 


The critical values are —2 and 2. 


For x= (-8) 


x+2is- - - 


3x-5 is- - —- 


-5 -4 -3 
(x + 2) (8x-—5) is + + + 
—2 5 


Note: -3 and 2 do not satisfy the inequality; 0 does. 
Figure 6.18 
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4. The endpoints of the interval in the solution set are included since the critical values satisfy the equality 


relation. The solution set is -2, . ; 


(c) 2x*+x2>3 
1. 2x?+x-320 
2. Solve 2x? +x-3=0. 2x? +x-3=(2x+3) (x 1) =0if x= orx=1. 


The critical values are a and 1. 


For x= (-2) 


2x+3 is 


x-1 is 


5 
(2x+3)(x-1) is +++ +++ 
-3 1 
2 
Note: —2 and 2 satisfy the inequality; 0 does not. 
Figure 6.19 


4. The endpoints of the intervals in the solution set are included since the critical values satisfy the equality 


relation. The solution set is (—e%, —3/2] U [1, ©). 


6.18 Solve the following. Make a sign diagram in each case. Express the solution set in interval notation. 


x+3 
a <0 
(a) aa 
1. Le 
x-5 


2. The critical values are the values for which the expression is zero or undefined. The expression is zero if 
the numerator is zero or if x = —3. The expression is undefined if the denominator is zero or if x = 5. The 


critical values are —3 and 5. 


Note: —4 and 6 do not satisfy the inequality; 0 does. 


Figure 6.20 


4. The solution set is (—3, 5). 
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t 


(b) 20 

2t—7 

i, —~=3% 

2t-—7 
2. The numerator is zero if t= 0. The denominator is zero if t = Z The critical values are 0 and i 
3: 
Se 
Note: -1 and 4 satisfy the inequality; 2 does not. 
Figure 6.21 
; : 7 7. : a : 7 

4. The solution set is (-s, 0] U a . Note that t= 5 is excluded since the expression is undefined at t= a 

st5 
(c) <3 

s- 


1. We must first rewrite the expression with one side of the inequality equal to zero. 


st+5 


-3<0 
s-2 
s+5 3(s 2) st+5 3(s 2) 11-2s 11-25 
= a so solve <0. 
s-2 s-2 s—2 s—2 s—2 


2. The numerator is zero if 11 —2s=0 orif s= ~ The denominator is zero if s— 2 =0 or if s = 2. The 


critical values are = and 2. 


For s= (0) 
11 - 2s is sb cbs ae 


S$ —2 is SS 


11-2s . 
—— Is 
s-2 


2 11 
2 
Note: O and 6 satisfy the inequality; 3 does not. 


Figure 6.22 
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4. The solution set is (—e°, 2) U BS -| It can be verified that values of s in the indicated intervals satisfy 


s+5 
s—2 


$3. 


See supplementary problem 6.13 to practice solving quadratic and rational inequalities. 


6.19 («- 3) +2 (~—- 1)*>0 


The critical values are 3, -2, and 1. They break the number line into four intervals: (—:°, —2), (—2, 1), 
(1, 3), and (3, ©). We must determine the solution behavior of each interval. We use the test value of zero to 
start the process: 


x = 0 gives (—)° (+)° (-)* = (-) which is not greater than zero as the inequality requires. 


Therefore, the interval containing zero, (—2, 1), is excluded from the solution. See Figure 6.23 below. 


Odd Even 
xX 


Cad 
oo to 


-3 —2 -1 0 4 
Figure 6.23 
(—2, 1) excluded requires (1, 3) to be excluded (since 1 came from an even power) 
(1, 3) excluded requires (3, -) to be included (since 3 came from an odd power) 
(—2, 1) excluded requires (—oo, —2) to be included (since —2 came from an odd power) 
Odd Even 


Yi xX 


: ! Oud 
HH o (eee aeee an ee 


-3 0 


Figure 6.24 


The solution set is (0, —2) U (3, °). 


SUPPLEMENTARY PROBLEMS 


6.1 Use the factor method to solve the following. Check for extraneous roots where applicable. 


(a) y?—8y+15=0 (b) P-3t=10 (c) 2s?-75+5=0 
(d) 2p?-Sp=p (e) («+ 10) (2x—7)=0 (f) et esse 

259 10w 10 w 
(i ae 3r_ ret 


r—-2 r-2 
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6.2 Use the square root method to solve the following. 
(a) ?P=10 (b) 3y?+1=28 (c) 2x*+26=0 
(d) (2s+1)=7 (e) G3w-4)+8=0 


6.3. Determine the term that would complete the square for each of the following. 


(a) x2 + 18x (b) y’-9y 


6.4 Solve by completing the square. 
(a) x27-4x-11=0 (b) y+ 6y=-2 
(c) 3P-6t-2=0 (d) 4p? +7p+2=3 


6.5 Use the quadratic formula to solve the following. 


(a) x2+5x-10=0 (b) 2-17=2t 


(c) 2y?+2=2y+7 (d) Y +iwee 


6.6 Use acalculator and the quadratic formula to solve the following. 


(a) 5.21x? + 1.17x- 0.98 =0 (b) 2.38x? — 4.77x + 3.05 =0 


6.7 Solve the following. Remember to check for extraneous solutions. 


(a) Jx-3=8 (b) J5y-4=1 (c) 9,/4r+3 =36 

(d) (¢+5)? =3 (ec) j6w-3-./4w+1=0 (f) s+5=3,/s+5 

(g) .f2x+1+7=x (h) J2—.fx+7=1 (i) JV2x-14+Vx+3 =3 
6.8 Solve. 

(a) x3 =-3 (b) 4fy+1+2=0 (c) -3=(w—2)'-8 


-l 


(d) O=745=3 () xt => (f) a2yF1+5=8 


6.9 Solve. 
(a) yo-8y3+12=0 (b) 4-7x2-18=0 
(c) +4126? =-27 (d) 12w*+5w?-2=0 
(ce) 2p =15 (f) 2x?-3x!-20=0 
(g) 315 =1015 +25 (h) gy? Sy? =3 


6.10 Solve. State the answer in complete sentence form. Employ a calculator when necessary. 


(a) The height in feet of a ball thrown vertically upward is given by h = 481 — 167, where t is the time in seconds 
after the throw. How long will it take the ball to reach a height of 32 ft? 


(b) Find the radius of a circular region with area 6,940 ft’. 


(c) Find the radius of a cylindrical container 8 meters high that contains 1,608 m? of material. 


212 


6.11 


6.12 


6.13 
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(d) A diagonal brace is necessary on a gate that is 3 feet by 5 feet. How long must the brace be if it is attached at 
the corners of the gate? 


(e) A square with a diagonal of length 17 feet is to be constructed. How long must the sides of the square be? 


(f) The cost C in dollars of producing n gadgets is given by C = 1,200 + 12n — 6n*. How many gadgets can be 
produced at a cost of $192? 


(g) Find the dimensions of a rectangle with area 4,500 cm? if the width is 80% of the length. 


(h) A jet requires 7 hr 10 min to complete a round trip of 1,785 miles each way. The plane had a 70 mph head- 
wind going and a 60 mph tailwind on the return trip. Find how fast the jet travels in still air. 


Graph the following. 

@ y=x-4 6) y=2-1e 

(c) y=x*-6x+7 (d) y= - 4x45 

(e) x=ytl (f) x=y-y-12 
1 1 3 

) x=-y-4y-5 h =x? --x-2 

. 7 _ a +e 


Graph the following on a graphing calculator. Employ the trace feature to approximate the zeros (roots) and vertex 
of each. Express answers to three-decimal-place accuracy. 


(a) y=x-3.6x-1.1 (b) y= -0.8x? — 6.6x — 10.7 
(c) y=-l.dxe-5.5x-7.9 


Solve the following. (Use a sign diagram or evaluate for test values to help in identifying the solution in each case.) 
Express the solution set in interval notation. 


(a) x°-3x-4<0 (b) 2x*-x-1520 (c) 4x? +4x<35 
t-2 3s+6 w-4 

d) —<0 e =0 <-l 

(@) t+4 ) 2s f) 2w+5 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


6.1 


6.2 


6.3 


6.4 


6.5 


5 
(a) {5,3} (b) {5,-2} (c) ist 
7 
(d) {0,3} (e) {-10.5| (Ff) {2,5} 
(g) {5} 
(a) {+10} (b) {+3} (c) {+iv13} 
—-l+/7 4+2i/2 
ow fi 
2 3 
(a) 81 (b) = 
+1 —7T+ 
(a) {24415} (b) {3447} () pevs| (d) {25 


Stes 14/0 itie8 
(a) [526 (b) {1 +32} () {=} (d) | Nh 
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6.6 


6.7 


6.8 


6.9 


6.10 


6.11 


(a) 


(a) 


(d) 
(g) 


(a) 
(d) 


(a) 


(d) 


(g) 


(a) 


(b) 
(c) 
C) 
(e) 
(f) 
(g) 
(h) 


(a) 
(c) 
(e) 
(g) 


(a) 


{—0.56, 0.34} 
{67} 

{4} 

{12}; x=4isan 


extraneous root. 


{-27} 

{14} 

(92.36) 

- 
eS 

(1255, 2258!5 


(b) 


(b) 


(e) 
(h) 


(b) 
(e) 


(b) 


(e) 


(A) 


{1.00 + 0.53} 


{5} 


{2} 
{-6} 


{}=@ 
{16} 


{+3,tiv2} 


{-27, 125} 


Big 
4,096’ 
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13 
OB el 
(f) {-5, 4} 
(i) {1}; x=6l1isan 


extraneous root. 


(c) {627} 
(f) {13} 


The ball reaches a height of 32 ft 1 sec after it is thrown on the way up and 2 sec after it is thrown on the way 


down. 


The radius of the circular region is 47 ft. 


The radius of the container is approximately 8 m. 


The brace must be approximately 5 ft 10 in. long. 


The sides of the square must be 12 ft long. 


Fourteen gadgets can be produced at a cost of $192. 


The dimensions of the rectangle are 75 cm long and 60 cm wide. 


The jet travels approximately 511 mph in still air. 


See Figure 6.25. 
See Figure 6.27. 
See Figure 6.29. 
See Figure 6.31. 


Figure 6.25 


(b) 
(d) 
) 
(h) 


See Figure 6.26. 
See Figure 6.28. 
See Figure 6.30. 
See Figure 6.32. 


(b) 


Figure 6.26 
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(c) 


Figure 6.27 Figure 6.28 


(f) 


4 


Figure 6.29 Figure 6.30 


Figure 6.31 Figure 6.32 
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6.12 (a) The zeros are x = —0.283 and x = 3.883. The vertex is approximately (1.800, —4.340). Your results may vary 
slightly. See Figure 6.33. 


y=x°-3.6x— 1.1 


Figure 6.33 


(b) The zeros are x = —6.033 and x = —2.217. The vertex is approximately (—4.125, 2.912). Your results may vary 
slightly. See Figure 6.34. 


y =-0.8x* -6.6x —10.7 
Figure 6.34 
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(c) There are no real zeros. The vertex is approximately (—2.500, —1.025). Your results may vary slightly. See Figure 6.35. 


y =-1.1x? -5.5x -7.9 


Figure 6.35 


6.13 (a) (-1,4) (b) (Jub) (c) =2.3] 


(d) (-4,2) (e) (-»,-2] UL0, «) (f) [= - 


Systems of Equations 
and Inequalities 


7.1 Linear Systems in Two Variables 


Equations of the form ax + by =c, where a and b are not both zero, and dx + ey =f, where d and e are not both zero, 
are linear equations. If two or more linear equations are considered together, a linear system is formed. We write 


ax + by=c 
dx +ey=f 


to represent the system. 
Sometimes one of the equations may have the form y= ax + b. In that case the system may have the form 


y=axt+b 
cx+dy=f 


Other systems may have other forms of either or both of the linear equations. The brace tells us to con- 
sider the equations together. The system is a 2 x 2 (read 2 by 2) system, since there are two equations and two 
variables. 

Solving a system of equations consists of finding all the ordered pairs, if any, which satisfy each of the 
equations in the system. 

How many ordered pairs can satisfy a system of two equations and two unknowns? The answer is clear if 
we look at graphs which represent the several possibilities. 


Case 1: 


Figure 7.1 
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The lines intersect in exactly one point. The ordered pair that specifies the coordinates of the point of inter- 
section of the lines is the solution to the system. The solution set contains that ordered pair as its only element. 
This system is said to be consistent and independent. 


Case 2: 


Figure 7.2 


The lines are parallel; they do not intersect. There is no solution to the system. The solution set is the empty 
set @. This system is said to be inconsistent. 


Case 3: 


Figure 7.3 


The equations represent the same line. All the points on one line are also on the other. There are infinitely 
many solutions to the system. The solution set contains infinitely many ordered pairs. This system is said to be 
dependent. 

We now discuss algebraic methods that allow us to determine the solution(s), if any, to a linear system. The 
methods employed essentially eliminate unknowns until one equation in one unknown is obtained that we can 
solve. The result is then used to find the remaining unknown. 
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The Addition Method 


The addition method involves the manipulation of the equations to obtain one equation in one unknown when 
equations are added. We ordinarily multiply one or both equations by suitable factors to accomplish the task. 
The appropriate factors are those which result in additive inverse coefficients of one variable in both equations. 
The process is illustrated in solved problem 7.1. 


See solved problem 7.1. 


The addition method of solving linear systems in two variables is summarized below. 


Write the equations in the standard form ax + by=c. 
Determine which variable you wish to eliminate. 


3. Multiply one or both equations by the appropriate constant(s) to obtain coefficients of the chosen 
variable that are additive inverses. 


Add the equations obtained in step 3. 
5. Solve the equation in one variable obtained in step 4. 


Substitute the value of the variable obtained in step 5 in either of the original equations and solve for 
the other variable. 


Express the solution as an ordered pair or as a solution set. 


Check your solution in the original equations. 


Refer to supplementary problem 7.1 for similar exercises. 


The Substitution Method 


The substitution method entails solving one equation for one variable in terms of the other. We can avoid frac- 
tions if we solve for a variable that has a coefficient of +1 or —1. We then substitute the expression obtained 
into the remaining equation. The process results in one equation with one unknown that we can solve. We then 
proceed in a manner analogous to the addition method. 


See solved problem 7.2. 


We summarize the substitution method below. 


Solve one of the equations for one variable in terms of the other. Clear fractions first if necessary. 
Substitute the expression obtained in step | into the other equation. 


Solve the equation obtained in step 2 for the unknown. 


ON 


Substitute the numerical value obtained in step 3 for the solved variable into either equation in the 
system and solve for the remaining variable. 


5. State the solution or solution set. 


6. Check the solution in each of the original equations. 


Although we can use either of the methods discussed to solve linear systems of two equations in two 
unknowns, circumstances dictate which method may be the most efficient. As a general rule, if no variable has 
a coefficient of +1 or —1 in either equation, the addition method is preferred. Both techniques have advantages 
and disadvantages. Experience will facilitate your decision in this matter. 

See supplementary problem 7.2 for additional drill. 
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Applications 


We can apply the techniques of solving systems of equations to verbal problems. This capability provides us 
with more flexibility in how we set up the problem than was the case when only one variable was available. 
We illustrate. 


See solved problem 7.3. 


7.2 Linear Systems in Three Variables 


A solution of an equation in three variables, such as x — 2y + 3z = —4, is an ordered triple of real numbers 
(x, y, z). Values for each of the three variables must be substituted into the equation before we can decide 
whether the result is a true statement. The values of the components in the ordered triple are listed in alphabeti- 
cal order. Thus, (3, 2, —1) and (—4, 0, 0) are solutions of the equation, while (1, 0, 1) is not. There are infinitely 
many ordered triples in this solution set. 

The solution set of a system of three linear equations in three unknowns, such as 


x—2y+3z=-4 
2x- y- z=5 
3x+2y+ z=12 


is the intersection of the solution sets of the individual equations in the system. 

The system is a 3 X 3 (read 3 by 3) system since it consists of three equations in three unknowns. The 
graph of a first-degree equation in two variables is a straight line in a two-dimensional coordinate system. 
The graph of a first-degree equation in three variables is a plane in a three-dimensional coordinate system. Each 
equation in a 3 x 3 system therefore represents a plane in three-dimensional space. Three planes may intersect at 
a unique point (like a top corner of your room where two walls and the ceiling intersect); they may intersect at 
infinitely many points (like where two walls and a third wall as a diagonal of your room would intersect); or they 
may not intersect at any points common to all three planes (like a front wall, a side wall, and a back wall—no 
single point is on all three walls). There are therefore three possibilities for the solution set of a 3 x 3 system; 


1. There is a unique solution of the system. It is consistent. 
2. There are infinitely many solutions of the system. It is dependent. 


3. There is no solution of the system. It is inconsistent. 


We employ methods similar to those used to solve systems of linear equations in two variables to solve 
a3 X 3 system. We eliminate variables from pairs of equations until an equation in one unknown is obtained. 
We then employ “back substitution” to find remaining unknowns. We illustrate by solving the system 
given above. 


x—-2y+3z=-4 (1) 
2x- y- z=5 (2) 
3x+2y+ z=12 (3) 


Look at the system and choose a variable to eliminate first. Sometimes one variable can be eliminated more 
easily than the others. We shall eliminate y first using equations (1) and (3). 


x—2y+3z=-4 
3x+2y+ z=12 ~~ Add 


4x +47=8 (4) 
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Now choose two different equations and eliminate y again. We shall use equations (2) and (3). 


2 times (2) 4x-—2y-—2z=10 
3x+2y+ z=12 Add 


7x — 2=22 (5) 


We now form a 2 x 2 system that consists of equations (4) and (5). Use the methods of the previous section 
to solve the system. 


4x+4z=8 (4) 
Tx-— z=22 (5) 


“times (4) xeZH= 2 
7x —z=22 Add 


8x+0=24 > x=3 


“Back substitute” by substituting x = 3 into (4) or (5) to find z= —1. Now substitute x = 3 and z=~—1 into 
one of the original equations to find y. We choose equation (2) and find y = 2. 

The solution is x = 3, y= 2, and z=~—1 or (3, 2, —1). The solution set is {(3, 2, -1)}. Check: Verify that 
(3, 2, —1) satisfies each of the original equations. 

The procedure used is summarized below. To solve a linear system in three variables: 


1. Eliminate any variable from any pair of equations. Try to choose the most convenient variable to 
eliminate if there is one. 


2. Use appropriate steps to eliminate the same variable as in step 1 from a different pair of the original 
equations. 


3. Solve the resulting system of two equations in two variables using one of the methods in Section 7.1. 


Substitute the values obtained in step 3 into one of the original equations. Solve for the remaining 
variable. 


5. Check the solution in each of the original equations. 


If the resulting equation becomes an identity or yields a contradiction at any step in the process, the system 
contains dependent equations or else two or three inconsistent equations. The system then has infinitely many 
solutions or no solution, respectively. 


See solved problem 7.4. 


7.3 Determinants and Cramer’s Rule 


Determinants 


The process of solving systems of linear equations is rather cumbersome. Fortunately the procedure is repeti- 
tive in nature. We shall introduce a technique that facilitates the process through the use of determinants. A 
determinant is a number that is associated with a square array of numbers. 


| ‘ » has the value ad — bc. It is called a second-order 


b 
Definition 1. A 2 x 2 determinant, designated by d 


determinant. 


The expression used to obtain the value of the determinant seems arbitrary. There are logical reasons for 
using the stated expression which we choose to omit at this point. 


See solved problem 7.5. 
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A third-order determinant has three rows and three columns. Its value is defined as follows. 


a b ¢ 

= oge . . a b C. 
Definition 2. A 3 x 3 determinant, designated by] “2 “2 ©? | has value a,b,c, + b,c,a, + c,a,b, — a,b,c, 

— b,c,a, — €,a,D,. a, b, ¢, 


Because this definition is very cumbersome and difficult to remember, we evaluate third-order deter- 
minants by a method called expansion by minors. The minor of an element (number or letter) of a 3 x 3 
determinant is the 2 x 2 determinant that remains after you delete the row and column which contain the ele- 
ment. Therefore, to evaluate a 3 x 3 determinant by expansion by minors of elements in the first column, apply 
the following relationship. 


a boc 
1 1 
b, Cy bh ¢ bh CG 
b +a 
a, DO, Cy a, b a, b 3) pb 
3 & 3 C3 2 © 
a, b, Cc; 


Evaluate the 2 x 2 determinants as illustrated previously. Notice that the signs of the coefficients of the terms 
alternate. The result is unchanged if we expand the determinant by minors of elements in any column or row. 
The appropriate signs of the terms in the expansion are displayed by position in the array below. 


See solved problems 7.6-—7.8. 


Cramer’s Rule 


Cramer’s rule may be employed to solve systems of linear equations. This rule expresses the solution for each 
variable as the quotient of two determinants. This allows us to readily employ computers to solve systems of 
linear equations. We first address systems of linear equations in two unknowns. 


Cramer's Rule for 2 x 2 Systems 


axt+by=k, 
The solution to is given by x = D, /D and y= D, /D where 
a,x+b,y=k, : ? 
a, b, k, a, k, 
D= and D #0, D, = and D, = 
a4, % k, b, : a, k, 


In practice, find D first since there is no unique solution if D = 0. 
See solved problem 7.9. 
Cramer’s rule can be extended to 3 x 3 systems of linear equations. 
Cramer’s Rule for 3 x 3 Systems 
axt+byt+oz=k, 


The solution to + a,x +b,y+c,z=k, is given by x= D/D, y= D./D and z= D./D, 


a,xt+b,y+c,z=k, 
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1 b, C 
D=| a, b, c, | and D#0,D,=| k, b, c, |, 


a, b, C; 3 Ds 6; 
a k ¢ a b &k, 
D,=| 4 k, cy, | and D,=| a, bd, &k, 
a, KC; a, Dy Ks 


See solved problem 7.10. 


If D=0, there is no unique solution to the system. The system is either inconsistent or dependent. If at least 
one, but not all, of D, D,, or D, as well as D is zero, the system is inconsistent. If D, dD, D., and D. are all zero, 
the system is dependent. 

Refer to supplementary problem 7.6 to practice applying Cramer’s rule. 


7.4 Matrix Methods 


We previously employed the addition (elimination) method to solve systems of linear equations. In that process, 
various operations were performed to alter the coefficients of variables in equations. Since our attention was 
primarily on the coefficients of the variables, we can streamline the process by writing these coefficients only 
in an orderly array. The array we shall employ is called a matrix. A matrix is a rectangular array of elements 
(entries). The elements are usually numbers or letters. The elements or entries are displayed in rows and columns 
within brackets or parentheses. The following illustrate the symbolism normally used. 


eo a al 4 
i = ; an 
a SF 2 3 5 6 a 


The size, dimension, or order of a matrix is specified by stating the number of rows followed by the number 
of columns. The size, dimension, or order of the above matrices is 3 x 3 (read 3 by 3), 2 x 3 (read 2 by 3), and 
2 x | (read 2 by 1), respectively. A square matrix has the same number of rows and columns. 

We now illustrate how matrices are used to solve a system of linear equations. Consider the system 


3s+ t=7 
2s—5t=-1° 


The matrix | is called the coefficient matrix of the system. It simply consists of the coefficients 
of the variables in the equations. The matrix | is called the constant matrix of the system. It is composed 
7 i; 2 Ss 4) 4 


of the constants in the right members of the equations. The matrix is called 


or 
5 -l 2 3) —1 
the augmented matrix of the system. It consists of the coefficient matrix of the system with the constant matrix 
of the system annexed on the right. 


See solved problem 7.11. 


Recall that equivalent equations have the same solution. Equivalent systems of equations likewise have the 
same solution(s). The associated augmented matrices of equivalent systems are row-equivalent matrices. Row- 
equivalent matrices are obtained by applying any of the following operations. 


Elementary Row Operations 


1. Interchange any two rows. 
2. Multiply each element of any row by a nonzero constant. 
3. Adda multiple of one row to another row. 
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In the following solved problem, we illustrate the operations stated above and introduce notation that will help 
us represent those operations. 


See solved problem 7.12. 


The next concept needed is that of row echelon form. The following matrices are in row echelon form. 


123 5 123 2 #5 1-104 
eee ee a) a ee ge he a Be Se ad 113 
O 1: =F 

00 1 3 0001 2 0 000 


A matrix having the following characteristics is in row echelon form. 
Row Echelon Form 


1. All rows that contain only zeros are positioned at the bottom of the matrix. 
2. Ifarow is not all zeros, the first nonzero element (reading left to right) is a 1. 
3. Each leading | is at least one column to the right of the leading | of the preceding row. 


Normally row echelon form is accomplished by first obtaining a | in row 1, column |. Use elementary row 
operations to next transform the remaining entries in column | to zeros. Then obtain a | in row 2, column 2 (or 
subsequent column if not possible in column 2) and zeros in the rows below row 2 in column 2 (or subsequent 
column). Obtain a | in row 3, column 3 (or subsequent) and zeros below row 3 in column 3 (or subsequent). 
Continue until row echelon form is obtained. Roughly speaking (if a unique solution is to be obtained), the lower 
left portion of a matrix in row echelon form is all zeros, while entries on the main diagonal, which begins at 
row 1, column 1, and ends at row n, column n, consist of ones. 

In solved problem 7.13, we illustrate the techniques employed to transform a matrix to row echelon form. 


See solved problem 7.13. 


We now employ the concepts given above to solve systems of linear equations using matrices. 
The process is summarized below. The method is called the Gaussian elimination method. 


Method for Solving Linear Systems Using Matrices 


Form the augmented matrix of the system. 

Use elementary row operations to transform the augmented matrix to row echelon form. 
Write the system of equations that corresponds to the echelon form matrix. 

Use back substitution to solve the system. 


Oh Ge ih 


Check the solution in the original equations. 


See solved problem 7.14. 


7.5 Nonlinear Systems 


A nonlinear equation has degree two or more. The graph is not a straight line, hence the term “nonlinear.” A 
nonlinear system has at least one nonlinear equation. Our concentration here is on solving nonlinear systems. 
The techniques employed eliminate variables, one by one, until an equation in one variable that we can solve 
remains. There are two methods used primarily: the substitution method and the addition method. 


Substitution Method 


The substitution method works very well when one of the equations in the system is linear. We simply solve 
the linear equation explicitly for one variable and substitute into the other equation. The resulting equation must 
be an equation we can solve. 


See solved problem 7.15. 
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Addition Method 


If both equations in a system are second-degree in both variables, the addition (elimination) method often 
works well. 


See solved problem 7.16. 


Graphical Method 


A graphing calculator may be employed to solve nonlinear systems also. We graph the equations of the system 
and use the intersection feature or the trace feature to approximate the points of intersection of the graphs, if 
any. The values thus obtained are the approximate solutions to the system. 


See solved problem 7.17. 


7.6 Systems of Inequalities 


Systems of inequalities can be solved graphically. The solution set of a system of inequalities is simply the 
intersection of the solution sets of the individual inequalities. We first graph each inequality separately. Finally, 
the graphs are combined to display the solution set of the system. 


See solved problem 7.18. 


SOLVED PROBLEMS 


7.1 Use the addition method to solve the following systems. 


The coefficients of y in the equations are additive inverses. Therefore y will be eliminated if the equations 
are added. 
x+y=-3 
x-y=11 Add 


2x+0=8> x=4 


Now substitute 4 for x in either of the original equations and solve for y. We choose x + y = —3, since y can 
be readily isolated in the equation. 


x+y=-3 
4+y=-3 
y=-7 


Check: We substitute x = 4 and y = —7 into both equations. 


xty=-3 x-y=l1l1 

2 2 
4+ (-7)=-3 4=C/y=11 
3=-3 HW=11 


The solution to the system is (4, —7). The solution set is {(4, -7)}. The equations are consistent and 
independent. 
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3s+ t=7 


b 
Y 2s—5t=-1 


If the first equation is multiplied by 5, the coefficients of f are additive inverses. The variable f is 


eliminated when the equations are added. 


3s+ t=7 15s +5t=35 
becomes 
2s—-5t=-1 2s—-5t=-1 


15s + 5t=35 
2s—S5t=—-1 


Add 


17s+0 =34 => s=2 


Now substitute 2 for s in either of the original equations and solve for t. We choose 3s + t= 7, since f can be 
easily isolated. 
3s+t=7 
3(2)+t=7 


6+t=7>1t=1 
Check: We substitute s = 2 and t= 1 into both equations. 


3s+t=7 2s —5t=-1 
9 9 
3(2)+1=7 2(2) — 5(1) =-1 
2 2 
6+1=7 4—5=-l 
7T=7 =1=+1 


The solution to the system is (2, 1). The solution set is {(2, 1)}. The equations are consistent and 


independent. 


2x-y=4 


(c) ix6 


The second equation states the value of y directly. We need only to substitute y = 6 into the first equation 


and solve for x. 


2x-y=4 
2x-6=4 
2x=10 >x=5 


Check: Substitute into both equations. 


2x-y=4 y=6 

25)-624 =6 
10-624 
4=4 


The solution is (5, 6). The solution set is {(5, 6)}. The equations are consistent and independent. 
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i 3v—Sw=-l1 
(4) v+2w= 7 
Multiply the second equation by (—3) and add. 
3v—S5w=-1 3v-Sw=-1 
becomes 
vt+2w=7 -3v-6w=-21 
3v-—Sw=-l 
Add 
—3v-6w=-21 
O0-llw=-22 > w=2 
Now substitute w = 2 into either of the original equations and solve for v. We choose v + 2w =7. 

v+2w=7 

v+2(2)=7 

v+4=7 

y=3 

Check: Substitute into both equations. 
3v-—5w=-l v+2w=7 
? 2 
3(3) — 5(2) =-1 3+2(2)=7 
? ? 
9-10=-1 34+4=7 
-1=-1 7=7 
The solution is (3, 2). The solution set is {(3, 2)}. The equations are consistent and independent. 
2t—3u=13 
e 
) St+2u=4 


We choose to eliminate wu since the coefficients are opposite in sign. We therefore need not multiply by 
negative factors. Multiply the first equation by 2 and the second equation by 3 to obtain additive inverse 


coefficients of u in the equations. 


2t —3u=13 4t — 6u = 26 
becomes 
St+2u=4 15t + 6u =12 
4t —6u = 26 ve 
15t+6u=12 


191+ 0=38 > t=2 


Now substitute ¢ = 2 into either of the original equations and solve for u. We choose 5f + 2u = 4 since the 


coefficient of u is positive. 


St+2u=4 
5(2) + 2u=4 
10+ 2u=4 


2u=-6 > u=-3 
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Check: Substitute into both equations. 


2t—3u= 13 5t+2u=4 
2(2) - 3(-3) £13 5(2) + 2-3) 24 
449213 10-624 

13 = 13 4=4 


The solution is (2, —3). The solution set is {(2, —3)}. The equations are consistent and independent. 


i> a 
2 3° 3 
Oya A 
a 


Our approach will be more apparent if we first clear fractions. Multiply the first equation by 6 and the 


second by 8. 
1 2 1 
37% 373 3x-4y= 2 
becomes 
=| =| —2x+8y=-1 
—x+ y= 
4 8 


The coefficients of y will be additive inverses if we now multiply 3x — 4y = 2 by 2. 


3x—-4y= 2 6x-8y=4 
becomes 
—2x+8y=-1 —2x+8y=-1 
6x-8y=4 
Add 
—2x+8y=—-1 


4x+ 0=35 qa2 
4 


3 


ri =| and solve for y. 


8 


al \eyett 
Ala)" § 


Now substitute x = 


; -l = 
into=—-x +y 


Check: Substitute into the original equations. 


ee SS pige— 

2 3° 3 4 8 

1 oo a Net od A, dg eal 
(3 a{ a-| 3 42) 16 8 
3 121 ies 

8 24 3 16 16 8 

9-1) 1 =e 

(24-3 16 8 

8.1 all 

24 3 =. Ss 


wile 
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3 1 3 1 
The solution is ( } The solution set is (3. al The system is consistent and independent. 


4° 16 4°16 
2x- Sy=3 
SYS 6p ty ai 
Multiply the first equation by (—3). 
2x- S5y=3 -6x+ 15y=-9 
becomes 
6x -15y=11 6x —15y=11 
—6x+15y=-9 
Add 
6x —15y=11 
0 + O=2. is false. 
There is no solution to the system. The solution set is { } = @. The lines are parallel. The system is 
inconsistent. 
(h) 2x- Sy=3 
6x -15y=9 


Multiply the first equation by (—3). 


2x- 5y=3 —6x+15y=-9 
becomes 
6x -15y=9 6x —-15y=9 
-—6x+15y=-9 
Add 
6x-15y=9 


0 + 0 =0_ isalways true. 


All of the ordered pairs which satisfy the first equation also satisfy the second. The equations represent the 
same line. The solution set consists of the infinitely many ordered pairs which satisfy either equation. The 


equations are dependent. 


7.2 Use the substitution method to solve the following. 


x-3y=- 
(a) _ 
4x+3y=2 
Solve x — 3y = —7 for x in terms of y: x-3y=-7>x=3y-7 


Now substitute 3y — 7 for x into 4x + 3y = 2 and solve for y. 
43y —7)+3y=2 
12y — 28+ 3y=2 
15y=30 > y=2 


Now substitute 2 for y into x = 3y — 7 and solve for x: x=3(2)-7=6-7=-1 


Check: 
x—3y=-7 4x + 3y=2 
=1- 3(2) 2-7 4(-1) + 3(2) 29 
ee, =heipes 
-7=-7 2=2 


The solution is (—1, 2). The solution set is {(—1, 2)}. The system is consistent and independent. 
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i 3s—5t=-1 
(2) s+2t=7 
Solve s + 2t=7 for s in terms of tf: s+2t=7>5s=7-2t 
Now substitute 7 — 2t for s into 3s — 5t=—1 and solve for ¢. 
3 (7 — 21) —-S5t=-1 
21 -—6t-—5t=-1 
21-11t=-1 
-llt=-22 >t=2 
Now substitute 2 for f into s = 7 — 2t and solve for s: s=7-2(2)=7-4=3 
Check: 
3s—S5t=-1 s+2t=7 
? ? 
3(3) — 5(2) =-1 34+2(2)=7 
2 ? 
9-10=-1 34+4=7 
-l=-l T= 7 
The solution is (3, 2). The solution set is {(3, 2)}. The system is consistent and independent. 
t w_-7 
(c) 2 4 4 
3t-2w=-6 
2t- w=-7 
Clear fractions first to obtain a oe a Now solve 2¢-— w =—7 for win terms of t: 2t-w=-7 
=> 2t+7=w. Now substitute 2 + 7 for w into 3t — 2w =—6 and solve for tf. 
3t-—2(2t+ 7) =-6 
3t—4t—- 14=-6 
—t=8ort=-8 
Next substitute —8 for ¢ into w = 2t+7 and solve forw: w=2(-8)+7=-16+7=-29. 
Check: 
dS 31 -2w=-6 
2 4 4 
-8 -9,-7 ? 
—-—=— 3(-8) —2 (-9) =-6 
ea a (-8) — 2 (-9) 
area oll —24+18=-6 
4 4 4 
-7 -7 
===> —6=-6 
4 4 
The solution is (—8, —9). The solution set is {(—8, —9)}. The system is consistent and independent. 
(a) O.1x-1.2y=0.3 
0.4x -4.8y=1.6 


Clear fractions by multiplying each equation by 10. 
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x—-12y=3 


4x -48y=16 


0.1x -1.2y=0.3 
0.4x -4.8y=1.6 


becomes | 


Solve x — 12y = 3 for x in terms of y: x-l2y=3 > x=12y+3 
Next substitute 12y + 3 for x into 4x — 48y = 16 and solve for y. 


4(12y + 3) — 48y = 16 
48y + 12 -—48y = 16 
12 = 16 is false. 


If no errors were made, we conclude there is no solution to the system. The solution set is { } = @. The 
system is inconsistent. The lines are parallel. 


7.3 Use asystem of equations to solve the following. 
(a) An auto parts store ordered a combined total of 40 cases of oil filters and air cleaners that cost 
a total of $3,884.28. Each case of oil filters costs $75.84 while each case of air cleaners costs 
$125.88. How many cases of oil filters and how many cases of air cleaners were ordered? 


We must define variables, write appropriate equations, and form the system to be solved. Use the first 
letter of a key word to define variables to facilitate keeping the meaning of the variables in mind. Let f be 
the number of cases of oil filters ordered and c be the number of cases of air cleaners ordered. Since there 
are two unknowns, we must find two distinct equations that relate them. We know that a combined total of 
40 cases were ordered. Therefore f+ c = 40 is one equation. Now write a cost equation from the information 
given. It is 75.84f+ 125.88c = 3,884.28. Form the system and solve it. 


f+c=40 
75.84f +125.88c = 3,884.28 


We solve f+ c = 40 for fin terms of c: f=40-—c, and substitute into the remaining equation. The details 
are omitted. We determine c = 17 and f= 23. Hence 23 cases of oil filters and 17 cases of air cleaners were 
ordered by the auto parts store. 


(b) The Cash’s have money invested in Best Fund and Secure Fund. The Best Fund account earns 
4.2% interest while the Secure Fund account earns 4.0% interest. Their combined investment of 
$61,500 had total earnings of $2,534 last year. How much did the Cash’s have invested in each 
fund last year? 

Define variables, form the system, and solve it. Let B represent the amount invested in Best Fund and S$ 
represent the amount invested in Secure Fund. The system is 


B+S=61,500 
0.042 B + 0.0405 = 2,534 


Use the substitution method to find B = 37,000 and S = 24,500. The Cash’s had $37,000 invested in Best 
Fund and $24,500 invested in Secure Fund last year. 


(c) Mel has two part-time jobs. One week he earned $179.50 by working 10 hours on lawns and 
7 hours making deliveries. The previous week he earned $176.00 by working 9 hours on lawn 
jobs and 8 hours making deliveries. How much does he earn per hour on each job? 

Let / be the hourly rate for lawn jobs and let d be the hourly rate making deliveries. The system is 


101 + 7d =179.50 
91 + 8d = 176.00 


Employ the addition method to obtain / = 12 and d= 8.5. Mel earns $12.00 per hour on lawn jobs and $8.50 
per hour making deliveries. 


See supplementary problem 7.3 for similar problems. 
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7.4 Solve the following systems. 


2x+ y-— z=-l (1) 
(a) x-—3y+ z=7 (2) 
3x+2y+2z=16 (3) 


We choose to eliminate z using (1) and (2). 


2x+ y- z=-l 
x-3y+ z=7 Add 


3x-2y =6 (4) 
Next eliminate z using (1) and (3). 


2times(1) > 4x+2y-2z=-2 
3x+2y+2z=16 Add 


7x +4y =14 (5) 


Form and solve the 2 x 2 system using (4) and (5). 


3x-2y=6 (4) 
7x+4y=14 (5) 
2times (4) 6x-—4y=12 
7x+4y=14 Add 
13x =26>x=2 


Substitute x = 2 into (4) or (5) and find y = 0. Then substitute x = 2 and y = 0 into (1) or (2) to find z=5. 
The solution is x = 2, y=0, and z=5 or (2, 0, 5). The solution set is {(2, 0, 5)}. 


Check: Verify that (2, 0, 5) satisfies each of the original equations. 


—x+3y+ z=-1 () 
(b) x+2y—3z=-13 (2) 
3x- y+5z=3 (3) 


We use (1) and (2) to eliminate x. 


—x+3y+ z=-l 
x+2y—3z=—-13 Add 
Sy-2z=-14 (4) 


Next eliminate x using (1) and (3). 
—3x+9y+3z=-3 


3x — y+5z=3 Add 
8y+8z=0 (5) 


3 times (1) > 


Form and solve the 2 x 2 system using (4) and (5). 


Sy-—2z=-14 (4) 
8y+8z=0 (5) 


CHAPTER 7 Systems of Equations and Inequalities 233 


5y—2z=-14 

1 

q times (5)> 2y+2z=0 Add 
Ty Sad Sse? 


Substitute y = —2 into (4) or (5) and find z = 2. Next substitute y = —2 and z = 2 into (1) or (2) to find 
x =—3. The solution is x =—3, y =—2, and z = 2 or (—3, —2, 2). The solution set is {(—3, —2, 2)}. 


Check: Verify that (—3, —2, 2) satisfies each of the original equations. 


2s+4t+8u=12 (1) 
(c) a f37=3 (2) 
9-2 dua (3) 


We use (1) and (3) to eliminate s. 


25+ 4t+8u=12 
2times (3) -2s—4t—-8u=-12 Add 


0=0 is always true; it is an identity 


Equations (1) and (3) are dependent. The equations are equivalent and represent the same plane. Now elimi- 
nate s using (2) and (3). 


2times(2) > s+2t+4u=6 
—s—2t-—4u=-6 Add 


0=0 is always true; it is an identity 


Equations (2) and (3) are dependent also. All three equations are equivalent and represent the same plane. 
There are infinitely many solutions. The solution set is the set of all ordered triples of real numbers which 
satisfy any one of the equations. Therefore the solution set is {(s, t, u) 12s + 4t+ 8u = 12 where s, t, uv € R}. 


2x- yt3z=-4 (1) 
(d) x+2y-5z=-6 (2) 
4x-2y+6z=-8 (3) 


We shall use (1) and (2) to eliminate y. 


2times(I) > 4x-2y+6z=-8 
x+2y—-5z=-6 Add 


5x + z=-14 (4) 


Next use (1) and (3) to again eliminate y. 


—2times(1) > —-4x+2y-6z=8 
4x -—2y+6z=-8 Add 


0=0 is always true; it is an identity 


Equations (1) and (3) are dependent. They represent the same plane. The three equations in the system 
actually represent two unique planes. Two planes that are not parallel intersect in a line. Therefore the 
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solution set consists of infinitely many points. The technique employed in this situation is to express the 
infinitely many ordered triples in terms of one of the variables. Equation (4) can readily be solved for z in 
terms of x, so we shall express the ordered triples in the solution set in terms of arbitrary x-coordinates. 


5x+z=-14 
z=—5x—-l4 (5) 


Now use back substitution in (1) to obtain an equation involving x and y and solve for y in terms of x. 


2x —y+3z=—4s0 
2x —yt+3 (-Sx- 14) =-4 
2x —y— 15x-42=-4 
—13x-y—-38=0 
y= —13x- 38 (6) 


Equations (5) and (6) can be used to express the solution set. Suppose x is any real number n. Use (6) to ob- 
tain y = —13n —38 and (5) to obtain z= —5n — 14. The solution set consists of all ordered triples of the form 
(n, —13n — 38, —5n — 14). Hence the solution set is {(n, -13n — 38, —-5n — 14), n € R}. Some specific ordered 
triples in the solution set can be obtained by choosing particular n’s. For example: 


If n =0, we obtain (0, —38, —-14). 
If n =—1, we obtain (—1, —25, —9). 
Ifn=5, we obtain (5, —103, —39). 


Check: These particular points satisfy all of the original equations. We cannot do an all-inclusive check 
point by point since there are infinitely many ordered triples in the solution set. It is possible to perform a 
general check algebraically, however, by using x =n, y=—13n, and z=—5n — 14. You should verify that 
each of the original equations is satisfied by those substitutions (be sure to employ parentheses around each 
substituted expression). 


3a-—2b+ c=4 (1) 
(e) 2a+ b- c=4 (2) 
—6a+4b-2c=1 (3) 


We use (1) and (2) to eliminate c. 


3a-—2b+c=4 
2a+ b-c=4 Add 
5Sa- b =8 (4) 


Next use (1) and (3) to eliminate c. 


2times(1) > 6a-—4b+2c=8 
-—6a+4b-2c=1 Add 


0=9 is a contradiction. 


Equations (1) and (3) are inconsistent. The planes are parallel and do not intersect. There is no solution to 
the system. The solution set is { }=@. 
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Be eo? 
' Bee ta 4 (1) 
DY ay =< (2) 
10y+z=-4 (3) 


We begin by clearing fractions and rewriting (2). 


2x+20y+z=- 4 
4 times (1) 3 i oe ai = 
Subtract z > ‘i a () 

10y+z=-4 (6) 


Since y does not appear in (5), let’s eliminate y from (6) also. 
2x+20y+z=-9 
—2 times (6) > —20y—2z=8 Add 
2x - z=- 1 (7) 


Form and solve the 2 x 2 system using (5) and (7). 


4x-—z=0 (5) 
2x-z=-1 (7) 


4x-z=0 
—ltimes(7)— -—2x+z=1 Add 


Ge Shaye" 
2 


Substitute x = + into (2) to find z= 2. Next substitute z = 2 into (3) and find y == = 2. The solution is 
1 -3 1 -3 - 
x= 3 y= 5° z=2or (5. 5 2), The solution set is (5. =. 2). 


Check: Verify that (5. =, 2) satisfies each of the original equations. 


See supplementary problem 7.4 for similar problems. 


7.5 Evaluate the following. 


2 3 
Yl a 
ee ee ee 
; 3 |-20 3(1)=10-3=7 
b —3 2 
(6) 4 5 
a 9)(4)=-1 =-15+8=-7 
4 5 (|= 3 (5) —(-2) (4)=—15—-(-8)=—-15+8= 
5 6 
(c) 
Oo -—2 
=5(-2)-6(0)=-10-0=-10 
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4 6 
d 
(d) | ek 
4 
5 2g (= 4C3)-(-6)2)=-12-C12)=- 12+ 12=0 
2 3 
(e) 
x y 
J-2y-a 
12 3 
7.6 Find (a) the minor of 2 and (b) the minor of —3 in the determinant} 90 4 5 
3 0 -l 


(a) |The element 2 is contained in row 1 and column 2. Delete the elements in row 1 and column 2 to obtain 


0 5 
=3 = 


as the minor of 2. 


(b) | The element —3 is contained in row 3 and column 1. Delete the elements in row 3 and column | to obtain 


3 as the minor of —3. 
45 
12 3 
7.7 Evaluate} 0 4 2 | by expanding by minors of elements in the (a) first row; (b) first column. 
3 £0 -4i1 


(a) Expanding by minors of elements in row 1 we obtain 


12 3 

4 2 0 2 0 4 
0 4 2 |=1 -2 +3 

0 -l ast 3 0 
3 0 -l 


=1[4 (-1) —2 (0)] — 2[0 (-1) — 2(—3)] + 3 [0 (0) — 4 (-3)] 
=1[-4-0]-2[0+ 6]+3[0 +12] =1[-4]— 2[6]+3 [12] 
=—4-12+36=20 


(b) Expanding by minors of elements in column 1 we obtain 


2 3 2 3 
+(-3 
cl i 3 


=1[4(-D) -—2 (0)]-012 (-D) —3(0)]-3[2 (2) -3(4)] 
=1[-4-0]-0[-2-0]-3[4-12]=1[-4]-0[-2]-3[-8] 
=-4-04+24=20 


Notice the same value was obtained in both cases above. Since the result is unchanged by expansion of 
minors of elements in any row or column, it is advantageous to choose a row or column that contains the 
most zeros, if any. Concentrate on the appropriate signs as you do the calculations. 
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7.8 Evaluate. 


1 2 0O 
(a) -1 1 3 
2 4 -1 


Since row | and column 3 contain a zero, we could expand by minors of elements in either row 1 or 
column 3. We choose row 1. Refer to the sign array chart for the appropriate signs of the terms in the 


expansion. 
1 2 O 
1 1 3 |=1 egy ele 
= = -1 —(-2) 2 -] + DA 
2 4 -1 
=1[1(-l) -3(4)]+ 2[-1(-l) -3(2)]+ 0 
=1[-1-12]+2[1-6]=1[-13]+2[-5]=—-13-10=-—23 
2-1 -3 
(b) x 2 2D 
—2 4 -4 


No row or column contains a zero. We arbitrarily choose to expand by minors of elements in row 2. Refer 
to the sign array chart for the appropriate signs of the terms. 


2 -l -3 


. -1 -3 Q. =3 2 -l 
2 3 2 |=-2] 4 4 |+3 2a) a 
5 & 24 
=—2[-1(-4)- (-3) 41 +312 (-4) - (3) (-2)] - 21224) - (D2) 
=—2[4-(-12)]+3[-8 - 6]—2[8 — 2]=—2[16]+3[-14]-2 [6] 
=~—32-42-12=-86 
-1 -2 
(c) 2 4 O 
—2 —-4 


Expand by minors of elements in column 3. 


-1 2 1 

2 #4 =] 29 -l1 -2 
2 4 O j=1 -0 +0 

2 -4 2 -4 2 #4 
2 —-4 O 


=1[2(-4)-4(-2)]-0 +0 
=1[-8-(-8)] 
=1[-8+8]=1[0]=0 


See supplementary problem 7.5 to practice evaluating determinants. 
7.9 Use Cramer’s rule to solve the following. 


-x-y=l 


@) 5x—3y=11 
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el 2 lees) Capea see sh 
=| 5 _3 |=-103)-(C)5=3+5=8% 
1 -l 
b= =1(-3)-(-1)11=-3411=8 
11 -3 
-1 
De) og gq |= 1G) =a11=5= 16 


x= D,/D = 8/8 = | and y = D,/D = —16/8 = —2. The solution set is {(1, —2)}. You should verify 
(1, —2) satisfies both equations. 


2x+3y=9 
(b) 
5x — y=-3 
D= 5-1 =2(-1)-3(5)=-2-15=-17#0 
9 3 
D,= =9(-1)-3(-3)=-94+9=0 
3 -1 
D,=| 2 7 -ace 0G)=-6=452451 
x= D,/D = 0/(-17) = 0 and y = D,/D = —51/(-17) = 3. The solution set is {(0, 3)}. A mental check readily 
verifies the result. 
x+2y=4 
(c) _ 
—2x+4y=—-4 
D ee 1(4)-2(-2)=44+4=840 
= = = —2)=44+4=60F 
5g [FIA-202) 
D ez 4 (-4) -2 (-4) =16+ 8 =24 
= = —4)—- —4)= +5= 
Z=| ce. (—4) -2 (-4) 
1 4 
D,= =1(-4)-4(-2)=-44+8=4 
: —2 -4 
x= D,/D = 24/8 = 3 and y = D,/D = 4/8 = 1/2. The solution set is {(3, 1/2)}. A check verifies the 


stated result. 


7.10 Use Cramer’s rule to solve the following. 


x+ y+ z=-l 
(a) 2x- y+2z=4 


—x+2y—4z=—5 
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11 
-l1 2 4 2 4 -l 
D=| 4-1 2 l=-1 1 41 =9 
2 -4 5 -4 5 2 
a5 Sd 
1, al 
4 2 2 2 2 4 
D=| 2 4 2/1 ae a4 ==18 
5 -4 tad = 
a 8 
a | 
D at, ea) lle : je 
— - = _ +(- _ 
2-5 x eg (POP) ey, ge JF 
=f 2 <5 


x= D/D=9/9 = 1, y=D,/D =-18/9 =—2 and z= D,/D = 0/9 = 0. The solution set is {(1, —2, 0)}. 
Check: (1, —2, 0) satisfies each equation. The details are left to the reader. 


2x—-3y+ z=-17 
(b) 4y—z=15 
x +4z=1 


o 3 4 
4 -1 % 3 
pst D & = leg -0 a =F20 
0 4 0 4 | 
1 0 4 
a7 Se 4 
D Bae eee Slee! al a = 93 
= — = = fe a 
x 4 -1 i5 <1 15 4 
1 0 4 
ay 4 
D ae eee eee 1 7 ay 
— —_ — — + = 
y 1 4 1 4 15-1 
1 1 4 
2-3 -17 
ie) a ae Sa eg el gy 
- =a) & 45.)- tay) ee ale 
10 1 


x= D,/D = -93/31 = -3, y = D,/D = 124/31 = 4 and z = D_/D = 31/31 = 1. The solution set is {(—3, 4, 1)}. 
Check: (—3, 4, 1) satisfies each equation. The details are left to the reader. See supplementary problem 7.6. 


7.11 Write the coefficient, constant, and augmented matrices for the following systems. 


4x-Ty=3 
(a) _ 
x+5y=-1 
=F 3 4 -7| 3 
The coefficient matrix is 15 The constant matrix is . The augmented matrix is 1 slat 
4a-—5b+ c=2 
(b) 2a —4c=5 


7b-—5c=-1 
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4-5 1 2 
The coefficient matrix is | 2 Q —4 |, The constant matrix is 5 |. The augmented matrix is 
0 7 -5 —1 
4 -5 1] 2 
2 0 -4] 5 
0 7 -5|-1 


Observe that a missing variable in an equation is simply a variable with coefficient zero. We also point 
out that the relative positions of the column entries in the coefficient matrix are associated with a particular 
variable. The first column in part (b) above consists of the coefficients of the a variable; the second column 
consists of the coefficients of the b variable; and the third column, the coefficients of the c variable. It is 
always necessary to align the variables columnwise before the coefficients matrix is formed. 


1 2 -l 
7.12 Perform the elementary row operations on the matrix a ae | } 


12 -l ROR, 3 7 4 
3 7 4 Interchange rows | and 2. 1-2 =1 


3K, > R, 


12 -1 . 3 -6 3 
37 4 | Multiply each element of row 1 3074 | 
by —3 to obtain a new row 1. 
-3R, +R, > R, 
12 -l Multiply each element of row 1 by —3 and 12 -l 
3.7 4 add the resulting elements to the corresponding 0 1 


elements of row 2 to obtain a new row 2. 


The elementary row operations stated above are equivalent to the operations previously em- 
ployed to obtain equivalent systems of equations. See supplementary problem 7.7. 


7.13 Transform the following matrices to row echelon form. 


L, 33 <3 
2 9 16 


(a) 


2 64 t= 4 i 2% A 
ROR, 2R, +R, > R, 
| 2 a +) ae Ba : Oo 2 
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a a | 
| =f 2 
0 41-4 
ft =f a oe 
Bai. 2 Pies, (Get = 
0 4 1-4 4: tot 
=) £ fi [1-161 64 
-1R, >R, | 0 2 <f |-4R 9h SRO 1 2 41 
0 4 =A | 0 0 -7 0 
= | 
SRR 2-1 
01 0 
2 6 4 8 
(d) | 4 14 10 20 
3 9 6 12 


3.9 6 12.|7 e © 6 12 


aN 


26 4 8 3 4 

414 10 20 |4ror| 4 14 10 20 |-4R +R, 8, 
3 

2 

9 


| 
1S) 
a] 
+ 
=) 
a) 
oor 
CoN WwW 
oN WN 
aN 
I 
i) 
a 
oor 
Cor WwW 


See supplementary problem 7.8. 


7.14 Use Gaussian elimination to solve the following systems. 


s+2t=7 
a 
@) 2s— t=4 
rs 1 2|7 
1. The augmented matrix is fae 
1 2/7 1 2 7 | -1 
2. —2R,+R, 3 R, —R, > R, 
2 -1|4 “ 0 -5]|-10 5 
1 2|7 
0 142 
s+2t=7 
3. The corresponding system is 1=2 
4. s+2t=7andt=2s0 
$+2(2)=7 
s+4=7 
s=3 


The solution set is {(3, 2)}. 


242 CHAPTER 7 Systems of Equations and Inequalities 
as s+20=7 and 2s—t=4 
34+2(2)=7 2(3) -2=4 
2x+3y=11 
(b) 7 
x—-—2y=-5 
1. The augmented matrix is : 2 } 


2. 3 
1 -—2 


x-—2y=—5 
3. The corresponding system is 3 
y= 
4. x—-2y=-5 and y=3s0 
x—-2(3)=-5 
x-6=-5 
x=1 
The solution set is {(1,3)}. 
5: 2xt 3y 511 and x—2yS—5 
21) +33) 511 1-23)5-5 
24+9=11 1-6=-5 
ll=11 —5=-5 
x-2y-—2z=4 
(c) 2x+ y-—3z=7 
x- y- z7=3 
1 -2 -2|4 
1. The augmented matrix is| 2 1 -3)7 
1 -1 -1}3 
i 3 29a 1-2 -2| 4 
2); 2 1-3/7 | -2R+R,7R, | 0 5 1/-1 | ROR, 
1 -1 -1] 3 R, +R, >R, 0 1 1]-1 
2s aps) a") toe <9 @ 
0 1 1/-1 |-5R,+R,3R,| 0 1 1-1 ARR, 
0 5 tI 1 | 0 O -4] 4 
i eee) 2] 
Oo 1 t)-t 
0 0 1 =! 
x—-2y-—2z7=4 
y+ z=-l 


3. The corresponding system is 
z=-1 
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4. y+z=-l and x—2y-2z=4 
y-1l=-1 x —2(0)-2 (-1)=4 
y=0 x-04+2=4 
4S 2 
{(2, 0, —1)} is the solution set. 
5. x—2y— 2254 2x+y—3z=7 x-y-z53 
2-20)-2(-l)=4 222) +0-3(-Ds7 2-0-Cl=3 
2-04+2=4 4+04+3=7 24+1=3 
4=4 7=7 3=3 
2a— b- c=-4 
(d) a+ b+ c=-5 
at+3b-—4c=12 
2 -1 -1|—-4 
1. The augmented matrixis} 1 1 1j]-5 
1 3 -4] 12 
a oe L 2 Liss 
2, 1 1 1})-5 |R eR} 2 -1 -1)-4 2R,+Rk, OR, 
iT 3 4112 1 3 -4] 12 
[ 1 1{-5 | 1 1|-5 
-1 
O -3 -3) 6 |-1R,+R,>R,| 0 -3 -3] 6 Fi ee 
| 1 3 -4 12 | 2 -5| 17 
fi 1 1|-5 ti a3 
O 1 1/-2 |-2R,+R,>R,}| 0 1 1-2 [ROR 
|} 0 2 -5) 17 0 0 -7] 21 
Pa a 1 
Oo 1 1} -2 
| 0 0 1]-3 
a+b+c=-5 
3. The corresponding system is b+c=-2. 
c=-3 
4. b+c=-—2andc=-3 so 
b+(-3)=-2 and at+b+c=-5 
b=1 a+1+(-3)=-5 
a+(-2)=-5 
a=-3 
The solution set is {(—3, 1, —3)}. 
5. 2a-—b-c=-4 atb+c=-5 at+3b-—4c=12 
2 2 2 
2(-3) — 1 - (-3) =-4 —3+1+(-3)=-5 —3 + 3(1) -4 (-3) =12 
9 2 9 
-6-14+3=-4 1-6=-5 —34+34+12=12 
4 =-4 —5=-5 12=12 
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x-y-z=2 
(e) —x+y+z=3 
—-x-yt+z=4 
1 -1 -1/2 
1. The augmented matrixis} -—1 1 1) 3 
-1 -1 1 
1-1 -1}2 1 -1 -1/2 
2) -l 1 1/3 | A+R OR | O 0 O15 | ROR, 
-l -1] 1/4 R,+R, OR, 0 —2 O|}6 
1 -1 -1/2 1 -1 -1l) 2 
0 2 0)6 SRR, 0 1 O}-3 
0 0 OF 5 0 0 OO} 5 
x-y-z=2 
3. The corresponding system is y =-3. 
0=5 


The equation 0 = 5 is never true. There is no solution to the system. 


There is no solution to a system if it is not possible to transform the augmented matrix to row echelon form. The 
situation encountered above is discussed more completely in subsequent courses. See supplementary problem 7.9. 


7.15 Solve. 
yH=x+2x+2 
(a) 
x+y=2 
Solve the linear equation for y, then substitute into the first equation and solve the result. 
x+y=2>5 y=2-x 
2-x=x7?+2x4+2 
O =x? + 3x 
O0=x(x+3) >x=O00rx=-3 
Ifx=0, y=2-x=2-0=2. If x 3, y=2-—x=2-(-3)=5S. The solution set is {(0, 2), 
(—3, 5)}. Both ordered pairs satisfy the original equations. The details are left to the reader. 
x+y’ =26 
(b) 
x +y =6 


Solve the linear equation for either variable. We arbitrarily choose y. Then substitute into x* + y? = 26 and 
solve. 
x+y=6>y=6-x 

x? + (6—x)* = 26 

x? + (36 — 12x +x’) = 26 

2x — 12x + 36 = 26 
2x? - 12x+ 10=0 
x -—6x+5=0 


(x-1)@-5)=0>x=1lorx=5 
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Ifx=1,y=6-x=6-1=5.Ifx=5, y=6-—x=6-—5=1. The solution set is {(1, 5), (5, 1}. 
Both ordered pairs satisfy the original equations. The details are left to the reader. 


2 2 
x+y =1 
(c) 
x-yo 
The linear equation can most readily be solved for x. Hence solve x — y =5 for x and substitute. 
x-y=5>5x=yt5 
(y+5y +y =1 
(y’ +10y+25)+y*=1 
2y’ +10y+24=0 
y’ +5yt+12=0 
bt Jb? -4ac  -5+,/5°-4() (12) 
a 2a . 2) 
_-5+,/25-48 -54J-23 -5+iV23 
7 2 a ane 
-5 +iV23 —5+iV23 10 5+iV23 
If y=———__, x=y+5= pee 
. 2 2 2 2 
-5 -i 23 -5-iV23 10 _ 5-iv23 
If y= ————. , x= y+5= +—= 
. 2 2 2 2 
—5+iV23 -5+iV¥23 \ (5-iV23 -5-—iV¥23 
The solution set is ( iv23 N25) iv23 N25) . The check is cumbersome, 
2 2 2 2 
but it can be accomplished. 
(a) a —b’ =35 
ab=6 


The second equation is not linear, but either a or b can readily be isolated. We arbitrarily choose to isolate b. 
Finally substitute and solve. 


a‘ —36 = 35a’ 
a’ — 35a’ —36=0 


Let u = a? and solve for u. 


uw —35u—36=0 
(u—36)(u+l=0 
u=36oru=-1 


If u= 36, a’ =36 > a=+ 36 =+6. 
Ifu=-l,a =-1 >q=t+J-1l=+i. 

6 6 6 
6 


Ifa=6,b= =landif a=—-6,b=— 


a = 


ll 

| 
ll 

| 
— 
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faspels tel i208 =] 6i 
aiii «ft -l 
diego 
a I ii i (-l1) 1 


The solution set is {(6, 1), (-6, — 1), (i, — 67), (—i, 61)}. The check is left to the reader. 


7.16 Solve. 


(a) 


An equation in one unknown is obtained if the equations are added. We obtain 


P—P=-5 


49° +7 =25 >s=4sos=tJ4=+2. 
58° = 20 


Now use back substitution to find t. We shall substitute into 4s? + ? = 25. 


lf s=2: 


4° +P =25 


4(2)? + 2 = 25 


164+72=25 
rP=9 
t=+/9 =+43 


If s=-2, 


49° +P =25 


4(-27 +P =25 


16+2=25 
P=9 
t=+J9 =43 


The solution set is {(2, 3),(2, —3), (—2, 3), (-2, —3)}. It can be verified that all four ordered pairs satisfy 
both equations. 


Multiply the first equation by —5 and proceed as in part (a). 


25a’ — 5b? =—5 
2 2: 2 —4 1 
a +5b°=1 > a =—==—s0 
—24 6 
—24a° =-4 


ff fi vi wb 6 
a=4f2 “Je Je we 6 
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tta-X°. 
6 
Sa +b =1 
2: 
(= +b =1 
6 
5 Sola pi 
36 
a0 psa 
36 
36 — 30 
peal 30 6 
36 36 36 
ay eee 
36 6 
tfra=a8, 
6 
Sa +b =1 
2 
(aE) vet 
6 
5/2 lage 
36 
pas ces 
6 
The solution set is [8 |e SS) es) =a) . The check is left to the reader. 
6 6 6 6 6 6 6 6 
4kh°+P=11 
(c) 5 
1 =4k°-9 


The second equation is not second-degree in both variables. However, if we rewrite the second equation 
and add, a quadratic equation that we can solve is obtained. 


4k? +P? =11 
4k? +] =-9 
P+1-2=0 
(7+2)d¢-)D=0 
l=-2orl 
Now use back substitution to find k. 
If = -2, 
4k? +P =11 
4k° +(-2) =11 
4k? +4=11 
4k? =7 
pal 
4 
k=+ TaegMT og 7 


248 CHAPTER 7 Systems of Equations and Inequalities 


Ifl=1 
4° +P =11 
4ke°+(y =11 
4k? +1=11 
4k? =10 
gel 
4 
; 2/2 10 10 
4 v4 2 


7.17 Solve the following systems graphically. 


y= x+3 
(a) 
2x+y=5 


Use your knowledge concerning the shape and general position of each graph to pick an appropriate 
graphing window. We decide to use x € [—4, 4] and y € [—5, 6]. The graphing window may be changed if the 
selected window is unsatisfactory. The graphs are shown in Figure 7.4. 


Figure 7.4 


Use the trace feature to find the approximate coordinates of the point of intersection of the graphs. We obtain 
approximately (1.45, 2.11). The solution set is {(1.45, 2.11)}. The zoom feature or built-in function may be 
employed to obtain a more accurate solution, if your calculator has one. The use of a smaller graphing win- 
dow that contains the point of intersection is another means of improving our estimate. We should also point 
out that either the substitution or addition method could be used to find the exact solution to the system. 
2x* + 5y” = 20 
(b) 


V+ y= 5 


We must solve for y in both equations in order to graph them. 


2x* + 5y’ =20 and x°+y=5 
Sy =20-2x* y=5-x° 
Fee 
5 


_ 4 [20=2x° 
a ane 
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We must graph y =./(20—2x7)/5 and y =—,/(20 —2x”)/5 individually in order to obtain the complete graph 
of 2x? + 5y* = 20. We choose a graphing window of x € [-4, 4] and y € [-3, 6]. See Figure 7.5. The graph 
of 2x? + 5y? = 20 is a curve called an ellipse, while the graph of x* + y = 5 is the familiar parabola. Trace 
the parabola to find the approximate points of intersection of the curves. The points are approximately 
(—2.496, —1.228), (—1.836, 1.628), (1.836, 1.628), and (2.496, —1.228). The solution set is {(—2.5, —1.1), 
(—2.496, —1.228), (—1.836, 1.628), (1.836, 1.628), (2.496, —1.228)}. The remarks made in part (a) are 
applicable here also. 


Figure 7.5 


See supplementary problem 7.10 to practice solving nonlinear systems. 


7.18 Solve the following systems graphically. 


The graph of y > 2x — 2 is found by graphing y = 2x — 2, then choosing a test point, such as (0, 0), and 
finally shading the appropriate region. The graph of y = 2x — 2 is a line with slope 2 and y-intercept —2 
(see Figure 7.6 (a)). The graph of y < —3x + 2 is done similarly (see Figure 7.6 (b)). Determine the intersec- 
tion as shown in Figure 7.6 (c). 


HHH HHH SS 


-10 


Figure 7.6 (a) y>2x-—2 Figure 7.6 (b) y<-3x+2 
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Figure 7.6 (c) 


We choose an arbitrary point in the shaded region, such as (—2, 0), to verify that it satisfies each inequality 
in the system. 


x-y<2 
(b) 
ys3 
Proceed as in part (a) above. The inequality x — y < 2 is strict, so its boundary is dashed (see Figure 7.7 (a)). 
The boundary of y < 3 is the solid horizontal line 3 units above the x-axis (see Figure 7.7 (b)). The solution set 
is displayed in Figure 7.7 (c). 


x 
-4 = -2 2 4 
-2 
-4 
Figure 7.7 (a) x-y<2 Figure 7.7 (b) y<3 
y 
4 
¢ 
x 
-4 -2 
¢ 
¢ 
¢ 
¢ 
/ -4 
¢ 


Figure 7.7 (c) 
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The boundary of y = (x — 2)? — 5 is a parabola that opens upward and has vertex (2, —5). (2, 0) satisfies the 
inequality; hence the region above the parabola is shaded (see Figure 7.8 (a)). The boundary of y< 1—xisa 


line with slope —1 and y-intercept 1 (see Figure 7.8 (b)). The solution set is displayed in Figure 7.8 (c). 


Figure 7.8 (a) y>(x-2)?-5 Figure 7.8(b) y<1-x 


Figure 7.8 (c) 


x+y? <25 


d 
@) x —2y<-4 


The graph of x? + y? = 25 is a circle with radius 5 and center (0, 0). The interior of the circle is shaded, since 


(0, 0) satisfies x* + y? < 25 (see Figure 7.9 (a)). The graph of x — 2y =-4 or y= ; x +2 is a line with slope + 
and y-intercept 2. The line is dashed since the boundary is not included. The region above the line is shaded, 


since (0, 0) does not satisfy x — 2y < —4 (see Figure 7.9 (b)). The solution set is shown in Figure 7.9 (c). 
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Figure 7.9 (a) x?+y2< 25 Figure 7.9 (b) x—-2y<-4 


Figure 7.9 (c) 


SUPPLEMENTARY PROBLEMS 


7.1 Use the addition method to solve the following systems. 


x+3y=4 7s+5t=—8 

(a) Z () -_ 
4x+5y=2 9s +2t=3 
gee pe0 43 
10. = 5 “St 

CW ho 8 e a 
{g-— ps 15s —-12t=7 
2 5 10 


7.2 Use any method to solve the following systems. 


—2a+3b=6 " —3s+7t=14 
(@) a-2b=-5 (6) ip= fS~i3 


3x+4y=18 35 —4t=3 
() 7 (d) 5 
y=-2x+2 4s+3r=14 
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3t-—3u=7 
© 4) s4-Sy=9 


0.24 +0.5b=1.1 
(8) ) oga+ 2b=44 


7.3 Use asystem of equations to solve the following. 
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(a) Brianne and Trista bought DVDs and CDs at the store. Brianne bought 4 DVDs and 3 CDs that cost 
$115.93, tax excluded. Trista spent $123.93 on 5 DVDs and 2 CDs, tax excluded. Find the price of DVDs 


and the price of CDs at the music store. 


(b) |The Murrays invested $15,000 in municipal bonds and technology stocks. The bonds earned 4.8% and the 


stocks earned 7.2% last year. How much was invested in bonds and how much was invested in stocks if their 


total investment earned $856.80 last year? 
7.4 Solve the following systems. 


x+2y-—3z=3 
(a) 2x- yrz=-4 
x+ y-4z=1 


2s+ t-—3u=1 
(c) -s—2t+ u=3 
—4s-—2t+6u=5 


7.5 Evaluate the following determinants. 


@|3 5 () 


i) 
ww 
| 
—_ 
_ 
| 
i) 
i=) 


(d) | 2-3 4 (e) | 2 -1 3 
23 «1 3 4 1 
C2 3 
7 -5 
h) | -1 3 -4 
(8) a (A) 
5 -5 2 


7.6 Use Cramer’s rule to solve the following. 


4x+5y=18 
( 2x —Ty=—48 


3x- y=9 
(c) 
—x+5y=-17 


5x-—2y=-3 
(e) 


4xt3y=— 


(b) 


(da) 


(b) 


(d) 


(f) 


2x -2y+3z=1 
—x+3y—-2z7=2 
x- y+ z=-1 


y —5 
3x- =-4z=— 
ak Sige 
6x =—4y 
Sy+ z=5 
1 -l 
(c) | 0 -1 4 
—2 
2 -l 
Gils a 
4 0 
(i) 
3 O -8 
—2x+y+5z=9 
2x+2y-—3z=-9 
x-4y+ z=13 
x+ y-4z=0 
4x+2y- z=6 
yt3z=-3 
2x-4y+3z=4 


—x+2y-2z=-5 
—3x+6y+z=-2 
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12 37 
7.7 Perform the indicated elementary row operations on the matrix} 2 3 -1 0 
1 1 141 
(a) R, OR, (b) 3R,>R, (c) —2R,+R,>R, 
2 3 °7 
7.8 Transform | 2 3 —-1 O | torowechelon form. 
1 1 141 
7.9 Use matrix methods (Gaussian elimination) to solve the following systems. 
r+ st+t=2 b-2c=-1 
(a) x—-2y=3 () ee 41 -8w=40 4 Spica 3 
r-—3s+t= —sat+ === 
oF) 254 ay 6 )) 21430=6 (@) 
3r+3s-—t=-2 a-—2b+3c=4 
7.10 Use an appropriate method to solve the following systems. 
t=s' +2541 P -lw-2w’? =4 2 2 
(a) (b) (0 3a°+ bo =15 
t—s=3 =e la? — 26? =4 
9x? +4y" = 36 y= Jxt+24+1 2x? + y'=8 
(d) a (e) ; (f) 
x +4y° =100 y=x +2x-2 2.Jx+4+y=4 
7.11 Solve the following systems graphically. 
y<2x+3 y>(x-2) -4 3xty<-2 yS—(x4+3) +2 
(a) b) (c) (d) 
2y<-x+4 y>2 x-2y<0 Vr+y <9 
ANSWERS TO SUPPLEMENTARY PROBLEMS 
7 
7.1 (a) {(-2,2)} (6) {(,-3)} (c) { LT } (d) Bort} 
7.2 (a) {3,4} (b) {(-7,-1)} (c) {(-2, 6)} 
13 6 _ 
(A) (2.3}} (e) Bort) O 13.2) 
5° 4 
(g) Infinitely many solutions. 
The system is dependent. 
7.3. (a) The price of DVDs was $19.99 and the price of CDs was $11.99 each. 
(b) $9,300 were invested in bonds and $5,700 were invested in stocks last year. 
7.4 (a) {(-1,2.0)} (b) {(—2, 2, 3)} (c) @or { }, inconsistent (d) (=. 1, o)} 
7.5 (a) Il (b) -6 (c) 36 (d) 0 (e) 9 


(f) I (g) —-4 (h) 104 (i) —52 
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7.6 


7.7 


7.8 


7.9 


7.10 


7.11 
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{(2, -3)} 
@ or { }, no solution. D=D_=0 
12 3 7 
(| o 7 7 
1 1 1 1 
{(6, —2)} (d) {(4,3,2)} 


{(/2, 3), (V2, -3), (-V2, 3), (-V2, -3)} 


(a) {(-3, 6)} (b) {(2, -2, 3)} (c) 
17 
d 3, -3, 0 =.= 
(d) {3,-3,0)} (e) {(3.2}} ) 
1 1 11 3 -6 9 21 
(a) 2 3 -1 0 (b) 2 3 -1 O 
12 37 1 1 1 1 
12 3 7 
O 1-1 -—2 
0 0 1 0 
(a) {(3,0)} (b) {€,-1, 2)} (c) 
(a) {(-2, 1), U,4)} (b)  {(3, 1), 2, 0)} (c) 
(d) {(2iV2,3V3), (2iV2, — 3V3), (-2iV2, 3V3), (-2iV2, - 3V3)} 
(e) {Approximately (1.4, 2.8)} 
(f) {Approximately (—1.9, 1), (1.9, -0.8)} 
(a) See Figure 7.10. (b) See Figure 7.11. 


Figure 7.12 


(c) See Figure 7.12. (d) See Figure 7.13. 


Figure 7.13 


CHAPTER 8 


Relations and Functions 


8.1. Basic Concepts 


The Cartesian Product is basic to the mathematical concepts of relations and functions. 
Definition 1. Ax B= {(a,b)|ae A and be B} is called the Cartesian Product. 


The Cartesian Product of two sets is the set of all ordered pairs for which the first element is a member of 
the first set and the second element is a member of the second set. 


See solved problem 8.1 


Definition 2. A relation is any set of ordered pairs. The set of first elements is the domain and the set of 
second elements is the range. 


A relation of real numbers is a subset of R x R (where R symbolizes the set of real numbers). A graph is a 
relation displayed on a coordinate system. 


EXAMPLE 1. Relations (in different formats): 


(a) aay, (b) 


Figure 8.1 Figure 8.2 
The figure illustrates the set The figure illustrates the set 
{(1, 1), 2, 2), (3, 2), 4, 3)} {(x, y) b? + y= 1} 
Domain: {1, 2, 3, 4} Domain: {x|-I <x<1} 

Range: {1, 2, 3} Range: {y|-l<ys< 1} 


(c) {C, 3), (2,5), A, 7)} 
Domain: {1, 2} 
Range: {3, 5, 7} 
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Definition 3. A function is a set of ordered pairs, or a relation, for which no two distinct ordered pairs have 
the same first element. 


Definition 3. (Alternate) A function from a set A to a set B is a mapping, rule, or correspondence that 
assigns to each element x in set A exactly one element y in set B. (Each x is mapped to a unique y.) 


A function is a relation with an added condition. The added condition is that for a function, no x value can 
have more than one y value associated with it. 


EXAMPLE 2. In Example | above, (a) is a function, and (b) and (c) are not functions. 
See solved problem 8.2. 


To determine whether a relation in graphical format is a function, as in solved problem 8.2(c) and (d), we 
can use the Vertical Line Test. 


VERTICAL LINE TEST: A graph is the graph of a function if no vertical line intersects the graph in more 
than one point. 


If any vertical line intersects a graph in two or more points, then the graph is not the graph of a function. 
The reason is this. Two points on the same vertical line indicate two different ordered pairs that have the same 
first element. Thus, it can’t be a function. 

A function is frequently described using set-builder notation as in {(x, y) | y = 3x — 5}. In this form, 
the first variable in the ordered pair is called the independent variable and the second variable is the dependent 
variable (since its value depends on the value of the first variable). 


See solved problem 8.3. 


The concepts of domain and range apply to functions since all functions are also relations though not 
all relations are functions. When the function is described using an equation and the domain isn’t stated 
(given explicitly), then we need to find the implicit domain. The implicit domain is the set of all values for 
the independent variable that result in real number values for the dependent variable. For the functions we 
will consider in this chapter, the implicit domain is found by excluding (from the set of real numbers) any 
values that result in (1) division by zero or (2) square roots of negative numbers. 


See solved problem 8.4. 


8.2 Function Notation and the Algebra of Functions 


The definition of a function indicates that it is a set of ordered pairs. To distinguish between two or more func- 
tions, we can give each a name, as in f= {(x, y) | y=x* + 3x} and g = {(x, y) | y = x/(x — 2)}. In addition, to be 
more efficient, a more compact notation has been created to designate functions. The function f above would 
be designated as f (x) = x? + 3x, and g would be g (x) = x/(x — 2). (Everything previously stated about func- 
tions is still valid for this notation.) “f (x)” is read “f of x” or “f evaluated at x.” This notation does not imply 
multiplication even though it looks like it should. This is simply new notation. One advantage of this notation 
is its simplicity: e.g., f (x) above could be used anywhere x” + 3x would be used. The independent variable x in 
this notation is just a placeholder for a number or expression. For this function, the symbolism “f(5)” means to 
evaluate the expression “x? + 3x” at x= 5. That is, f (5) = (5)? + 3(5). Another way of thinking of this func- 
tion f is as f (?) = (2?) + 3 (?) where each “?” is reserving space for a number or expression. To evaluate the 
function for a particular number or expression, replace each occurrence of the independent variable (or the “?’’) 
by that number or expression. Use parentheses around the number or expression to avoid confusion and to retain 
the correct order of operations in the result. 


EXAMPLE 3. To evaluate x? + 3x for x = 2, f (x) = x? + 3x can be used. Replace each occurrence of x by 
2: f (2) = (2)? +3 (2) = 10. 


See solved problem 8.5. 


258 CHAPTER 8_ Relations and Functions 


To be consistent between this new notation and the rest of mathematics, another definition is required. 


Definition 4. For all x common to the domains of fand g, the arithmetic of f and g is given by the following: 


1. The sum is (f +g) (x)= f (x) +g (x). 
2. The difference is (f — g) (x)= f (x) — g (x). 
3. The product is (f g) (x)= f (x): g (x). 


4. The quotient 5] (x)= F@) for g (x) #0. 
& 


g (x) 
See solved problem 8.6. 


Another important mathematical connection with the algebra of functions follows. 


Definition 5. For all x for which the expression is defined, the composition of functions, symbolized as 
(fo g) (x), 1s defined to be f(g (x)), sometimes written as f [g (x)] to avoid confusion between grouping symbols. 


The composition of functions, (fo g) (x) =f [g (x)], evaluates the function f at g (x). It requires the value 
for g (x) to be in the domain of f, We illustrate the process of evaluating and simplifying the composition of func- 
tions below. 


See solved problem 8.7. 


8.3 Distance and Slope Formulas 


Distance Between Points in the Plane 


Basic to the distance formula is the following theorem which is restated from Chapter 1. 


PYTHAGOREAN THEOREM: | The sum of the squares of the lengths of the legs in a right triangle is equal 
to the square of the length of the hypotenuse. 


hypotenuse 


leg, 
Right 


sf Angle 


leg, 
Figure 8.3 


(leg,)? + (leg,)’ = (hypotenuse) 


The distance formula can be better understood using the Pythagorean Theorem and an example. Figure 8.4 
below graphically shows the development of the formula for the distance between the points (1, —2) and (5, 4). 
That is, it shows the distance between the endpoints of the bold line segment d in the figure. 
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(5)-(1)=4 


Figure 8.4 


By the Pythagorean Theorem, we can now see (with the help of Figure 8.4) that d? = 47 + 6? or 


d= /4 +6 = /16+ 36 = J52 = 2V13 ~7.2111. 
The distance formula simply generalizes the example above. 


DISTANCE FORMULA: The distance d between (x,, y,) and (x,, y,) is 


d= (x, -x,Y +(m-yy- 


The distance between any two points in the plane is the square root of the sum of the squares of the dif- 
ference of the x-coordinates and the difference of the y-coordinates. Since the above formula sometimes 
causes confusion because of all the x’s, y’s, and subscripts, we will use a simpler-looking formula. Namely, 
d=,/(u—a) +(v—b)’, where (a, b) and (u, v) are the two points. 


See solved problem 8.8. 
Slope of a Line 
A nonvertical line that passes through two distinct points in the plane has an inclination to the horizontal. We 


call that inclination the slope. It is calculated by dividing the difference in the y-coordinates of the two points 
by the difference in their x-coordinates. Figure 8.4 (repeated here as Figure 8.5) 


-2 


(1, -2) (5, -2) 
UU 
(5)-(1)=4 

Figure 8.5 


indicates the slope of the bold line segment (and thus the line it represents) is: slope = & =1.5. 
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SLOPE FORMULA: The slope of the line passing through the points (x,, y,) and (x,, y,) is symbolized by the 
letter m and defined to be 


yee ya 7M se YT Y2 
x2 — % Xx, — X2 

if the denominator is not zero. If the denominator is zero, the slope is undefined; the line has no slope associ- 

ated with it. If the slope is undefined, then the line is vertical (and vice versa). 

In words, the slope of a line passing through two points is the directed change in y divided by the directed 
change in x. Defined in terms of coordinates without subscripts we will write m = (v — b)/(u — a) or 
m=(b—v)/(a—u) for the line passing through the points (a, b) and (u, v). If the slope is positive, the line goes up 
from left to right (and vice versa). If the slope is negative, the line goes down from left to right (and vice versa). 

The order of subtraction of the coordinates of the points is not important as long as there is consistency 
between the numerator and denominator of the slope formula. A good rule to follow is to make sure that the 
x-coordinate of a point is directly beneath the y-coordinate of that same point in the formula. 


See solved problems 8.9-8.10. 


Note: The line passing through the points in solved problem 8.9(d) is horizontal; the slope of a horizontal 
line is zero. The line passing through the points in solved problem 8.9(e) is vertical; the slope of a vertical line 
is undefined. 


8.4 Linear Equation Forms 


From the formula for the slope of a line, we can develop formulas for equations of a line provided we are given 
enough information about the line. Using Figure 8.6 below, we can find an equation of the line passing through 
the two points (—2, 3) and (6, —1) by identifying a relation between the coordinates of the general point (x, y). 


Figure 8.6 


In general, to find an equation of a line we need to know two things: (1) its slope and (2) a point on 

the line. For Figure 8.6 above, the slope of the line passing through the points (—2, 3) and (6, —1) is 
_v-b_ (-1)-(3)_ -l 
u-—a_ (6)—-(-2) 2 
(—2, 3), and the general point (x, y), we calculate m= 


. Now using the slope formula again with either one of those points, say 
v-b_ y—-(3) _ y-3 
wa x-O2) x42 

The slope is of the line so it is the same between any pair of points on the line. The two expressions for the 
slope calculated above must be equal: 


-l_y- 3 
2 xt+2 
This equation relates the x- and y-coordinates of every point on the line except for the point used in the 
second calculation, namely (—2, 3) in this case. That is, for (—2, 3), the equation becomes = : = = or 
—2)+ 


v = which is not a valid equation. To avoid this problem, we alter the above equation by clearing the 
0 2 


denominator on the side that involves the x: 
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y73_-l 

x+2 2 
y-3 -1 
—— +2)=—(x+2 
Ea pag ere 


-| 
~3=—(x+2 
y a ) 


This last form is used so frequently that it has been given a name: the point-slope form. 
Definition 6. For any nonvertical line, the Point-Slope Form of the equation of a line is 
y—y, =m (x—X)) 


where (x,, y,) is a known point on the line and m is the slope of the line. 

In the point-slope form of the equation of a line, we use the known point and known slope to write an equa- 
tion that identifies every point on the line. For our calculations, we will use a simpler-looking equation without 
subscripts, namely, y — s =m (x — r) for the point (7, s) and slope m. 


Note: The slope of a vertical line is undefined. The point-slope form of the equation cannot be written for 
vertical lines. 


See solved problems 8.11-8.13. 


To find an equation of the line passing through the points (7, s) and (u, v) as in solved problem 8.13, 
we can alternately use the two-point form of the equation. This form combines the steps shown in the prob- 


lem answer into one equation: y—s -( ama Jo r). For the points in solved problem 8.13, we then obtain 
u-s 
=3 


3 
y-3= is (x — 2), which simplifies to y — 3 = —2(x — 2) as in the problem answer. 


When the point-slope form of the line is solved for y, it is called the slope-intercept form. 


Definition 7. The Slope-Intercept Form of the equation of a line is 
y=mx+b 


where m is the slope of the line and b is the y-intercept of the line. 


The slope-intercept form of a line requires y to be isolated on one side of the equation. In that form, the coef- 
ficient of x is the slope and the constant term is the y-intercept. The student should be careful to note that the 
coefficient of x is the slope of the line in this form only—the coefficient of x is not the slope in the other forms 
of the equation of the line. 


Note: Since the slope of a vertical line is undefined, the slope-intercept form of the equation cannot be 
written for vertical lines. 


See solved problems 8.14—8.17. 


Definition 8. The General Form of the equation of a line is ax + by + c = 0; the Standard Form is ax + by =c. 
(Traditionally, a is nonnegative and all fractions are cleared.) 


Both the general form and the standard form of the equation of the line require that either a or b is nonzero. 
Otherwise, the equation becomes c = 0 or 0 = c. If c isn’t zero, then this is a contradiction; if c is zero, then it is 
an identity. Regardless, no possible relationship between the x- and y-coordinates of any point is identified. 
Additionally, we note that no line has a unique equation in either the general or standard form. As you can see, 
x+y+3=0 and 2x + 2y + 6 =0 both represent the same line since they are equivalent equations (multiply 
both sides of the first equation by 2 to obtain the second equation). Therefore, the solutions in the general and 
standard forms that you find may differ from the solutions we give, but your solutions should be equivalent to ours. 


See solved problem 8.18. 
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Definition 9. The /ntercept Form of the equation of a line is x/r + y/s = 1 where r is the x-intercept of the 
line and s is the y-intercept. Neither 7 nor s may be zero so this form cannot be used when the line passes through 
the origin. 


This form is a variation of the standard form requiring c = 1. For the line in solved problem 8.18(b), 
5x + 3y = 15, the equation becomes x/3 + y/5 = 1. The student can readily show this to be equivalent to the 
general form in the problem answer by multiplying both sides of the equation by the LCD = 15. 

The following are normally proven in College Algebra. We will simply accept them as being true. 


Parallel Lines. Nonvertical parallel lines have equal slopes. Lines with equal slopes are parallel (or collinear). 


If line /, with slope m, is parallel to line /, with slope m,, then m, = m,. Conversely, if m, = m,, then /, is 
parallel to J,. 


Perpendicular Lines. Two perpendicular lines, neither of which is vertical, have slopes whose product is 
—1. (Alternately, nonvertical perpendicular lines have slopes which are negative reciprocals of one another.) Con- 
versely, two lines having slopes whose product is —1 are perpendicular. 


If line 7, with slope m, 
m, =—1/m,. In the reverse perspective, if m, -m,=—1, then /, is perpendicular to /,. 


is perpendicular to line /, with slope m,, then m, - m, = —1 or equivalently 


See solved problems 8.19-8.23. 


8.5 Types of Functions 


The graph of a function fis normally the graph of the equation y = f (x). We will use this equation to identify 
the graphs of the following special types of functions. 


Definition 10. Any function of the form f (x) = ax + b is identified as a linear function. 


Since y =f (x) = ax + b, we see that the graph of a linear function is a straight line with slope m = a and 
y-intercept b. All linear functions graph into nonvertical lines and all nonvertical lines can be represented by lin- 
ear functions. 


See solved problems 8.24-8.25. 


Definition 14. Any function of the form f(x) = ax? + bx + c where a # 0 is identified as a quadratic function. 


b \ 4ac—b? 
Since y= f (x)= ax? + bxtc=a|x+— | +——— 
2a 4a 


is a parabola (review Section 6.6). The graph opens upward if a > 0, downward if a < 0, and has a vertex at 


, we know that the graph of a quadratic function 


24° 2a 2a’ 4a 
metry and every parabola with a vertical axis can be represented by a quadratic function. 


(= f [ a ) = (= gece } Every quadratic function graphs into a parabola with a vertical axis of sym- 


See solved problem 8.26. 


Both linear and quadratic functions are examples of a more general type which we will not analyze in this 
text. That type is the polynomial function. A polynomial function is of the form f (x) = a,x" +a, x"! ++ 
+a, x? + a,x + a, where n is a nonnegative integer and a, # 0 (unless n = 0, meaning f (x) = a, and f (x) = 0 
is valid). An example of a polynomial function that is neither linear nor quadratic is f (x) = x* — x? — 6x. It has 


x-intercepts at —2, 0, and 3 and a y-intercept at 0. See Figure 8.7. 
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f(x) = x8 — x? - 6x 


Figure 8.7 


Definition 12. The function f (x) = Vx, where x is a real number and x > 0, is identified as a square root 
function. 


The square root function is the top half of a parabola opening to the right with vertex at the origin. See 
Figure 8.8. 


Figure 8.8 


The domain of the square root function is {xlx 2 0}; the range is {yly = 0}. Variations of the square root 
function are of the general form, g(x)=a+bVcx+d. For this general form, the “starting point” (parabola 
vertex) on the graph is (—d/c, a). The graph is the top half of a parabola if b > 0 or the bottom half if b < 0; it 
opens right if c > 0, left if c < 0. 


See solved problem 8.27. 


Definition 13. The function f (x) = lal is identified as the absolute value function. 


The graph of the absolute value function follows from the definition of absolute value: 


= x,if x20 y=x,if x20 
al —x,ifx<0 = y=-x,if x<0 
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See Figure 8.9. 


aa 


-4 -2 


| 
ne) 


Figure 8.9 


At the origin, the graph has a sharp turn or corner, which is called the vertex. The graph resembles the 
letter “V.” As with the square root function, variations exist for the absolute value function and are of the 
form f (x) = a |x + bl + c. The vertex is at the point (—b, c) and the graph opens upward (in a “V”) if a> 0 or 
downward (in an inverted “V”) ifa< 0. 


See solved problem 8.28. 


The absolute value function is an example of a piecewise-defined (or multipart) function. A piecewise- 
defined function is a function composed of two or more “pieces.” Each piece of the function is itself a function 
for which the domain is explicitly stated. We give examples of piecewise-defined functions next. 


See solved problems 8.29-8.30. 


The student would do well to memorize the graphs of at least the linear function, the quadratic function, the 
square root function, and the absolute value function. It is helpful to know the basic form of these graphs and 
their variations even before plotting points. 


Functions can generally be graphed very nicely on graphing calculators. In most cases, the function will need 


to be set equal to y to identify the equation to graph. The student will need to become familiar with the keyboard 


of the calculator in order to use some of the special function keys, like} J | (square root) and| abs | (absolute 


value). Many of these calculators will even graph piecewise-defined functions. To graph the function in solved 


problem 8.29, most calculators that are able to do so will use a variation of the following expression: 
y=(2x4+ 1) * (x< 1) + (4-27) * (1 Sx andx<3)+(4—-x) * (3 <x). 


The middle term may require a change to (4 — x”) * (1 < x) * (x < 3). With some calculators, the inequali- 
ties may need to be replaced by intervals. For x < | as an example, the interval might be [—50, 1] instead of 
(—ce, 1), if —50 is outside the window being displayed on the calculator. The best thing to do is to read the 
manual that came with the calculator and then experiment. 


8.6 Variation 


A variation is a function involving two or more variables. The type of variation specifies the form of the func- 
tion. Function notation is rarely used with variations. 
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Definition 14. y varies directly as, or is proportional to, x means y = kx where k # 0; k is called the constant 
of variation or the constant of proportionality. This form of variation is called Direct Variation. 


When y varies directly as x, assuming k is positive, y gets larger when x gets larger and y gets smaller when 
x gets smaller. The amounts of change in x and y aren’t necessarily the same, but the direction of change is. 


See solved problems 8.31-8.33. 
Definition 15. _y varies inversely as, or is inversely proportional to, x means y = k/x where k # 0; k is called 
the constant of variation or the constant of proportionality. This form of variation is called Inverse Variation. 


When y varies inversely as x, assuming k is positive, y gets smaller when x gets larger and y gets larger 
when x gets smaller. The direction of change between x and y is opposite. 


See solved problems 8.34—8.35. 
Definition 16. y varies jointly as x and z means y = kxz where k # 0; k is called the constant of variation or 
the constant of proportionality. This form of variation is called Joint Variation. 


When y varies jointly as x and z, assuming k is positive, y gets smaller when the product of x and z gets 
smaller, and y gets larger when the product of x and z gets larger. The direction of change between y and the 
product of x and z is the same. Be careful to note, however, that the change in y may be opposite that of either x 
or z. For example, if x changes from 4 to 2 while z changes from 3 to 9, then x becomes smaller but z, the product 
xz (changing from 12 to 18), and y become larger. 


See solved problems 8.36-8.38. 


8.7. Inverse Relations and Functions 


Definition 17. The inverse of a relation or function is the relation that results from interchanging the x- and 
y-coordinates of all ordered pairs. 


See solved problem 8.39. 


The graphs of a relation or function and its inverse are mirror images of each other in the line y = x. In other words, each 
point (b, a) is the mirror image of each point (a, b) in the line y = x. 


EXAMPLE 4. The function y = f(x) with a graph above the dotted line y = x (Figure 8.10), is the inverse 
function of the function y = g(x) whose graph is below the line. That is, fis the inverse of g. Similarly g is 
the inverse of f. 


Figure 8.10 
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In function notation, the inverse of the function f is symbolized by f~!. The superscript is not an exponent. 
This is just new notation for the concept of the inverse; that is, f~! (x) # 1/f (x). In a sense, the inverse 
function “undoes” what the function does. If f (3) = 5, then f~!(5) = 3. Using the concept of the composition 
of functions, the relationship between a function and its inverse can be stated by the equations 


fif'@l=f+ ([f@l=x. 
See solved problems 8.40—8.41. 


The process generally used to find the inverse of a function f (x) uses three steps: 


1. Sety=f(x). 
2. Interchange x and y. That is, replace each occurrence of x with y and each occurrence of y with x. 
3. Solve the resulting equation for y. 


See solved problem 8.42. 


The inverse of a function is not always itself a function as shown in solved problem 8.42. If a function is 
one-to-one, then its inverse is a function; if not, then the inverse is simply a relation. If the inverse is a function, 
a fourth step is added to the three above, where y is replaced by the inverse function notation. 


Definition 18. A function is one-to-one if no two different ordered pairs in the function have the same 
second element. 


Recall that for a relation to be a function, no two distinct ordered pairs have the same first element. Hence, 
for a function to be one-to-one, neither the first elements nor the second elements are the same for distinct 
ordered pairs. 


EXAMPLE 5. (qa) {(1, 2), (3,4), (5, 2)} is not one-to-one since 2 is the second element of two different ordered pairs. 


(b) {(-4, 1), (0, 2), (3, 3), (2, 4)} is a one-to-one function since no two different ordered pairs have the same 
first or second element. 


(c) p(x) = x? is not one-to-one since we can find two different ordered pairs in p which have the same sec- 
ond element, as with (—2, 4) and (2, 4) (since p(—2) = 4 and p(2) = 4). 


To determine whether or not a function in graphical format is one-to-one, we can use the Horizontal 
Line Test. 


HORIZONTAL LINE TEST: The inverse of a function is itself a function if no horizontal line intersects the graph 
of the function in more than one point. That is, no two points on the graph have the same y-coordinate. 


If two or more points on a graph lie on the same horizontal line, then the graph is not the graph of a one- 
to-one function. 


See solved problems 8.43-8.44. 


SOLVED PROBLEMS 


8.1 Find the Cartesian Product of {r,s} and {1, 2, 3}. 


{r,s} x {1,2,3}={@, y)lxe {7,5} andye {1, 2, 3}} 
={(7, l, @ 2), @ 3), (, D, G, 2), (, 3)} 


Refer to supplementary problem 8.1 for practice problems. 
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8.2 Determine which of the following relations are also functions: 
(a) {G, 4), 2, 1), G, 5), (6, 7)} 
This is not a function. (3, 4) and (3, 5) have the same first element. 
(b)  {(2, 5), (7, -3), (6, 7), (16, 5)} 


This is a function. (2, 5) and (16, 5) have the same second element but none have the same first element. 


(c) y 


Figure 8.11 


This is a function. No ordered pairs or points have the same x-coordinate, though there are y-coordinates alike. 


(d@) y 


Figure 8.12 


This is not a function. Three different points are on the y-axis so the x-coordinate is zero for each. 
Refer to supplementary problem 8.2 for practice problems. 


8.3. For {(x, y) |y=3x— 5}, find the ordered pairs for x = 1, 2, and —5. 


First find the y values from the stated equation and then put in ordered pair form: 


x y (x, y) 

1 3(1)-5=-2 (1, -2) 
2 3(2)-5=1 (2, 1) 
-5 3 (-5) -5 =-20 (-5, —20) 


8.4 Determine the domains of the following functions: 


(a) {o- vie} 


Setting the denominator, x + 7, equal to zero and solving for x we get x = —7. Therefore, —7 must be 
excluded from the domain. Domain: {x | x #—7} = (-©9, -7) U (-7, ¢). 
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(b) {(x, y) y= /5— 3x} 


We must exclude all values of x for which 5 — 3x < 0. In other words, we must include all values of x for 
which 5 — 3x 2 0. Solving the latter inequality gives x < 3 


Domain: {x Ix< 2h. (-.3]. 
3 3 


(C) \@ yly= 


x4 


We must exclude all values for which (1) x7 — 4 =0 or (2) x + 5 < 0. Solving (1) for x: x? = 4 so 
x = +4 = +2. Hence we must exclude x = +2, so we must include everything else, that is, x # +2. 
Solving (2) for x: x <—5. We must exclude x < —5, so we must include x = —5. We combine these for 
the domain. Domain: {x | x => —5 and x # +2} = [-5, —2) U (2, 2) U (2, ©). 


(a) {a »ly= = 9} 


If we must exclude all values for which x? — 9 < 0, then we must include all values for which x? — 9 > 0. 
To solve this quadratic inequality, we first factor the polynomial side: (x — 3) (x + 3) 2 0. Then we use the 
number line method, as we did in Section 6.7, to find that all numbers in the intervals (—c0, —3] 
and [3, ce) satisfy the inequality, and all numbers in the interval (—3, 3) do not. Domain: {x | x < —3 or 
x 23} =(-ce, -3] U [3, ©). 


Refer to supplementary problem 8.3 for practice problems. 


8.5 For f(x) =x? + 3x and g (x) = x/(x — 2), find the following: 


(a) f (-3) 
f (-3) =(-3) +3(-3)=0 
(b) g(8) 
Pe 
s@= 5 6 3 
(c) f(rt+s) 


f@r+tsy=(r+sP +3(rts=r’ +2rsts? +3r4+3s 
1 
(d) (+) 
x 


This might be a good place for us to use g (?) = (?)/[(?) — 2] for the function to keep from confusing the 
x’s. Now we simply replace each occurrence of the “?” with 1/x and simplify the expression: 


Refer to supplementary problem 8.4 for more function evaluation problems. 
8.6 For f (x) = 2x* —3 and g (x) = 5x + 1, evaluate the following: 


(a) (ft+8)(-2) 
Cf +g) (-2) =f (-2)+ g (-2)=[2(-2) -3]+15(-2) +1] =G)+-9)=-4 
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(b) (f-8)©) 
(f -8)6) =f 6)-g6)=[26) -3]-156)+1=(47)- (26)=21 
(c) (fg) 
(fg) =f -g@=[20" -3]-5()+1=Cl)-@=-6 


(d) [Ll 
8 


f)q -£ _2@*-3 _=3_ 
g ~~ g(0) 5S(O)+1 1 


Refer to supplementary problem 8.5 for more problems involving function arithmetic. 


8.7 Evaluate each of the following for f (x) = (x— 1)/x and g(x)=Vx+3: 
(a) (feg)(6) 
(3)-1 


(fo9) ©) = fle l= f(YO*3)=s(V9)= f= = 5 


(g° f) ©) -stsolm«| = -e(2)-fe+9-\-5 =e je 
() (ge A) 


x-l x-1 x-1l 3x 
Method |: (eo NU) =etF OOI=¢[ lf . 3-4 ae 


- _ yx 4x-D 


(b) (ge f) 6) 


x |x| 
x-1 4x-1 
Method 2: (2 Ne =al/ l= FOF =| 7 }3=4 z 
_ yx 4x—-1) 
il 


Note: The two methods above differ in process from the second to the fourth expressions. In method 1, f (x) 
is first replaced by (x — 1)/x and then, since g(?) = /(?)+3, the “?” is replaced by (x — 1)/x. Method 2 
first replaces that “?” with f (x) and then replaces f (x) by (x — 1)/x. Method 1 will be used for the solved 
problems in this text but method 2 is just as good. The two methods will always result in the same answer. 
Use the method that seems most comfortable to you. 


By this result in (c), we have a formula for solving the problem in part (b) above. Using this result instead 
V(6)146)—-H _ V135 
1(6)| 6 


different values, it would be to our advantage to use this formula for g o frather than processing each using 


of the process shown in part (Db), (g° f)(6) = . If we wanted to evaluate g o f for many 


the composition of functions. 


@ Fef)@ 


-1 
ren@=suon=4|= iF ! 2 _ 
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() (fefesy@) 


((e73)-1 
(fo feg)(x) -sorecon= (FL) =| Fe] 


ae fee-1 eS 

(/x+3) ae ae 
(/x+3)-1 yx+3-1 Jx+3 -1 
aay eS 


le ele ee ee 


+3 )\ jer3—1) Jxt3-1 fxt3-1 fr+3+l 


afer3-1 <1 fer3 


G43=1 £42 


Refer to supplementary problem 8.6 for practice problems. 


8.8 Find the distance between each of the following pairs of points. 


(a) (1,5) and (7, 8) 


For (a, b) = (1, 5) and (u, v) =(7, 8), d= ((u—ay +(v— bY = J(7- 1)? + (8-5 = (6) +BY 
= /36+9 = V/45 = 3/5 ~ 6.7082, 
or for (a, b) = (7, 8) and (u, v) = (1, 5), d= ((u—ay +(u— by = J-7)" +58) 
= (6) +(-3) = V36+9 = 45 = 3/5 ~ 6.7082. 


Note that the order in which the points are chosen doesn’t matter for the formula. 


(b) (—2, 3) and (3, 6) 
d= (-2-3" + -6) = J(-5) +(-3)? = V25+9 = V34 ~ 5.8310 


(c) (3, 8) and (7, 2) 


d= (7-3) +(2-8) = V16+ 36 = J52 = 2V13 =7.2111 


(d) (3,5) and (6, —2) 


d= (-3-6) +(5-(-2)) = J(-9) +(7 = V81+49 = V130 ~ 11.4018 


Be sure to use parentheses in these calculations, otherwise J(-99 +(7)° in problem 8.8(d) above 
might become /-9* + 7° =J/—81+ 49 = J-32. Since J—32 isn’t a real number, it can’t be a 


distance. Refer to supplementary problem 8.7 for more practice. 


8.9 Find the slope of the line passing through each of the following pairs of points: 
(a) (2,4)and (5, 10) 
poe 


a-u 2-5 3 


u-a 5-2 
(b) (1,—2) and (-3,—5) 
aa b_(-5) (—2) _ 3 3 


“=n (3-0) =4°4 

(c) (4,-—3) and (—5, 8) 
oot? Wee) to 
u-—a_ (-5)-(4) 9 9 
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(d) (2,—Il)and(5,—1) 


v-b_ (-l)-(-l)_0 
wn = aS 
u-a_ (5)-(2) 3 


(e) (-3,4) and (-3,8) 


v-b_ (8)-(4) _ 
wa Eo oO 


m= 


is undefined. The line has no slope associated with it. 


Refer to supplementary problem 8.8 for practice problems. 


8.10 Find the slope of the line given by 3x + 2y = 4. 


First we find two points on the line by choosing a value for one variable and solving for the associated value 
of the other variable. For example, choosing 0 for x requires y to be 2 and choosing —2 for x requires y to be 5. 
This means (0, 2) and (—2, 5) are on the line. The slope is 


G)-@ 3-3 
m= = = . 
(-2)-(0) —2 2 


Any two other points on the line would have given the same result. The student should now find two other points 
on the line to show this to be true. 


Refer to supplementary problem 8.9 for practice problems. Solved problem 8.14 gives an alternate method for 
finding the slope of a line from the equation. 


8.11 Find the point-slope form of the equation of the line with slope 5 and passing through the 
point (2, 3). 


With (7, s) = (2, 3) and m=5, we write y — 3 =5 (x— 2). 


8.12 Find the point-slope form of the equation of the line with slope —2 and passing through the point 
(5,-4). 


In this case, (7, s) = (5, —4) and m =—2, so y — (-4) = —2 (x —5), or simplified y + 4 =—2 (v—5). 


8.13 Find the point-slope form of the equation of the line passing through the two points (2, 3) and (1, 5). 


The point-slope formula requires (1) a point and (2) the slope. We have more than enough information for a 
point, but we need to find the slope. Using the points and the slope formula, 


_v-b 5-3 


u-a 1-2 


m 


The point-slope form then becomes either 


y-3=-2(x-2) or y—-5=-2(x-1) 


depending upon which point is chosen. Either of these equations correctly identifies the line passing through the 
two given points. 


Refer to supplementary problem 8.10 for practice problems. 
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8.14 Determine the slope and y-intercept of the line given by the equation 3x — 5y = 15. 


We first solve the equation for y: 


3x -Sy=15 
—Sy=-3x4+15 
_ 3x 415 
aaa 
3 
=—x-3. 
5 


Now the slope can be read from the coefficient of x as 2 and the y-intercept is read from the constant as —3. 


Refer to supplementary problem 8.11 for practice problems. 


8.15 Find the slope-intercept form of the equation of the line with m =5 and passing through (2, 3). 


From the point-slope form 


y-3=5(¢-2) 
y—3=5x-10 
y=5x-7 


Alternate Method: With the slope given, we know that y = 5x + b. Since we know that every point on the line 
satisfies this equation, we know specifically that the given point (2, 3) does. Therefore, we can replace x by 2 
and y by 3 and then solve for b. 


y=5x+b 
3=5(2)+b 
3=10+b 
3-10=b 
—-T=b 


Now with both m and b identified the equation follows: y=5x+(-7) ory=5x—-7. 


8.16 Find the slope-intercept form of the equation of the line with m = —3 and passing through (0, 4). 
Since (0, 4) gives us 4 as the y-intercept, the slope-intercept form is y = —3x + 4. 


Refer to supplementary problem 8.12 for practice problems. 


8.17 Find the slope-intercept form of the equation of the line passing through (3, 7) and (—2, 1). 


Haine oa =° Thea in the point-slope form 
u-a_ (—2)—(3) 
using (3, 7) 
6 6 18 
7=—(x-3) = =x 
y 5 ) 57 5 
a eee 
5 5 
Sh 
ee 
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or using (— 2, 1) 


6 12 
j-1= 2G C2) = tte 
y mers 
5 5 
y eget 
5 5 


Note that it didn’t make any difference which point we used in the calculations after the slope was found. 


Our result was y = Sx + Z using either point. 


Refer to supplementary problem 8.13 for practice problems. 


8.18 Find the general form of the equations of each of the following: 
(a) The line passing through the points (2, 3) and (2, —4). 


We notice here that the slope m = (—4 — 3)/(2 — 2) =—7/0 is undefined so neither the point-slope nor 
the slope-intercept forms of the equation are available to help us. We can, however, use the reason behind 
their unavailability to find the equation we want; namely, the line is vertical. This means that all x-coordinates 
must be the same, which, in this case means they must all be 2. We state that in algebraic form as x = 2. In the 
general form then, x — 2 = 0. 


(b) The line crossing the x-axis at 3 and the y-axis at 5. 


The points for the x- and y-intercepts are given as (3, 0) and (0, 5), respectively, so b= 5 and 
v-b 0-5 -5 

m= =—— =—. Therefore, 

u-a 3-0 3 


=—x4+5 
. 3 
3y=-5x+15 
5x+3y-—15=0. 


8.19 Find the slope of a line parallel to the line given by 3x — 2y = 6. 


First, we determine the slope of the given line by solving the equation for y: 


3x-2y=6 
3x-6=2y 
3 

—x—3=y. 
) y 


m,, the slope of the given line, is 3. Therefore, the slope of the parallel line m is also 3. That is, m =m, = 3. 


Refer to supplementary problem 8.14 for practice problems. 


8.20 Find the slope of a line perpendicular to the line given by 3x — 2y = 6. 


We first determine the slope of the given line as in problem 8.19 above and find m, = 3. Therefore, the slope of the 
perpendicular line m is 
_-l_-1_-2 
nm 8 
2 


which is the negative reciprocal of the first slope. 


Refer to supplementary problem 8.15 for practice problems. 
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8.21 


8.22 


8.23 
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Determine the standard form of the equation of the line passing through the point (2, —5) and parallel to 
the line given by 4x + 3y = 12. 


We start by finding the slope of the given line: 4x + 3y = 12 ory= + x +4 so the slope is m, 


= =}. The 
slope of the parallel line m is also + Using the point-slope form of the line and then converting to standard form, 


we obtain 


5)=—(e-2 
y-G =e ) 


ea gee 

3 3 

3y+15=—4x+8 
4x+3y=-7. 


Notice that for the standard form of the equations of parallel lines, the coefficients of x are the same and the 
coefficients of y are the same. 


Determine the standard form of the equation of the line passing through the point (—1, 3) and 
perpendicular to the line given by 2x — 5y + 10=0. 


First, we find the slope of the given line. 2x — 5Sy+ 10=0 or y= ox +2 som, = z. Next, we identify that 


the slope of the perpendicular line m is =. Finally, we use the point-slope form of the line and convert to the 


standard form to get 


a) 
-3=—(x-[-l 
y 5 [-l]}) 
=) > 
JS 
Z 2 2 
2y — 6=-5x-5 
5x+2y=1 


Notice that for the standard form of the equations of perpendicular lines, the coefficients of x and the coefficients of 
y are interchanged and the operation between the terms is the opposite. 


Using what was noticed about the coefficients in problems 8.21 and 8.22 above, determine the standard 
form of the equation for each of the following: 


(a) The line passing through (4, 7) and parallel to the line given by 3x + 4y = 10. 


We use the coefficients in the equation of the given line and the coordinates of the point: 
3x + 4y = 3(4) + 4(7) = 40, thus, 


3x + 4y = 40. 


(b) The line passing through (4, 7) and perpendicular to the line given by 3x + 4y = 10. 


We interchange the coefficients, change the operation between the terms, and use the coordinates of the 
point: 4x — 3y = 4(4) — 3(7) =—5, thus, 


4x — 3y=—5. 
Note: This method is a useful shortcut when the only objective is to find the equation of the line. 


Refer to supplementary problems 8.16 and 8.17 for practice in finding equations of lines parallel or perpendi- 
cular to other lines. 
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8.24 Determine the linear function for which f (2) = 3 and f (5) = 1. 


With f (x) = y identifying the point (x, y), the two given equations identify the points (2, 3) and (5, 1). 
The slope of the line for the graph is m = (1 — 3)/(5 — 2) =—2/3. In point-slope form the equation of the line 
using the point (2, 3) becomes y — 3 => (x — 2). Changing to slope-intercept form we have: 


yaar. Thus, y =f (x) = + x4 2. 


Refer to supplementary problem 8.18 for practice problems. 


8.25 Graph f (x) =—3x + 2. 


We first create a table of points or ordered pairs to plot using f (x) = y = —3x + 2 and then graph the line 
through the points. See Figure 8.13. 


Figure 8.13 


8.26 Graph g (x) = 2x7 + 4x- 3. 


2(2)’ . 2(2) 
and graph the parabola through the points. See Figure 8.14. 


-4 -4 
The vertex is ( ) =(-l, g (-D)) =(-1, —5), so we create a table of points or ordered pairs to plot 


g(x) = 2x? + 4x -3 


Figure 8.14 
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8.27 Graph f(x)=2-V3-x. 
The domain is {xlx < 3} (since 3 — x 2 0). To use the analysis in Section 8.5, we put the function in the appropriate 
format: f(x) =2+(-l).j(-D)x +3. Now the “starting point” is (—3/(—1), 2) = (3, 2). The graph is the bottom 
half of a parabola (since b < 0) opening left (since c < 0). The graph will continue down to the left from the starting 
point, passing through (2, 1), (—1, 0), and (6, —1) as example points. See Figure 8.15. 


Figure 8.15 


8.28 Graph g(x) =—2 lx + 31-1. 


The vertex is at (—3, —1) and the graph forms an inverted “V” from there. It passes through (—5, —5), (—4, —3), 
(-1, —5), and (0, —7). See Figure 8.16. 


g(x) =-2 |x+3]-1 


Figure 8.16 


Refer to supplementary problem 8.19 for practice in graphing functions. 


2x+1 ifx<l 
8.29 Graph f (x)=, 4-x° if l<x<3 
4-x ifx>3 
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This function is composed of three pieces. The first piece is the function y = 2x + | and it is defined only for 
those values of x in the interval (cs, 1). The second piece is the function y = 4 — x” which is defined only for those 
values of x in the interval [1, 3]. The third piece is the function y = 4 — x and is defined only for those values of x 
in the interval (3, co). To graph f(x) calculate the correct value of y for any value x by (1) identifying the interval in 
which x is found and (2) using the function piece for that interval. See the table below and the graph in 
Figure 8.17. 


x | Interval | Function y 


-—2 | (-<,1) 2x+1 -3 


0.9 | (-,1) | 2x+1 | 2.8 


1 [1,3] 4-x 3 
2 [1,3] 4- x? 0 
3 [1,3] 4-x? | -5 


3.1 | (3,00) 4-x |0.9 


2xt+1 if x<t 
f(x)={4-x? if 1<x<3 
4-x if x>3 


Figure 8.17 


Refer to supplementary problem 8.20 for practice in graphing piecewise-defined functions. 


8.30 Graph g (x) = [x] (the greatest integer function). 


The greatest integer function returns the greatest integer less than or equal to the value of the expression between 
the symbols [and]. We calculate y = [x] in the table below and then graph the function. See 


Figure 8.18. 
x y 
a4 | ate 
“05 | <4 
—0.1 =a 
0 |o. 
0.9 lo 
co 
1.8 Ea 
a | 2 


Figure 8.18 
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The graph will continue in this stair-step fashion forever. We’ ve tried to indicate this by including the “steps” for x 
in the intervals [—2, —1) and [2, 3). This type of function is frequently referred to as a step function because of 
its graph. 


8.31 Translate each of the following statements into algebraic form: 


(a) y varies directly as the square root of x. 
yakvx 


(b) Area is proportional to the square of the radius. 


A=kr 
(c) Distance is proportional to time. 

d=kt 
(d) y varies directly as x*/?. 

y= kod? 


8.32 y varies directly as the cube of x. Find the constant of variation if y= 6 when x =—2. 


y=kx so 6 =k (-2)° =-8k, thus, k = 6/(-8) =—3/4. 


8.33 p is proportional to q*. If p = 12 when q = 2, find p when q=S. 


p=kq’ so using the given values, 12 = k(2)? = 4k or k = 3. Thus, p = 3q = 3(5)° =75. 


8.34 Translate each of the following statements into algebraic form: 


(a) y varies inversely as the square of x. 


(b) Rate is inversely proportional to time. 


8.35 Find y for x = 9 when y varies inversely as the square root of x, given that y = 10 when x = 4. 


y=k/Jx so using the given values, 10 = k/J/4 or k = 20. Thus, y = 20/V9 = 20/3. 
8.36 Translate each of the following statements into algebraic form: 
(a) y varies jointly as w, Vx, and 23 
y=kwe Vx 
(b) Volume varies jointly as the height and the square of the radius. 


V=khr 
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8.37 


8.38 


8.39 


8.40 


8.41 


r varies jointly as s and the cube of ¢. If r= 4 when s = 5 and r=—1, find r when s = —3 and t=2. 


r=ksf?, so using the given values, 4 = k (5) (-1)3 =—5k or k= = ; 


—4 3_ 96 
Thus, r= 3) (2y = : 
us, Fr 5 (—3) (2) 5 


Combinations of the above variations can also be identified as we show in the next problem. 


Translate each of the following statements into algebraic form: 
(a) y varies directly as x and inversely as z. 


kx 
=. 
Zz 


(b) _rvaries jointly as s, t, and w? and inversely as Jv. 


_ kstu’ 


vv 


Refer to supplementary problems 8.21 through 8.26 for practice with variations. 


Determine the inverse of the relation {(2, 3), (3, 9), (7, -I)}. 


We interchange the order in the ordered pairs and obtain {(3, 2), (9, 3), (-1, 7)}. 


are inverses of one another. 


Prove that f (x)= 2x? +5and g(x)=3/— 


x—5 x—5) x5 
fle @l=f} 3 5 =2! 3 5 +5=2[ 5 +5=x-54+5=x and 


(2x? +5)-5 fy 2x3 _ 
2 “V2 


3f 3 : : 
Vx =x. Therefore, the functions are inverses of one 


glf @]=8[2x° } s]=4 


another; that is, f~'(x) = g(x) and g™! (x) =f (x). 


Refer to supplementary problem 8.27 for practice problems. 


Determine the inverse of f (x) =—2x +5. 


This is the function, f= {(x, y) | y=—2x +5}. We can interchange the x- and y-coordinates to obtain the 
inverse by either switching the order in the ordered pair directly, as (y, x), or by leaving the ordered pair alone 
and switching its “order” indirectly by interchanging x and y in the equation: x = —2y + 5. 

The latter method is normally used. So, for this function, f~! = {(, y) |x =—2y + 5}. To help see that this is the 
inverse, the student should now show that (1, 3) is in f and (3, 1) is in f-!. This form of f~! doesn’t easily lend 
itself to the more common function notation until the embedded equation is solved for y: 


x=-2yt+5 

2y=-x+5 
=1 5 

y=—xt-. 
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-1 
Thus, f" ={(, y)ly= Pha + >| and in the more common function notation 


fi (= Sxte. 


We leave it to the student to prove these functions to be inverses of one another. 
8.42 Find the inverse of g (x) = x? + 3. 


Using the three steps listed in Section 8.7, 
1. Set y= g(x) =x? + 3; 
2. Interchange x and y: x = y’ + 3; and 
3. Solve for y: y?=x-3 or y=tvVx-3. 
y =x -—3 identifies a relation but not a function. The inverse of g is not a function, it is just the relation 
g' ={(,y)ly=tvx-3}. 
8.43 Determine which of the following functions have inverses that are functions: 
(a) f(x)=x* 
Since f (-1) = (-1)* = 1 and f (1) = 14= 1, (-1, 1) and (1, 1) are inf, Therefore, fis not one-to-one and 


so its inverse is not a function. 


(b) g(x)=V2x4+1 


The graph passes the horizontal line test; see Figure 8.19. The inverse is a function. 


Figure 8.19 


(c) y=xX 


The graph passes the horizontal line test; see Figure 8.20. The inverse is a function. 


Figure 8.20 
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(@) y=4-x. 


The graph passes the horizontal line test; see Figure 8.21. The inverse is a function. 


Figure 8.21 


(ec) y=x-x-2x4+2 


The graph fails the horizontal line test; see Figure 8.22. The inverse is not a function. 


Figure 8.22 


282 CHAPTER 8_ Relations and Functions 


Gf) fx)=3-Yx+4 


The graph passes the horizontal line test; see Figure 8.23. The inverse is a function. 
Wi 


f(x) =3-2Vx+4 : 


Figure 8.23 


Note: The functions in parts (b), (c), (d), and (f) above are one-to-one functions. Only one-to-one functions have 


inverses that are functions. 


Refer to supplementary problem 8.28 for practice in determining if inverses are functions or not. 


8.44 Determine the inverse of f (x) = x7 +3, x <0. 
1. Sety=x?+3,x<0. 
2. Replace each occurrence of x with y and vice versa: x = y?+3, y < 0 (note that x < 0 changed to y < 0). 


3. Solve the equation for y: y=+Vx—-—3 and since the new inequality specifies y < 0, then y must 


be -Vx—3. Thus 
y=f @)=—Vx-3. 


f-' is a function. See Figure 8.24 showing that f! is the mirror image of fin the line y = x. 


f(x)=x°+3,x<0 y 


5 10 15 20 
“5 
(x) x-3 
Figure 8.24 


Refer to supplementary problem 8.29 for practice in determining inverses of functions. 
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SUPPLEMENTARY PROBLEMS 


8.1 


8.2 


8.3 


8.4 


8.5 


8.6 


8.7 


Find the Cartesian Product for the following: (a) {x, y, z} x {r, s, t} (b) {1} x {5, 6} 


Which of the following relations are also functions? 
(a) {(4,5), (-2, 5), (7, 5)} (b) {, 3), Cd, 5), , 6)} 
(c) (d) y 


Figure 8.25 Figure 8.26 


Determine the domain of each of the following functions: 


5 
(a) {(x, y)ly=x? +2x—-3} 0) f@=—, 
1 

(c) {orbs (d) {(x, yly=/5x—15} 

fx+2 
(e) g(x)= 19 — x? (f) g()= 
Given f (x) = 2x* — x — 3 and g (x) = x/(2x — 3), evaluate the following: 
(a) f(-4) (bd) g (2) (c) g (5) 
(d) f(8) (e) f@) () 8 Bu) 
(g) f(a-b) (h) g(QQx+1) @) gG?-2) 
Given f (x) = 3x° — 5 and g (x) = y—2. evaluate the following: 
(a) (f+8)Q) (b) (fg)() 
() (@-f)6) (a) (5) 6) 
For f (x) =3x+1, g(x) = Jx +3, and h (x) = 2/(x — 3), find the following: 
(a) (fog) @) (b) (hof) (x) (ce) (g of) @ (d) (goh)(@) 
(e) (gog)() ( (hoh)(x) (g) (fog eh) () (A) (hof ch) (x) 


Find the distance between each of the following pairs of points: 
(a) (3,5) and (2, 8) (b) (2,6) and (2, -1) (c) (2, —-2) and (—2, 2) 
(d) (0, 0) and (5, 12) (e) (3, 0) and (8, 0) (f) (-1,-1) and (1, 5) 
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8.8 


8.9 


8.10 


8.11 


8.12 


8.13 


8.14 


8.15 


8.16 
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Determine the slope of the line passing through each of the following pairs of points: 
(a) (3,5) and (2, 8) (b) (2, 6) and (2, -1) (c) (2, -2) and (—2, 2) 
(d) (0, 0) and (5, 12) (e) (3, 0) and (8, 0) (f) (-1,—-D and (1, 5) 


Find the slope of the line given by 
(a) 2x+y=5 (b) 3x-4y=5 (c) 5x+3y=8 


Determine the point-slope form of the equation of 

(a) The line passing through (7, 3) with slope m = 2. 

(b) The line passing through (2, —1) with m =-3. 

(c) The line passing through the points (—3, 2) and (2, —3). 


Determine the slope and y-intercept of the line given by the following equations: 


(a) 3x+2y=5 (b) 4x-3y=-6 


Determine the slope-intercept form of the equation of 
(a) The line passing through (2, 8) with slope m = 3. 
(b) The line passing through (1, —3) with slope —2. 


Find the slope-intercept form of the equation of 

(a) The line passing through the points (1, 3) and (4, 9). 
(b) The line passing through the points (2, 0) and (4, —4). 
(c) The line passing through the points (3, —5) and (—2, 2). 


Find the slope of the line that is parallel to the line given by 
(a) 4x-2y+6=0 (b) 2x+5y-7=0 


Find the slope of the line that is perpendicular to the line given by 


(a) 3x-y-5=0 (b) 2x+5y-7=0 


Determine the requested form of the equation of the line indicated by each of the following: 


(a) The standard form of the equation of the line passing through the point (7, 3) and parallel to the line given 
by 4x — 5y — 20 =0. 

(b) The slope-intercept form of the equation of the line passing through the point (—2, 1) and parallel to the line 
given by y= 2x —4. 

(c) | The general form of the equation of the line passing through the point (5, —3) and parallel to the line given 
by 3x+ 2y-—5=0. 

(d) The slope-intercept form of the equation of the line passing through the point (5, 0) and parallel to the line 
given by 2x -—4y=7. 

(e) | The standard form of the equation of the line passing through the point (—4, —3) and parallel to the line given 
by x=5. 

(f) The general form of the equation of the line passing through the point (2, 7) and parallel to the line given 
by y=-3. 
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8.17 Determine the requested form of the equation of the line indicated by each of the following: 


(a) The slope-intercept form of the equation of the line passing through the point (0, —2) and perpendicular to 
the line given by 2x + 5y-8 =0. 

(b) The standard form of the equation of the line passing through the point (—5, —4) and perpendicular to the 
line given by 3x — 5y —5 =0. 

(c) | The general form of the equation of the line passing through the point (4, 2) and perpendicular to the line 
given by x+ 2y=5. 

(d) The slope-intercept form of the equation of the line passing through the point (1, —3) and perpendicular to 
the line given by 2x —4y =7. 

(e) | The general form of the equation of the line passing through the point (—3, 5) and perpendicular to the line 
given by y—5=0. 

(f) | The standard form of the equation of the line passing through the point (7, 1) and perpendicular to the line 
given by x + 6=0. 


8.18 Find the linear function g for which 


(a) g(2)=—3 and g (5)=2 (b) g(-5)=1andg (4)=0 


8.19 Graph each of the following functions: 


2-3x 5 
(a) f(x)=2x4+4 (b) sy =— (c) h(x)=x° -—4x4+3 
(d) p(x)=—3x° +6x (e) y= Jx+2 (f) q(x)=-1+1-x 
(g) r(x)=-24+I1x-11 (h) s(x)=3-1x+4+31 
8.20 Graph: 
Anse? ifx<l x+3 ifx<-l 
(a) f(x)= (b) g(x)= 2 if-l<x<3 


2x41 ifx>1 
9-2x if x >3 


8.21 Translate each of the following statements into algebraic form: 


(a) y varies directly as the cube of x. (b) zis proportional to Vf. 

(c) Volume V is proportional to depth d. (d) x varies inversely as q’. 

(e) p varies jointly as r and 2/s. (f) ais inversely proportional to be. 

(g) y varies jointly as w and v’. (h) Pressure varies as temperature and inversely as volume. 


8.22 Find the constant of variation for 
(a) y=-—2and x =3 when y is proportional to x”. 
(b) z=1andv=5 when z varies inversely as v. 
(c) t=2,s=3, and r=—1 when t varies directly as s and inversely as 7°. 
8.23 Find z for p = —3 when z varies directly as p* given that z= 4 when p = —4. 
8.24 Find r for s =4 when r is inversely proportional to Vs given that r=5 when s =3. 


8.25 Find p when q = 3 and r=5 when p varies jointly as q? and r given that p = 2 when g= | and r=3. 


8.26 Find a when b = —2 and c = —3 when a varies as b’ and inversely as c given that a= 5 when b = 3 and c = 4. 


286 CHAPTER 8_ Relations and Functions 


8.27 Show that the following pairs of functions are inverses of one another: 
Xx+7 


(a) P= 8 Tae) (b) p(x) =4fx= Band g (x)= 32° + 


8.28 Determine which of the following functions have inverses that are functions and justify your answers: 


(a) f(x)=3x-1 (b) gax)=4-x (c) A(x)=-3V2—x 
(d) (e) 
2 3 el r(x)=|x-1 | 
5 y=xX*>+2x, x>-1 
; Figure 8.28 
Figure 8.27 
8.29 Determine the inverse of each of the following: 
2x+5 
(a) {(5, 3), (-2, 4), (1, 6)} (b) f@= ra 
(c) f(x)=3x-4 (d) u(x)=9-2x 
(e) p(x) =2x°-1,x<0 (f) r@)=v3xt5 
(g) g@=6x! (nt) hast 
@ g@= ()  s@=Vx—4,x>2 
1l+x 
ANSWERS TO SUPPLEMENTARY PROBLEMS 
81 (a) {@n,@,5),09,0,7, 0,9), 0,0, & 1), & 5), ZO} 
(b) {(1,5), (1, 6)} 
8.2. (a) A function (b) Nota function 
(c) A function (d) Nota function 
8.3. (a) Domain: All Real Numbers (b) Domain: {xlx #3} 
= (—c9, co) = (—29, 3) U GB, co) 
(c) Domain: {xlx#4andx#-1} (2) Domain: {x|x 23} 
=(-~, UCL ANUE, ») = [3, e) 
(e) Domain: {x|-3 <x <3} (f) Domain: {x |x 2-2 and x40} 


= [-3, 3] = [-2, 0) U ©, -) 
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8.4 


8.5 


8.6 


8.7 


8.8 


8.9 


8.10 


8.12 


8.17 


(d) 


(a) 


(a) 


33 (b) 2 
117 (e) 222-z-3 
A 2x+1 
2(a—b)’ -(a—b)-3 (h) 
4x-1 
=2a’ —4ab+2b* -at+b-3 
7 (b) 
V3 -70 (d) 
2 
14+3Vx+3 (b) (c) 
3x-2 
—2x+6 
5 
v5 Os (g) 
d= 10 = 3.1623 (b) d=7 
d= 13 (e) d=5 
m=-3 (b) Undefined 
m= (e) m=0 
3 
=2 b =< 
m (b) m 4 
y-3=2(-7) (b) 


y-2=-1@-(C3)) or y—-(C3)=-1@-2) 


m a y-intercept: 2 
2° “2 


(b) y=-2x+4 


(b) 


(b) 


(b) 


(b) 


(b) 
(d) 
(f) 


(b) 
(d) 
(f) 


(b) 


(c) 2 
u 
(f) oar 
je 
i ee 
(3x2 — 5) (x-2) 
103 
2 
—-7+3x 
Jarrad @® FS 
—x+3 
4 (h) = 


(c) d= 32 =4V2 =5.6569 


(f) d= 40 =2V10 ~ 6.3246 


(c) m=-l 
(f) m=3 
i ieee 
(c) m= 3 


y-(Cl)=-3 @- 2) 


m =¢ ; y-intercept: 2 


y=-2x-1 
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8.19 (a) See Figure 8.29. (b) See Figure 8.30. (c) See Figure 8.31. (d) See Figure 8.32. 
(e) See Figure 8.33. (f) See Figure 8.34. (g) See Figure 8.35. (h) See Figure 8.36. 


Figure 8.29 


h(x) =x? 4x +3 


Figure 8.31 


Figure 8.33 Figure 8.34 
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r(x)=-24|x — 4] 


Figure 8.35 


8.20 (a) See Figure 8.37. 


4-x*? if x<1 


f(x)= 
2x+1 if x>1 
Figure 8.37 
8.21 (a) y=ke (b) c=kvt 
: k 
(e) pa=krifs (f) a=— 
8.22 (a) k=— es (b) k=(1)5=5 
: 3 9 acre 
_9 
8.23 <=7 
8.24 33 
2 
8.25 p=30 
G05 a2— 9 


s(x)=3-|x+3| 


Figure 8.36 


(b) See Figure 8.38. 


X+3 if x<-1 
g(x)= 2 if -1<x<8 


9-2x if x >3 

Figure 8.38 

(c) V=kd (d) ree 

(g) y=kwo' @. Pee 

V 

2-1) 2 

k= = 

(c) : ; 
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8.27 (a) regeoy=s( 227) -5( 27) J=x+7-7=x,and 


(5x-7)+7 5x 
= — a 6 
5 5 
so g (x)= f' (x) and f (x)= g7! (x). 


1 2 1 2 , 
(b) piacsy= (Fe +2]=h[ L2 + ) 2=9x34+2-2=%9x) =x,and 


8 (f(x) = 8 Gx-T)= 


3 
1 3 2 1 2 
q (p(x) =4(33x—2)= : (33x-2) 4 az Or-D+GH4 
so q (x)= p™ (x) and p(x)=q"' (x). 
8.28 The inverse is 
(a) A function (by the (b) Nota function. (c) A function (by the 
horizontal line test, (1, 3) and (-1, 3) € g, horizontal line test, 
see Figure 8.39) ie., g (1) =g (-1) =3 see Figure 8.40) 
(d) A function (by the (e) Nota function (by the 
horizontal line test, horizontal line test, 
as Figure 8.27 shows) as Figure 8.28 shows) 


Figure 8.39 Figure 8.40 

5 

8.29 (a) {G, 5), (4, ~ 2), (6, 1} (b) tf (x) =2x- > 
Sy eee! 4p 594) 

(c) f area (d) u a Sul 
—| a 

() P(x) => JOrFD (f) ras 

1 1 “1 1 
(g) g (= Vx (h) h ()=—=h(x) 


(i) q'()= 7 wee 


CHAPTER 9 


Exponential and 
Logarithmic Functions 


9.1 Exponential Functions 


Definition 1. An exponential function is of the form f (x) = b‘ where b > 0, b # 1, and x is any real number. 


The domain of the exponential function is all real numbers and its range is all positive real numbers (inde- 
pendent of the value of b); b* cannot be either negative or zero for b > 0. 


See solved problem 9.1. 


In general, if b > 1 the exponential function f (x) = b* increases in value as x increases, while if0<b< 1 
the function decreases in value as x increases. Because of this and because of their applications, exponential func- 
tions are frequently called growth or decay functions, respectively. A special exponential function, f(x) = e*, is 
used in many applications. It is based on an irrational number symbolized by “e.” We call e the base of the natu- 
ral exponential function. (e is frequently referred to simply as the natural number, not to be confused with any 
member of the set of natural numbers.) To 15 decimal places, 


e = 2.718281828459045. 
See solved problems 9.2-9.3. 
Exponential Properties 
For a,b>Oanda,b#1 


1. a'=b" if and only ifa=b 
2. a’ =a if and only ifn=m 


See solved problem 9.4. 


9.2 Logarithmic Functions 


Since the exponential function is a one-to-one function, we know its inverse is also a function. The inverse of 
the exponential function is the logarithmic function, or /og for short. We attempt to find the inverse of f(x) = b* 
by the conventional method: (1) f(x) = y = b*; (2) x = b’; (3) then solve for y. To solve for y, however, requires 
a new function, namely log, x. This function is read: “the logarithm to the base b of x.” The inverse then is 


7) => log, x. 
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Definition 2. If b and x are positive real numbers with b # 1, the function 
f(x) = log, x 


is called the logarithmic function to the base b. 


The domain of the logarithmic function is all positive real numbers (the range of the exponential function) 
and its range is all real numbers (the domain of the exponential function). 

Because the exponential and logarithmic functions are inverses of one another, the following is identified 
as the fundamental relationship between them. 


Fundamental Relationship 
b* = c is equivalent to a= log, c 


Note that b is the base in each equation, the base of the power in the exponential equation and the base of 
the logarithm in the logarithmic equation. The value of a logarithm is, in essence, an exponent. In the equiva- 
lence stated above, it is the exponent to which the base b must be raised to obtain the number c. This relation- 
ship is the key relationship employed in many problems that involve the exponential and logarithmic functions. 


See solved problems 9.5-9.9. 


The following identities frequently prove useful: 


Identities 
log, bY = x Identity | 
bey = x Identity 2 
log, 1 = 0 Identity 3 


We will utilize these in some application problems (see Section 9.5). 


Common Logs and Natural Logs 


The following abbreviations allow us to represent the indicated logarithms without specifying a base: 


Common logarithms log) x = log x (no base on log means base 10) 


Natural logarithms log, x=Inx 


Calculators with scientific calculation capabilities have a | log | key for log,, calculations and a key for log, 


calculations. The solved problem 9.10 illustrates keystrokes for evaluating logs by some general calculator types. 


See solved problems 9.10-9.11. 


9.3 Properties of Logarithms 


The following five basic properties are used for manipulations involving logarithms. 


Basic Logarithmic Properties 


1. log, (ac)= log, a+ log, c 


2. log, (<) = log, a—log,c 
c 
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3. log, (a°)=clog, a 

1 

4. log,a= eet 
log. b 


5. log, a= log, c if and only if a=c 


In all five properties above, a>0,b>0,b# 1 andc>0. In property 4, c 4 1. 

Property 4 above is frequently referred to as the “change of base formula.” It is used to change the base of 
a logarithm from a base that cannot be evaluated directly using a calculator into a base that can (using a quo- 
tient of logarithms), as in solved problem 9.12. 


See solved problems 9.12—9.16. 

Historically, before the advent of calculators and computers, logarithms were used to evaluate expressions 
involving products, quotients, powers, and roots. Logarithms employ simpler arithmetic procedures in each 
case: products become sums, quotients become differences, and powers and roots become products. Logarithm 


values of numbers between | and 10 could be approximated with logarithmic tables. 


See solved problem 9.17. 


9.4 Exponential and Logarithmic Equations 


Equations involving exponential functions are called exponential equations. Equations involving logarithmic 
functions are called logarithmic equations. Both frequently require the use of the logarithmic properties. When 
introducing logarithms, generally we want to use either natural logarithms (In) or common logarithms (log) since 
they can be entered directly into a calculator. We use natural logarithms in each of the solved problems 9.18 and 9.19, 
but common logarithms could be used throughout instead. The properties listed are from those given in Section 9.3. 


See solved problems 9.18—9.20. 


9.5 Applications 


Interest 


Compound interest occurs when an initial amount of money earns interest at a constant rate at the end of each 
period for multiple periods. If that interest rate per period is i and the initial amount of money or principal is P, 
then the accumulated amount at the end of each period A is 


A=P+Pi=P(1+i) Period | 

A=P(1+i)+PUd+)i=PU+)D0+)=P (+i) Period 2 

A=P(1+i)+PU+4+i) i=P(+i d+)=P(d+i) Period 3 

A=P(1+i)" Period n 
See solved problems 9.21—9.22. 


For a principal to be compounded continuously (instead of periodically), the formula is A = Pe” where 
A is the accumulated amount, P is the principal, r is the annual interest rate, and ¢ is the number of years of 
compounding. 


See solved problems 9.23-9.24. 
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Exponential Growth and Decay 


Exponential growth and decay functions follow the equation A = A,e* where A is the final amount, A) is the ini- 
tial amount, f is the time span involved, and k is related to the rate of growth or decay. k is positive for growth 
functions and k is negative for decay functions. 
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See solved problems 9.25—9.31 for growth and decay applications. 
See solved problems 9.32—9.35 for miscellaneous applications. 


SOLVED PROBLEMS 


9.1. Graph each of the following exponential functions: 


(a) 


(b) 


f(x) = 2* 
Xx aX 
1 
> 3 —_— 
em 
1 
=) —_ 
oe 
1 
= a| — 
| 2 
0 1 
1 2 
2| 4 
3 8 
g(x) = 10* 
X 10 a 
1 
-—2 — 
100 
1 
-1 — 
10 
0 1 
1 10 
2 100 


f (x) = 2X 


-2 


-3 


Figure 9.1 


-2 -1 0 1 2 


Figure 9.2 
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x y 
‘ | _ t 
2 
-3 8 
-2 4 
-1 2 
0) 1 
1 4 
2 
2 au 
4 
{ oe Xx 
3 3 oo ' =f 20 W- 2 8 
Figure 9.3 
9.2 Graph f (x) =e". 
y=f(x)=e> xX y 
-3 | 4.9787 x10° 
-2 0.13534 
-1 0.36788 
0) 1 
1 2.7183 
2 7.3891 
3 20.086 
Figure 9.4 


9.3. Graph each of the following variations of the exponential function: 


(a) y=5'* 

x |1-2x]5*** 
-1| 3 | 125 
-0.5 2 25 

0 1 5 

0.5 0 1 

1 

4) = Ili = 

5 

1 

1.5 -2 —_ 
25 


Figure 9.5 
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(6) fla)=-2-3"! 


x ge =D, ge 
1 -2 
-3 — —— 
9 9 
1 -—2 
ao) | = 
3 3 
-1] 1 -2 
0; 3 -6 
1 9 -18 
2| 27 -54 


Figure 9.6 


y 
x | vx ev ai 
0/0 1.0 + 
1| 1 e'=2.7 a: 
2} V2} e®~a4 a 
4 | 2 e° =7.4 + 
9] 3 | e~20.1 a 
16] 4 | e*~54.6 mD10 4 8 12 16 
Figure 9.7 
(d) h(@x)=2+2" 
x} 2 |24+2* 
~3 | 0.125 | 2.125 
-2| 0.25 | 2.25 
-1] 05 | 25 
o| 1 3 
i |. 2 
2| 4 
3/ 8 | 10 
Figure 9.8 


Refer to supplementary problem 9.1 for more practice in graphing exponential functions. 
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9.4 Use the exponential properties stated in Section 9.1 to find the value of x in each of the following: 
(a) x*=81 
x+ = 81 = 34 so x = 3 by property 1. 
(b) x? =9k? 
Xx? = 9k? = (3k)? so x = 3k by property 1. 
(c) 2*=16 
2* = 16 = 21 so x = 4 by property 2. 


(d) 9*=27 
9* = 27 = (37) = 37 = 33 = 2x =3 by property 2 so x =3. 
yi 
(e) 5 er 
52 = = i = 5 = 2x =-2 by property 2 sox =-1. 
(f) 64*=16 


64* = 16 = (2°)* = 2% = 24 = 6x =4 by property 2 so x =4. 


Refer to supplementary problem 9.2 for similar exercises. 


9.5 Convert each of the following to logarithmic form: 


(a) 34=81 
4= log, 81 
> 1 
b) 16? =— 
(b) ‘i 
— = logy, — 
(Cc) pl=m 
q=log,m 


Refer to supplementary problem 9.3 for similar exercises. 


9.6 Convert each of the following to exponential form: 
(a) log, 8=3 
8 =23 


(b) log,,4=-2 


4=0.57 
(c) log. s=t 
s=r' 


Refer to supplementary problem 9.4 for similar exercises. 
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9.7 Graph each of the following: 
(a) y=log,x 


Use the fundamental relationship: choose values for y, then evaluate x. Finally plot ordered pairs (x, y) 
(in that order — x first, y second). 


y|x=2” 
in 
25)|) 
ae 
1 
aes 
0 1 
a{ 2 
2 4 
3] 8 
Figure 9.9 
(b) f(x) =log, x 
Proceed as in part (a). 
y | x=5" : 
eB). + 
ae FE: 
—1 Aj eunwa” QUeWESSNRUS SR ETESEESESESETSS 
5 O#5 10 15 20 25 30 
0) 1 7 f(x) =log,x 
t| 3 7 
2) 25 3 
Figure 9.10 
(c) g(x) =log, , x 
Proceed as in part (a). 
y 
y|x=0.1" 2 
See ae f(x) =log,., x 
-1} 10 
0 1 
— 20 40 60 80 100 
1 0.1 _4t 
2.) 0:04 7 


Figure 9.11 
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9.8 Evaluate each of the following without using a calculator: 
(a) log, 16 
Let x = log, 16, then apply the fundamental relationship. Hence 2* = 16 = 2*; so x = 4. 
(b) log, 3 


Let x = log, 3 and proceed as in part (a). x = log, 3 > 9* = 3 or (3°) = 3>* = 3!. Hence 2x = 1 orx= > 


(c) log,+ 
1 


Let x= log, + and proceed as in part (a). 4° = ; or (22)* = 2?* = — =27!, Hence 2x =—1 orx= y. 


Refer to supplementary problem 9.5 for similar exercises. 


9.9 Solve for x in each of the following and simplify. Begin by applying the fundamental relationship in 


each case. 
(a) log, x=3 
x=2=8 
(b) log, x=0 
x=59=1] 
(c) eis a. 
Pe 1 1 
x= — 
V9 3 
(d) log. 4=2 


4=x2 > x=+ V4 =2. (Note: x# —./4 = —2 since the base of a logarithm is positive.) 
(e) log 81=4 

8l=xt > x=+4/81 =3 
(f) log. 5=3 

S=x > x= ¥5 ~ 1.70998 


Refer to supplementary problem 9.6 for similar exercises. 


9.10 Use a calculator to evaluate each of the following: 


(a) log 412 
Algebraic or RPN Graphing 
412 || log log || 412 || EXE 
log 412 = 2.61490 
(b) In52 
Algebraic or RPN Graphing 
52 | In In || 52 || EXE 


In 52 = 3.95124 
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(c) log (4.87 + 5.2) 


Algebraic 

(|| 4.87 | + | 5.2 [> [os | 
RPN 

4.87 || ENTER | 5.2 | + || log 
Graphing 


log | (|| 4.87 |. +] 5.2 |) | EXE 
log (4.87 + 5.2) = 1.00303 


(d) (5+1n 23.4), 
Algebraic 

Cy 5 | + |, 23.4 | In | | »* 3 f= 

RPN 

5 || ENTER || 23.4 || In || + | 3 |] y* 

Graphing 

Cy5 | + | In |} 23.4 ID 


“| 3 || EXE 


Ne 


(5+ In 23.4)? ~ 541.889 


Refer to supplementary problem 9.7 for similar exercises. 


9.11 Graph each of the following: 
(a) f(x)=log (5x +3) 


Domain: 5x+3>0>x >= —-0.6 


x | y=f(x) y 
-0.59| -1.30 
-0.05 | -0.30 
-0.25| 0.24 
0| 0.48 x 
1] 0.90 O1 2 3 4 
2] 1.11 _1 f(x) = log(5x + 3) 
3] 126 ; 
4| 136 aug 


Figure 9.12 
(b) g(x) =2—In (3x)? 


Domain: (3x)? >0>x#0 


x In ((3x)*)| y = 900) 
+0.1 | -2.41 4.41 
+1 2.2 —0.20 
+2| 3.58 —1.58 
+3) 4.39 2.39 
+4) 4.97 —2.97 


Figure 9.13 


Refer to supplementary problem 9.8 for additional practice in graphing logarithmic functions. 
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9.12 Evaluate log, 15. 


9.13 


9.14 


Note: 


_logi5 1.176091 


In15 _ 2.708050 
~ log3 0.477121 


= = 2.46497 
In3 1.098612 


log, 15 = 2.46497 or log, 15= 


identical in either case. 


Refer to supplementary problem 9.9 for more change of base calculation problems. 


Prove each of the five basic logarithmic properties in Section 9.3. 


1. 


Let x = log, a, y = log, c, and z= log, (ac). Then a = b*, c= b’, and ac = b*; so b*? = ac = b* b= b™. 


Therefore, z= x+y or log, (ac) = log, a+ log, c. 


7 b* 
Let x= log, a, y=log, c, and z= log, Gi Then a = b*, c= b’, and 7 =b*;so bo = ae 
c 


c Ob 
Therefore, z= x — yor log, (+) =log, a—log, c. 
c 


Let x = log, a and y = log, (a°). Then a = b* and bY = a‘ = (b*)° = b“™. Therefore, y = cx or 
log, (a°) =c log, a. 


Let x = log, a, y= log. a, and z= log, b. Then a= b* =" and b=c*; so ce) =a=b' =(c*)*=c™. 


log.a 


Therefore, y=xz > x= Bs or log, a= : 
Zz log.b 


(Part J) Let x = log, a =log,c. Then b* =a =c. Therefore, if log, a = log, c, then a=c. 


=b*, 
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Either common logarithms or natural logarithms may be used in these types of calculations. The result is 


(Part IJ) Let a=c > 0. Since the range of f(x) = b* is all positive numbers, there must be some x, such that 


f(x,) = a, which means b* = a and b* = c. So log, a= x, = log, c. Therefore, if a =c, then log, a = log, c. 


1 
Note that in property 4, 7 . 
0 


b # log. a— log. b. In other words, property 2 does not simplify property 4. 


Use the properties of logarithms to write each of the following in terms of the logarithms of x, y, and z: 


(a) 


(b) 


(c) 


log, (2xy) 
log, (2xy) = log, 2+ log, x + log, y Property | 
ions = 
Aen (eee 
87 2y 
x? 
log, (=| = log, x” — log, (2y) Property 2 
= 2log, x — log, (2y) Property 3 
= 2log, x — (log, 2 + log, y) Property 1 
log eo 
z 
1 
log =) = log (xy)? — logz Property 2 
z 
1 
= 5 log (xy) — logz Property 3 


1 
= = (log x + log y) — logz Property | 
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34 
inf 2 =Inx*y* —In 2? Property 2 
z 
=Inx’?+Iny'—-Inz Property 1 
=3lnx+4Iny-2Inz Property 3 


Refer to supplementary problem 9.10 for similar exercises. 


9.15 Use the properties of logarithms to write each of the following as a single logarithm with a coefficient of 1: 


(a) log, 3—log, x 


log, 3— log, x = log, (>) Property 2 
x 
(b) 4(og, y+ log, z) 
A(log, y + log, z) =4 log, (yz) Property 1 
= log, (yz)" Property 3 


(c) Inx—Iny—In(z—3) 
Inx -—Iny—In(z-3)=Inx—-(Iny+In(z -3)) 


=Inx-In[y(z-3)] Property 1 
= | ai ) Property 2 
y(z-3) 
(d) 2log5+3logx—zlogy 
2log5 + 3 log x — zlog y=logS* + log x’ — log y® Property 3 
= log (5’ x°) — log y® Property 1 
= log [= Property 2 


Refer to supplementary problem 9.11 for similar exercises. 


9.16 Find the value of each of the following expressions given that log, 2 = 0.7, log, 3 = 1.1, and log, 5 = 1.6: 
(a) log, 6 
log, 6 = log, (2 - 3) =log, 2 + log, 3=0.7+ 1.1 = 1.8 


(b) log, 75 
log, 75 = log, (3-5°) =log, 3+ 2log, 5=1.1+ 211.6) =4.3 


(c) log, (3) 


log, [+ }-to, 3—log, 5=1.1—-1.6=-0.5 


(a). ax; (35) 


12 2° <3 
log, & = log, —— =2log, 2+ log, 3— 2log, 5 = 2(0.7) + 1.1— 21.6) =— 0.7 


Refer to supplementary problem 9.12 for similar exercises. 
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(49830)° /987 


9.17 Evaluate ; 
(2348) (1548) 


using common logarithms. 


1 


_ (49830)° V987 _ (4.983 x 10*)* (9.87 x 10°)? 
~ (2348) (1548)* (2.348 x 10°) (1.548 x 10°) 


. Then 


1 
(4.983 x 10*)° (9.87 x 107)? 


loe= i 
BN 98 348 x 10°) (1.548 x 10°)! 


= 3log (4.983 x 10*) + ; log (9.87 x 10°) — log (2.348 x 10°) — 4 log (1.548 x 10°) 


= 3(log (4.983) + log 10*) + ; (log (9.87) + log 10”) — (log (2.348) + log (10°)) 
— A(log (1.548) + log (10°)) 


= 3(0.69749 + 4) + : (0.99432 + 2) — (0.3707 + 3) — 4(0.18977 + 3) 
=— 0.54015 


So, N = 10°°°*°!> = 0.288304 from the fundamental relationship. 


9.18 Use the properties of logarithms stated in Section 9.3 to solve each of the following for x to 6 


significant digits. (We will use 7 significant digits in the intermediate steps to help ensure 6-digit accuracy 
in the answers.) 


(a) 2*=15 


In (2*) =In 15 Property 5 
xIn2=In15 Property 3 
In15 
x= 
In2 
__2.708050 


Be a ae tee 
0.6931472 
x = 3.90689 


Check: 23-9089 2 15 


15.0= 15 True. 
(b) 12?*=20 
In (12?-*) = In 20 Property 5 
(2—x)In12=In 20 Property 3 


2In12-—x1In12=1n20 
—xIn12=In20-21n12 


_ In20-21n12 
~ In 12 


_ -1.974081 


xX = ———_— = ().794429 
—2.484907 


Check: 122-(0.794429) 2 90 


19.99998 = 20 True, accounting for round-off error. 
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(c) = 32-1 


In (5°) = In 37") Property 5 
xIn5=(2x-1)In3 Property 3 
xIn5=2x In3 —-1n3 

xIn5—2xIn3=-1n3 
x (In5-—21n3)=-In3 


—In3 
x = ——_—_ 
In5-—21n3 
x = 1.86907 
Check: 5 1.86907 aie 321.86907)-1 
20.2499 = 20.2500 Again true (with round-off). 
(d) goxtl = 182-3 
In (8°**') = In(18**"*) Property 5 
(5x + 1)In 8 = (2x — 3)In18 Property 3 


5x In84+1n8=2x In 18-—31n18 
5x In8 — 2x In18=—-In8-—31n18 
x (5 In 8 —2 1n18)=—In8-—31n18 


—In8—31n18 
x = "££. 

5In8-—21n18 
x = — 2.32874 


Check: Q5(-2.32874)+1 2 18 2(-2.32874)-3 


2.44220 x 107!9 = 2.44217 x 10719 True again after accounting for round-off. 


9.19 Solve each of the following for x to 6 significant digits: 


(a) log,x+log,4=2 


log, x + log, 4=2 


log, (4x) =2 Property 1 
4x=3° Fundamental relationship 
2 
x= = = 2 = 2.25 
4 4 


Check: log, (3) +log, 4 22 


n(?) 
In4 , 
ea 
In3 In3 
0.8109302 ‘ 1.386294 » 
1.098612 1.098612 
0.738 1405 + 1.261859 = 2 
2.00000 = 2 True. 


Property 4 
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(b)  log.(2x) — 2 log, 4= log, 3 


log, (2x) — 2log, 4= log, 3 


2x 
log, & = log, 3 


2x 
e° 
AQ? 
x=—— =24 
2 


Check: log, (2[24])—2log, 4 2 log, 3 


In (48) > In4 ], In3 
In5 In5}] In5 


3.871201 (a): 1.098612 
1.609438 1.609438) 1.609438 


0.405312 — 2(0.8613531) = 0.682606 
0.682606 = 0.682606 


(c) 3log. 6=4 
3log, 6=4 

log, (6°) =4 
6 = x* 


x= 6? ~ 3.83366 
Check: 3 10g, ay3¢6) 6 = 4 


In6 2 
3, | 24 
(- | 


3 ( 1.791759 } 
1.343820 


2 


3 (1.333333) =4 
3.99999 = 4 


(d) log, 8+ log, 9= log, 3 


log, 8 + log, 9 = log, 3 
log, (8-9) = log, 3 
In72 1n3 
In2 Inx 
_ (In 2) (In 3) 
~ dh 


x = e178 = 1.19490 


Inx 


Check: log, 8+log, 9 = 1og, jo499 3 
In8 rn Ind » In3 
In2 In2 1In(1.19490) 
2.079442 | 2.197225 » 1.098612 


0.6931472  0.6931472 0.1780625 


3.000000 + 3.169920 = 6.169813 
6.16992 = 6.16981 


= 0.1780593 
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Properties 2 and 3 


Property 5 


Property 4 


True, accounting for round-off. 


Property 3 


Fundamental relationship 


Property 4 


True, accounting for round-off error. 


Property 1 


Property 4 


Evaluate 


Fundamental relationship 


True, accounting for round-off error. 
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(e) log, 5—log, 7 =log, x 


log, 5- log, 7 = log, x 


In5 In7 \ 
—-———=log.x 
In2In3 
Ge ey 
= 10g; x 
0.6931472 1.098612 


0.5506843 = log, x 


0.5506843 
5 = 


x = 2.42611 


Check: log, 5—log, 7 = log, (2.42611) 


In5— In7 , 1n2.42611 
In2 In3 Ins 
1.609438 1.945910 » 0.8862892 
0.6931472 1.098612 1.609438 
2.321928 — 1.771244=0.5506824 
0.550684 = 0.550682 


(f) 3-In(1+x)=In(1—x) 


3-In(1 +x) =In(1 -x) 
3=In(1—-x)+In(1+x) 
3=n-00 +9) 
e=(1—-x\(1+x) 
e=1-x 
V=1-eé 


x=+V1-e* = +4.36870i 
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Property 4 


Fundamental relationship 


Property 4 


Again true (with round-off). 


Algebra 
Property | 


Fundamental relationship 


x must be real so there is no solution. 


Refer to supplementary problem 9.13 for more practice in solving exponential and logarithmic equations. 


9.20 Solve for x to 6 significant digits: x= 16. 


This equation doesn’t have an algebraic solution without approximation, so we’ll use a graphic approach. Let y = 
x*— 16, graph the equation, and approximate the x-intercept or root. That is, approximate where 
y =0 since x* — 16 = 0. This process may require using the zoom function on a graphing calculator many times until 


the accuracy required is achieved. 


Figure 9.14 


X = 2.74537 
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9.21 


9.22 


9.23 


9.24 


9.25 


9.26 


Check: (2.74537)274537) = 16 
16.0001 ~ 16 which is true (accounting for round-off error). 
Calculate the accumulated amount to the nearest cent for a principal of $5,000 compounded monthly at 
an annual rate of 4.5% for 10 years. 


P = $5,000, i = 0.045/12 = 0.00375, n = 10 - 12 = 120, so A = $5,000 (1 + 0.00375)!”° = $7,834.96. The 
amount accumulated after 10 years is $7,834.96 


Refer to supplementary problem 9.14 for a similar exercise. 


Determine the time required for the principal to double in value when it is compounded quarterly at an 
annual rate of 8%. 


i = 0.08/4, n = 4t where t is the number of years required. Then 


4t 
A=2P=P(14+] 
4 
4t 
2=(1+°%8) 
4 


4t 
in2=in(1+ 8) =4rin(14 2%) 
4 4 


In2 
t = ————__ 8.7507 years 


sin( 14 2) 
4 
The principal will double in value in just over 8.75 years. 


Refer to supplementary problem 9.15 for a similar exercise. 


How much is accumulated for an initial investment of $200 compounded continuously at an annual rate 
of 6% for 5 years? 


P = $200, r= 0.06, t=5, so A = $200e°°) = $269.97. The original $200 investment will grow to almost $270 
when compounded continuously at this rate for 5 years. 


Find the value of a piece of property now valued at $100,000 that appreciates continuously at an annual 
rate of 3% for 10 years. 


P = $100,000, r = 0.03, t= 10, so A = $100,000e°" = $134,985.88. In 10 years, the property should see 
close to a 35% increase in value to be worth almost $135,000. 


Refer to supplementary problems 9.16 and 9.17 for other continuously compounded interest exercises. 


A population has been growing according to the formula A = A,e°°!*. If the population 17 years ago 
was 80,000, what is the approximate population now? 


Since A, = 80,000 and t is now 17, A = 80,000e°°'°"” = 103,237. The population should grow from 80,000 
seventeen years ago to approximately 103,237 today. 


Refer to supplementary problem 9.18 for a similar exercise. 


What is the percentage growth rate per hour for a bacteria culture that grew from 500,000 twelve hours 
ago to 10,000,000 now? 


The original number of bacteria was A, = 500,000 and now is A = 10,000,000. To find k, the constant for the 
problem, solve the following: 
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10,000,000 = 500, 000e*"” 


500, 000 
20 = elk 
12k =1n 20 
In 2' 
k= n 20 
12 
k =0.249644 


Now we can use this value for k to determine the number of bacteria present after 1 hour. 


A = 500,000e* 

A= 500,000e 0.249649) 
A = 500,000 (1.28357) 
A = 641,785 


By this, we can determine the growth rate for that first hour (and therefore for each hour) to be 


641,785 — 500,000 


500.000 = 0.28357. (You might notice that this is the fractional part of the number for e“!) we 


found above.) The percentage growth rate from 500,000 to 10,000,000 in 12 hours is 28.357% per hour. 


Refer to supplementary problem 9.19 for a similar exercise. 


9.27 Bacteria in a certain culture doubles every hour. If there are 1,000,000 bacteria now, how many will 
there be in 5.5 hours? 


Ay = 1,000,000 so at the end of one hour, 2,000,000 bacteria will be present. To find k, the constant for the 
problem, solve the following: 


2, 000, 000 = 1, 000, 000e*"” 


2,000,000. 

1,000,000 — 
2=e' 
k=In2 


Now knowing & and using the property e!™ = ee‘ = x from Section 9.2, 


A = 10%? 
= 106 (eln2y 
= 10°(2)! 
= 10° (2)69 (evaluated at t= 5.5 hours) 
= 4,52548 x 10’ = 45,254,800 bacteria. 


In other words, in just 5 ! hours the number of bacteria mushrooms from | million to over 45 million. 
Refer to supplementary problem 9.20 for a similar exercise. 


9.28 Assuming the world population is growing continuously at a rate of 1.7% per year, how long will it take 
for the population to double at that rate? 


Let A, be the population now. For an increase of 1.7%, the population next year will be 1 + 0.017 = 1.017 times 
what it is now or 1.017Ap. At the end of one year f= 1 so set the population A = A,e*” equal to 1.017 A); then 
solve for k to find that constant for the problem. 
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1.017A, = Aye” 
LOI7Ay _ 
Ay 
1.017=e' 
k=In1.017 


So to find the time for doubling, the population then will be twice what it is now or A = 2Ap. Solve for ¢ using 
the k found above. 


In 1.017 
2A, = Ae’ . 
2Ao = ef inioi7 

2 = elinio 


In2=t1n1.017 


Thus t= = 41.1190 years. 


In 1.017 


Therefore, at the rate of increase of only 1.7% per year, the world population would double in just over 41 years. 


9.29 The population for a fictitious county is estimated as P = 250,000e° ¢ years after 2002. 
(a) Estimate the population for this county in the year 2012. 


In the year 2012, t= 10 so P = 250,000e° or P = 455,530. Since the population in 2002 would have 
been 250,000 (set t = 0), in a span of 10 years the population would grow from 250,000 to over 455,000. 


(b) — Estimate the population for this county in the year 2027. 


In the year 2027, t = 25 so P = 250,000e°°?) or P = 1,120,422. In a span of 25 years, this county would 
expand from a population of a quarter of a million people to well over a million people. 


Refer to supplementary problem 9.21 for a similar exercise. 
9.30 The half-life of a substance is the time it takes for half of that substance to decay (and half to be left). 


The half-life of a certain radioactive substance is known to be 5.2 years. What percent of the original 
amount is left after 12 years? 


After 5.2 years 4 Ay will be left, so A = ; Ay: Solve for the constant k. 


1 


5a = Aer 
1 
2/0 5.2k 
——_ =e 
Ay 
TV ysze 
2 
1n 0.5 =5.2k 


In 0.5 
so k = —— =-—0.133298 
5.2 


After 12 years using k above, the amount present will be 
A =A, ¢70-133298(12) 
0 


= 0.201982A). 


Therefore, approximately 20.1982% or just over one-fifth of the original amount is left after 12 years. 


Refer to supplementary problem 9.22 for a similar exercise. 
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9.31 A hypothetical substance decays to 37% of its original amount in 125 years. What is its half-life? 


The amount A after t= 125 years will be 0.37 of the original amount present or 0.37 A). Use this to solve for the 


constant k. 
A=0.37A, 
0.37A, = Aye“ 
0.374) = el25k 
Ay 
0.37 =e" 
In 0.37 = 125k 
In 0.37 
sok= = — (0.007954 
125 


To find its half-life, the amount present at that time f will be one-half of the original amount or A = 7 Ay: Use the 
value of k above and solve for t. 


1 —0.007954t 
_ = e 
ha ae 


ra, 


2 0.079541 
A. 

—0.007954t 
=e 


1 
a 
1n 0.5 = —0.007954t 
In 0.5 


=———_ = 87.1445 years. 
—0.007954 


sot 


The half-life of this substance is about 87.1445 years. 


Refer to supplementary problem 9.23 for a similar exercise. 


9.32. Newton’s Law of Cooling for a substance can be stated as 
T=T,+(T)—-T,) 


where 7 is the temperature for the substance at time ¢, T, is the room (or surrounding medium) temperature, and T, 
is the initial temperature for the substance. After 10 minutes, the temperature of a cup of coffee had dropped from 
170° to 140°F in a 70°F room. How long did it take the coffee to reach 90°F? 


The given information is T, = 70, T, = 170, and we know that T= 140 when ¢ = 10. From that information, we 


can find the constant k. 


140 = 70 + (170 — 70) e*" 
140 — 70 = (170 — 70) e*" 
70 = (100) e7'* 


70 
AM ea golte 
100 


In a =-10k 
100 


in( 70 
1 —0.356675 
so k = Oy ~ 0.0356675 
-10 -10 
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To determine how long it took the temperature of the coffee to drop to 90°F, use the k found above, set 
T = 90, then solve for t. 


90=70+ (170 = 70) 7 (0.035675 yt 
90 — 70 = (170 — 70) 7010356675 yt 
20 =100 (020356675 t 


20 — 97 (0.035675 1 
100 


In (=) = —(0.0356675)t 


100 
( fc 
In| —— 
100 


0 t = ————— = 45.12 minutes. 
—(0.0356675) 


Therefore, in this environment, the temperature of the coffee would drop from 170° to 90°F in just about three- 
quarters of an hour. 


Refer to supplementary problem 9.24 for a similar exercise. 


9.33. The atmospheric pressure P, in pounds per square inch, can be calculated approximately using the 
formula P = 14.7e~°?!", where h is the altitude in miles above sea level. Find the atmospheric 
pressure at 6,030 feet. 


6,030 feet converts to 6,030/5,280 = 1.14205 miles, so P = 14.7e°?!(-1420) = 11.5654 pounds per square inch. Since 
the formula indicates the pressure at sea level is 14.7 pounds per square inch (set h = 0), the pressure drops about 
3.1346 pounds per square inch or over 21% to 11.5654 as we climb to an elevation of 6,030 feet. 


Refer to supplementary problem 9.25 for a similar exercise. 


9.34 In chemistry, hydrogen potential or pH, is a way to describe the acidity or alkalinity of a solution. The 
pH of distilled water is 7. A pH above 7 indicates the solution is alkaline while a pH below 7 indicates 
the solution is acidic. The measure is calculated by the equation pH = —log [H*], where [H*] is the 
concentration in moles per liter of the hydrogen ion. Compute the pH of orange juice for which [H*] is 
about 5.4 x 10~* moles per liter. 


pH = -log (5.4 x 10) 


=-log 5.4-log 10+ 
=—log 5.4 — (-4) = 3.3 


Thus, orange juice is acidic. 
Refer to supplementary problem 9.26 for a similar exercise. 

9.35 The Richter scale is a measure of the magnitude (intensity) of earthquakes; it is generally used to 
compare magnitudes of earthquakes. The Richter number is given by the formula R = log (//I,) where I 
is the intensity of the earthquake measured and J) is the intensity of the least movement that can be felt 


and is usually equated to 1. Therefore, /= 10%. How much more powerful was the San Francisco 
earthquake of 1906 at 8.3 on the Richter scale than an earthquake of 6.5 on the Richter scale? 


The comparison of the magnitudes is given by the ratio of their intensities: 


Tea _ 10°? 

iz > 10°) 
= 10°36 
=10'* = 63 


The San Francisco quake was about 63 times more powerful! 


Refer to supplementary problem 9.27 for a similar exercise. 
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SUPPLEMENTARY PROBLEMS 


9.1 


9.2 


9.3 


9.4 


9.5 


9.6 


9.7 


9.8 


9.9 


9.10 


9.11 


Graph each of the following functions: 
(a) f(x) =3* (b) y=(0.7) (c) g(x)=e* (d) hx)=1* 
(e) y=-25™) (f) fay=3° (g) g()=2-3'™ (h) h@)=3* 


Use the exponential properties to find x for each of the following without a calculator: 


(a) 3*=27 (b) 4°=32 (c) 81 =27 
(d) 167* = 1 (e) glx — 973« (f) 1 o =4 
8 7 2 


Convert each of the following to logarithmic form: 


(a) 5*=25 (b) 7=8 (c) 10*= 10000 (d) @=x 


Convert each of the following to exponential form: 


(a) log,8=3 (b) log. 9=4 (c) logx=-2 (d) In5=x+l1 


Evaluate each of the following without using a calculator: 


(a) log,8 (b) log,25 (c) log,27 
1 
(d) log. 4 (e) logyo) 0.1 (f) log; (5) 
Find x for each of the following without using a calculator: 
(a) log, 16 =2 (b) log, 9 =x (c) log, x= Z 
(d) 2log,x=3 (e) 4log,8=2 (f) log,x + 3log,4=5 
(g) log, 8—log,5=3 (h) 2 log, (3x) = log, 4 (i) —3 log(x+2)+ logs =0 


Use a calculator to evaluate each of the following correct to 6 significant digits: 
(a) log 2365 (b) 1n 2365 (c) 2 log 0.00034 
(d) 1In32-1n8 (e) (2-log 42)!? (f) In(8° +17) 


Graph each of the following functions: 


(a) y=logx (b) f(x) =log,,x (c) g(x)=Inx (d) h(x) =-2 log, x 


(c) y=log@x+3) — (f) f)=log, (Su? (@) g@=2-In@—-1)— ney=toe( 
KX 


Evaluate each of the following using a calculator, state answers accurate to 6 significant digits: 


(a) log, 49 (b) log, 10 (c) log,4 (d) log, (8?) (e) (og, 8) (f) 2log,5+3 log, 2 


Use the properties of logarithms to write each of the following in terms of the logs of x, y, and z: 


(a) log, (2xz) (b) log, (x’y’) (c) log Jyz 
4 3 

(d) log, [2] ou (f) log, 2 
z y Zz x 


Use the properties of logarithms to write each of the following as a single logarithm with a coefficient of 1: 


1 
(a) 2log, x+log, y (b) log, x+3 log, (y+1) (c) a ae: 


2 
(d) 8dog, x+log, y)—3 log, z (e) - (log x — logy) +5 log z (f) 2log, x—3 (log, y + log, z) 
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9.12 


9.13 


9.14 


9.15 


9.16 


9.17 


9.18 


9.19 


9.20 


9.21 


9.22 


9.23 


9.24 


9.25 


9.26 


9.27 


Find the value of each of the following expressions given that log, 2 = 0.545, log, 3 = 0.864, and log, 5 = 1.266: 


(a) log, 8 (b) log, 18 (c) log, (2) 


4 5\ 3 (9 
(d) log, (=) (e) log, (3) (f) log, E (2)| 


Solve each of the following for x to 6 significant digits: 


(a) 3*=5 (b) 5*=100 (c) 8x=80 

(d) 100*=50 (e) 41=9 (f) 3 =7 

(g) 10°? = 20"! (h) x=log, 9 (i) log, 15 =3 

(j) log; x=—I.5 (k) log, (x + 1) + log, 4=2 (J) log, 5+2log,3=1 
(m) Inx-21In3=-2 (n) 3log2+log7=logx (0) log, ~—-1)+2=log,5 


Calculate the accumulated amount for a principal of $800 compounded monthly at an annual rate of 4.7% for 5 years. 
How long will it take for an initial amount to triple in value when it is compounded quarterly at 5% annual interest? 


Calculate the accumulated amount for a principal of $800 compounded continuously at an annual rate of 4.7% 
for 5 years. 


How long will it take for an initial amount to triple in value when it is compounded continuously at 5% annual interest? 


If the population of a certain city increased from 96,000 five years ago to 100,000 now, what is the expected 
population 20 years from now (assuming the same rate of growth)? 


What is the percentage growth rate per hour for a bacteria culture that grew from 2,500,000 seven hours ago to 
10,000,000 now? 


Bacteria in a certain culture doubles every 2.5 hours. If there are 1,000,000 bacteria now, how many will there be 
in 12 hours? 


The population for a fictitious country is estimated as P = 65,000,000e°" t years after 2017. 
(a) Estimate the population for this country in the year 2020. 


(b) Estimate the population for this country in the year 2047. 


For a substance with a half-life of 20 days. 
(a) What percent is left after 30 days? 
(b) How long does it take to have only 15% left? 


Radioactive strontium-90 decays according to the formula A = A,e~°*”", Find the half-life of strontium-90. 


Using Newton’s Law of Cooling, find the time it takes for boiling water at 100°C to cool to 40°C in a room kept at 
22°C given that it cooled to 96°C in the first minute. 


Atmospheric pressure P in pounds per square inch can be calculated using P = 14.7e~°*!", where h is the altitude 
in miles above sea level. Find the atmospheric pressure at 4,000 feet above sea level. 


Find the pH of a solution for which [H*] = 3.25 x 10-* using pH = — log [H"*]. 


Determine the relative magnitude of an earthquake that measured 6.5 on the Richter scale to an earthquake that 
measured 7.6 on the Richter scale. 
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ANSWERS TO SUPPLEMENTARY PROBLEMS 


9.1 (a) See Figure 9.15. (b) See Figure 9.16. 
(c) See Figure 9.17. (d) See Figure 9.18. 
(e) See Figure 9.19. (f) See Figure 9.20. 
(g) See Figure 9.21. (h) See Figure 9.22. 


Figure 9.15 Figure 9.16 


Figure 9.17 Figure 9.18 


01 23 4 5 


Figure 9.19 Figure 9.20 
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Figure 9.21 
92 (a) x=3 
oe 
93 (a) 2= log, 25, (b) 
94 (a) 8=23 (Db) 
95 (a) 3 (b) 2 
9.6 (a) x=4 


3 
(7) x=5? =V125 =5V5 


(g) an Ca on 5 


9.7 (a) 3.37383 
(d) 1.38629 


9.8 (a) See Figure 9.23. (b) 
(e) See Figure 9.27. (f) 


y 


x=log,8 
9=xt 


0 3 


(b) 


(e) 


(A) 


(b) 
(e) 


See Figure 9.24. 
See Figure 9.28. 


5 10 15 20 25 


Figure 9.23 


x= 


(c) 


oe 


(d) = 


(c) 4=log 10000 


x= 107? 


2 
3 


7.76853 
0.613800 


(c) See Figure 9.25. 


(g) 


See Figure 9.29. 
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Figure 9.22 


(c) x=3 

(f) x=4 
(d) 3=Inx 
(d) 5=e™! 


On (f) 2 


(c) x= 
(f) x= 
(i) x=-24+3/5 
(c) 6.93704 
(f) 6.68586 


(d) See Figure 9.26. 
(h) See Figure 9.30. 


Figure 9.24 
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99 (a) 
(d) 
9.10 (a) 


(d) 


10 15 20 25 


Figure 9.25 


Figure 9.27 


y =log(2x +3) 


Figure 9.29 


3.54249 
2.58406 


1+ log, x + log, z 


log, x + 4 log, y— 6 log, z 


(b) 
(e) 


(b) 


(e) 
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1.43068 
1.66934 


2 log, x + log, y 


5inx-3Iny—Inz 


Figure 9.26 


Figure 9.28 


Figure 9.30 


(c) 0.63093 
(f) 4.22198 


(0) 5 (log y+ log 2) 


1 
(f) 50 log, x + log, y—2 log, Zz) 
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9.11 


9.12 


9.13 


9.14 


9.15 


9.16 


9.17 


9.18 


9.19 


9.20 


9.21 


9.22 


9.23 


9.24 


9.25 


9.26 


9.27 


(a) log, (x’y) (b) log, [x(y+)) 
8 2 
(d) log, [ (e) log (2) Je 
Zz y 

(a) 1.635 (b) 2.273 (c) 0.721 (d) -2.306 
(a) x= 1.46497 (b) x= 2.86135 

(d) x=0.849485 (e) x=1.29248 

(g) x= 2.32193 (h) x= 3.16993 

(j) x= 0.0539949 (k) x= 1.25000 

(m) x = 1.21802 (n) x=56.0000 


The amount accumulated after 5 years would be A = $1,011.46. 


(e) 0.804 


(c) x= 2.10731 
(f) x=7.74293 
(i) x= 2.46621 

(J) x=45.0000 
(0) x=2.25000 


At 5% compounded quarterly, an amount would triple in value in 22.1093 years. 


When compounded continuously, the initial $800 would grow to A = $1,011.93. 


An investment would triple in value in 21.9722 years when compounded continuously at 5%. 


From 100,000 now, the population would grow to 117,738. 


(f) 2.097 
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Each hour the population was 1.21901 times greater than the hour before. That is equivalent to a 21.901% growth rate. 


The culture would grow from 1,000,000 now to 27,857,617 in 12 hours. 


The population would grow to approximately 77,819,129. 


The country’s population would expand from 65,000,000 to about 393,227,085 in the span of 30 years. 


(a) 35.3553% is left after 30 days. 
(b) It will be 54.74 days before only 15% is left. 


The half-life is approximately 28 years. 


The boiling water would cool to 40°C in this room in 27.85 minutes. 


The atmospheric pressure at 4,000 feet is P =~ 12.54 pounds per square inch. 


The pH = 7.5; the solution is alkaline (or basic). 


The 6.5 earthquake was only about 7.94% as powerful as the 7.6 earthquake. 


CHAPTER 10 


Sequences, Series, and the 
Binomial Theorem 


10.1 Sequences 


A sequence is an ordered list of numbers. The numbers 3, 6, 9, 12 form one sequence, while 3, 9, 6, 12 form 
another. The stated sequences are different since their order is different. The terms of a sequence consist of 
the expressions separated by commas. The stated sequences have four terms. A finite sequence has a last term. 
An infinite sequence or simply a sequence has no last term. The ordered list 3, 6, 9, 12, ... is an infinite sequence. 
The ellipsis symbol, “...”, means the terms of the sequence continue in the pattern indicated without end. The list 
has an infinite number of terms. An ellipsis is sometimes used to represent a finite number of omitted terms also. 

The terms of a sequence often follow a particular pattern. In those instances, we can determine the general 
term that expresses every term of the sequence. For example, 


Sequence General Term 
3,6,9,12,... 3n 
1,3,5,7, ... 2n-1 
2, 4, 8, 16, ... 2 


The variable n represents a positive integer. The first term of the sequence is obtained when n = 1, the 
second term is obtained when n = 2, and so on. The general term of a sequence specifies a function that 
produces the sequence when evaluated at the natural numbers. In other words, a sequence is a function whose 
domain is the set of natural numbers and range is some subset of real numbers. 

It is customary to use a, to represent the nth term or general term of a sequence. Thus, a, is the first term, 
a, is the second term, and so on. The entire sequence 3, 6, 9, 12, ... is represented by a, = 3n. We simply replace 
n by 1, 2, 3, ... in 3m to obtain the successive terms of the sequence. 


See solved problem 10.1. 


An arithmetic sequence or arithmetic progression is a sequence such that successive terms differ by 
the same constant. The constant difference is represented by d and is given by d=a,,, — a, for all positive 
integers i. The sequence 2, 5, 8, 11, ... is an arithmetic sequence. Successive terms differ by 3, that is d= 3. 

There is an explicit formula for the nth term of an arithmetic sequence in general. 


Arithmetic Sequence 
The nth term of an arithmetic sequence with common difference d is 
a,=a,+(n-1)d. 


See solved problem 10.2. 
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A geometric sequence or geometric progression is a sequence such that each successive term is obtained 
by multiplying a constant times the previous term. Equivalently, the quotient (ratio) of successive terms is the 
same constant. This constant is called the common ratio, and is represented by r. The common ratio is given 
by r= a,,,/a, for all positive integers i and r # 0. The sequence 3, 9, 27, 81, ... is a geometric sequence with 
common ratio r= 3. 


The formula for the nth term of a geometric sequence is given below. 
Geometric Sequence 


The nth term of a geometric sequence with common ratio r is given by 


a,=a,r 
See solved problem 10.3. 
10.2 Series 
Consider the arithmetic sequence given by 2, 5, 8, ..., 3n — 1, ... . We add successive terms to generate a 


sequence of partial sums. We employ S| to represent partial sums. The nth partial sum of an arithmetic sequence, 
S_, is the sum of the first 7 terms of the sequence. 


§,=2 

S,=24+5=7 
S,=2+5+8=15 
S,=2+54+8+11=26 


S,=24+54+8+---+3n-1. 


There is a formula for the nth partial sum of an arithmetic sequence. It is shown below. 


Formula for the nth Partial Sum of an Arithmetic Sequence 
n 
S,=—(at+a 
n 2 ( 1 i) 


If a, is replaced by its equivalent a, + (n — 1) d, an alternate formula is obtained. 


Alternate Formula for the nth Partial Sum of an Arithmetic Sequence 


_ n[2a, +(n-1)d] 
n 2 


See solved problems 10.4—10.5. 


The arithmetic sequence 1, 2, 3, ..., m is a sequence with common difference d= 1, a= 1, and a,=N. 
The sequence is simply the first positive integers. A formula for the sum of the first n positive integers 
or counting numbers can be found using the formula for the nth partial sum of an arithmetic sequence. It is 
S,=(n/2) (a, +4,) = (n/2) 1 +n) = [n(n + 1)]/2. This useful result is restated below. 

The sum of the first n positive integers is 


n(n+1) 


n a) 
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There is a convenient notation that is used for partial sums. It is called the summation notation. The sum of 
the first n terms of a sequence a_, is represented by 


n 


n 
Ss, ey a, =a,t+a,+a,+-+::+4,. 


i=l 


In the above notation, the letter 7 (other letters are employed also) is called the index of the summation; | is 
the lower limit of the summation; n is the upper limit of the summation. The “X” symbol is the Greek letter 
sigma; it tells us to find a sum. The sum of the terms of a finite sequence is called a finite series. 

The notation above means to find the sum beginning with the term obtained when i = 1. We then increase 
i by one each time to obtain the successive terms in the sum until i = n for the last term. The terms obtained 
are then added. 


See solved problem 10.6. 


It is possible to find a general formula for the nth partial sum of a geometric sequence also. The proof of the 
formula is generally left to the study of College Algebra. 


Formula for the nth Partial Sum of a Geometric Sequence 


S 


n 


#1 


ad-r") a(r"’-1) 
— — rT 


l-r r-1 
Use the latter form if r > | in order to avoid negative numerators and denominators. 
See solved problem 10.7. 


Consider the geometric sequence 2, 2 = = 


3° 32 33’ "1 3nT? . 
We wish to find the sum of all of the terms in the sequence. Is it possible to add the infinitely many terms in the 


.. . By inspection we observe that r =i. 


sequence? We shall present a convincing (we hope) argument below. We evaluate S, and r” for n = 3, 6, 9, and 


12 and display the results in the table below. 


n S,, r 

3 2.888888889 0.037037037 
6 2.995884774 0.001371742 
9 2.999847584 0.000050805 
12 2.999994355 0.000001882 


Observe that as n increases, S,, is closer to 3 and r” is closer to 0. If we calculate more values for Sand r” 
as n gets larger and larger, the pattern continues. That is, S, is closer and closer to 3 and r’ is closer and closer 
to 0. It seems reasonable to conclude that the sum of all the terms in the sequence is 3. The result is called a 
“limit.” The concept of a limit is used extensively in higher mathematics courses. 

The sum of the terms of an infinite geometric sequence is called an infinite geometric series. In general, the 
sum of all the terms in an infinite sequence, geometric or not, is called an infinite series. 

a,d-r") 


The formula for the nth partial sum of a geometric sequence was given as S, = . It can be 


shown using calculus that r’ approaches 0 as n gets larger and larger if Irl < 1. In that case 
5 sat) 3 a=) a, 
. l-r l-r 1-r 


. We restate this important result below. 
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Sum of an Infinite Geometric Sequence 


If a, is a geometric sequence with first term a, and Irl< 1, the sum of all the terms S is given by 


c= 


“ter 


We must emphasize the fact that the formula above is not applicable for |r| 2 1. If |r| = 1, a geometric 
series has no finite sum. 


The sigma notation may be employed to represent an infinite series. The symbolism icy a, We use the 
i=l 


infinity symbol, °°, for the upper limit on the summation to indicate infinitely many terms are to be added. 


See solved problem 10.8. 


10.3 The Binomial Theorem 


There are circumstances in mathematics in which (a + b)” is written as the sum of its terms. The process 
employed is called expanding the binomial or writing the binomial in expanded form. We now apply the special 
product forms introduced in Chapter 2 as well as the distributive property to obtain powers of a + b for various 
n. We are searching for patterns which will be helpful in the future. The following array is obtained after a 
certain amount of effort. 


n=0 (a+b) 1 

n=l (a+b)! aay 

n=? (a+ by? a’ +2ab+b° 

n=3 (a+b) a +3a°b+3ab* +b° 

n=4 (a+by' a’ +4a°b+6a’b’ + 4ab’ + b* 
n=5 (a+ by a +5a‘*b+10a°b* +10a°b’ + 5ab* + b° 


Observe the variable parts in each expansion for n = 1, 2, 3, 4, and 5. 


1. The first term is a". The exponent on a decreases by | in successive terms. 
2. The exponent on b increases by | in successive terms. The last term is b”. 
3. The sum of the exponents in each term is n. 


Now take note of the numerical coefficients in each expansion. The following array of coefficients is 
obtained by omitting the variable factors in each term. 


n=0 1 

n=1 1 1 

n=2 121 
n=3 13 3 1 
n=4 1464 1 
n=5 15 10 10 5 1 


The triangular array displayed above is called Pascal’s Triangle. It is named in honor of Blaise Pascal, a 
seventeenth-century mathematician and philosopher. 
The following patterns in the triangular array can be identified. 


1. The first and last coefficient in each row is 1. 
2. The coefficients are symmetric with respect to the middle of each row. 
3. Each interior coefficient is the sum of the two coefficients above it in the preceding row. 
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We can now determine the coefficients of the expansion of (a + b)”" for n= 6 and n=7. The corresponding 
rows in Pascal’s Triangle are shown below. 


See solved problem 10.9. 


Pascal’s Triangle is useful if n is rather small. Its use is not practical for large n. We shall introduce a more 
practical method for finding the coefficients regardless of the magnitude of n. 

We first need the concept of “‘factorials.” A factorial of a number is simply symbolism that represents a 
particular extended product. 


Definition 1. If is a positive integer, n! = n(n — 1) (n— 2)... (3)(2)(1). 


The n! symbol is read “‘n factorial.” The n! symbol represents the product of all positive integers less than or 
equal to n. 


Definition 2. 0! =1. 


The 0! = 1 definition seems arbitrary and illogical, although it will be more apparent subsequently that the 
definition has merit and is needed for consistency. 


See solved problem 10.10. 


Definition 3. ; |mcm ieee ee! a 


See solved problem 10.11. 


Some calculators have factorial functions on them. Look for a key marked n! or x!. Your calculator may also 


n 
possess the capability to evaluate a Refer to your owner’s manual for the appropriate technique. Be aware 
n 
that C,,"C,, and C", are alternative symbolisms for the same concept. That is, ,C, = "C, =C; -| } 
7 k 


We can now use the factorial symbolism to find the numerical coefficients in the expansion of (a + b)”. 
These coefficients are called the binomial coefficients. 


Formula for Binomial Coefficients 


In the expansion of (a + b)", the term containing a’~*b‘ has coefficient 


no |\_ n! 
k k!(n—k)! 
for nonnegative integers n and k and n= k. 
Some useful properties of binomial coefficients follow. 


Properties of Binomial Coefficients 


For nonnegative integers n and k and n= k, 
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Properties 1 and 2 were illustrated in solved problem 10.10(c) and (d). 


We can now state the formula for the expansion of (a + b)”. It is called the Binomial Theorem. 


Binomial Theorem 


If n is a positive integer, (a+ b)" = > . ) ie 


= n aq’ a n a’ 'b 4k n a’? bh’ a n a' 3b fete ABs n ab’ 4c n b" 
0 1 2 3 n-1 n 


See solved problem 10.12. 


SOLVED PROBLEMS 


10.1 Write the first four terms of the indicated sequences. 
(a) a,=3n-1 


’ 
NO 
w + /0 
es 
ALB BIW wily NI 


g 
ay 
ll 


4 


~4+1 
d@) a=(C)) “On 

a, = (I)! J2-1=(-1’V2 = v2 

a, = (“12-2 =(-l)'V4 =-2 

a, =(-1)™' [2-3 = (-1)* V6 = V6 

a, = (-1)" 2-4 =(-1)°-v8 = - 2v2 


a, 
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10.2 Find the nth term, a,, and the 20th term, a,,), of the following arithmetic sequences. 
(a) 6,11, 16,... 


The common difference d= a,-a,=11- 6=5. Therefore, 


a4,=a,t+(n—1)d=6+(n—1)5=6+5n—-S=S5n+1. 
a,=5n+1so04a,,=5-20+1=100+1= 101. 


(b) 14, 11,8... 


The common difference d =a, — a, = 11 — 14=~—3. Therefore, 


a, =a, +(n-1)d=14+(n-1) (-3)= 14-3n+ 3 = 17-3n. 
a, = 17 —3n 80 dy) = 17-3 -20= 17-60 =—43. 


3 1 
= 1,5,... 
(c) a) 
: 3-1 
The common difference d=a, —a, 5 
3 -l 3 -l 1 
a,=a,+(n a v/ +3 a a n/2=(4—n)/2. 


a, = (4—n) {2.80 ayy = (4 — 20)/2=-16/2=-8. 


See supplementary problem 10.1. 


10.3 Find the nth term, a,, and the 10th term, a,,, of the following geometric sequences. 


nw 


(a) 5,10, 20,... 
1 
The common ratio r = hic . = 2. Therefore, 
a 
a, =a"! =5-2"" Sincea, =5-2"", 
dy) = 5-291 =5-2? =2,560. 
1 1 
b 1l,=,-,... 
® 13.5 
1 
> 1 
The common ratio r = a —. Therefore, 
a 1 2 
n-1 n-l n-1 
1 1 1 
a,=ar"'=1]—}] =|—| .Sincea,=|—] , 
2 2 2 
n-1 9 
1 I pod P 
Ayo -( | -| =| aga = 1.95313x10°. 
4 
3, —2, = 
(©) ; 
; a, _ —2 
The common ratio r= —= 3" Therefore, 
aq 
os n-l —ayn-l _oayr-l _ayn-l 
a, =ar"| =3 =3- ¢ a. 2! 2y . Since a,, = 2 ; 
3 3" 3" 3" 
ay! py l0-1 2) 1-2)° 1D°2° 2°) 512 
ge E = am =! z -! i =< y == 2 = —0.078037. 
3" 3 3 3 3 3 6,561 
(d) 1,-x, x4... 


2, 
. ad, -x 
The common ratio r = — = a =~—x’. Therefore, 
a 
1 
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a, = ar =]. (—x?)""! = (-1 ' x23 = (-1)""! (yr! = (-1)""! xen? 


Since a, = (-1)" Da Ay = (-1)!! 2(10)-2 = (—1)°x!8 = —!8, 


See supplementary problem 10.2. 


10.4 Verify that S|, is the same for 2, 5, 8, ..., 3n— 1, ... when either formula is applied. 


We use S, = (n/2) (a, + a,) first. We are seeking S,, so we need a, and a,, in order to proceed. a, = 2 and since 


a, = 3n— 1, we find a,,=3 - 10— 1 = 29. Hence S=S(2 +29) =5 (31) =155. 


n[2a, +(n—-1)d] 


Now use §, = .We need d = d,—a,= 5 —2=3. Therefore, Sig 


_10[2-2+(0-1)3] _10[4+27] 
7 2 7 2 


= 5[31]=155. 


In general, the preferred formula is determined by the known information. That is, if a p @,» and n are known or 
can readily be found, we use S, = (n/2) (a, +a,). On the other hand, if a pt and d are known or can readily be 
n[2a, +(n—1)d] 


fe d, S, = 
ound, use > 


10.5 Find the nth partial sum, S_, of each arithmetic sequence for the given n. 


(a) a,=6n; n=25 
Solution 1: a, =6n so a, =6- 1 =6 and a,,=6 - 25 = 150. Since S| = (n/2) (a, +a,), 
2 


2 
S55 = 2 (6+ 150) = = (156) = 25 (78) = 1,950. 


2 


Solution 2: a, = 6n so a, =6-1=6anda,=6-2=12sod=a,—a, = 12—6=6. Since 


12a +(n=Vdl ¢ _ 25[2-6+(25-1)6] _ 25[12+ (24) 6] _ 25[12+ 144] 
an 2 is 2 ~ 2 = 2 
_ 25 [156] 


= 25[78]=1,950. 


(b) a,=3n—-2, n=50 
Since S = (n/2) (a, + a,), we need a, and a,,. It is given that a, = 3n — 2, soa, = 3-1-2 = 1 and 
As) = 3-50 —2 = 148. Therefore S$. = (50/2) (1 + 148) = 25 (149) = 3,725. 
(c) a,=n; n= 100 


Proceed as in part (b). a, =n so a, = 1 and a,,, = 100. S, = (n/2) (a, + a,) so S 
50 (101) = 5,050. The result is the sum of the first 100 positive integers. 


= (100/2) (1 + 100) = 


100 


1-2 
(d) a,=——; n=100 
n 
1-2 1-2-1 —- 1-—2-100 
Proceed as in part (b) a, = 2 SO a, = = : =—Land ay = 

n 1 1 100 
1-200 —- = 

= oo 6 So Ge wae Sige | Sie= 

100 100 2 2 100 
—~100—-1 = = 
50 00 — 199 -50 299 - 299° 
100 100 2 


See supplementary problem 10.3. 
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10.6 Evaluate the following. 


(a) y 2 


BI 
> 2i=2-1 +2-24+2-342-442-5=24+4+4+64+8+10=30. 
i=l 
6 
(b) > (2i—1) Note that the lower limit is 3 and not 1 here. 


> Qi-)= C3=h+0-4=)4 05-1 40-6=1s54740411=32, 


i=3 


k=0 

ds 

(@) > iGsD 
y 1 i: . 1 1 eel 1 64241 9 3 
“i+ 10+) 20+) 364) 262 #2 2 4 


Refer to supplementary problem 10.4. 


10.7 Find the nth partial sum of the following geometric sequences for the given n. 


(a) a,=5(2)""; n=5 
4 a, _5(2)"" ee 
We need a,,r,andn.a, =5 (2) =5 (I)=5; r= = =2; and n is given as 5. 
Pay s=1) $G2=1 
We know that S,, = “ 50 $,= _ a ) 5 (31)=155. 
41/2) i727 
b » pee 
® 8G) ib 4Q4Q40 
1 2 
When i= La =4(2) =2 and if i=2,a, = (2) =+ Therefore, r=a, ja, 
4\3 4\3 9 


1 2 
When i=1, a, = : (2) a! and if i=2, a, = : (2) =1 Therefore,r=a, /a, 
4\3 6 ~ 4\3 9 


14 

tH) 

1 — n 

-(3}(2} ! Coe Saaay mld ) Se 

9/\6) 91 9 3 l-r I- 2 
3 

= 0.498287256. Approximate values are usually satisfactory 

when the simplification is cumbersome. 


(c) C2 = 2)? +2)! 42° +. C2) $e 1244-84 


= nq 1] (2 10:4 
pe pees BO 1 Se le ! 
a1 r-l 2-1 

—2)'°-1 1024-1 
ysl NOES aay 
3 3 3 


10.8 Find the sum of the following geometric series. 


(a) ¥ 0.9)" = (0.9) + (0.9)? + (0.9) +++ 


n=1 
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The series has first term a, = 0.9 and r = 0.9. Observe that |r| = |0.9| =0.9 <1. Therefore, the formula 


a a 0.9 0.9 
S =— is applicable. § =—+- = =——=9. Hence, » (0.9)" =9. 
l-r a l-r 1-09 0.1 XI ) 


ae eae e178) ot a 
© 3) eG) GG) 


: : 2 2 
It is apparent that the series has a, = | and r= 5 Also | r | -| 5 


a : <1 so the formula S = — may be 


i-1 
employed. Therefore, S = Bo Ee 2) awe write z = 
l-r 1-2 3° 3 =e) 3 
+ 5 
= (_9\! 2)! 2\2 3 
© 3G) <3) (3) 4G) + 
ma\ 9 5 5 5 
dl 54 —2 —2| 2 a, 
The series is similar to the series in part (b) above. a, =1andr=—. Also] r] = = ae 
-r 


may be employed. Hence, S$ = = = = = 


co i-l 
Therefore, Dy (=) = os 


i=l 


See supplementary problem 10.5 for similar problems. 


10.9 Use Pascal’s Triangle to determine the coefficients and write the expansion of the following. 
(a) (s+1)® 
(s+ 1° = 5° + 69t+ 1584? + 208° + 15527 + 65h + 1 
(b) (x-yy 


(x — y)5 can be written as [x + (—y)5 so (x — y)5 =x + 5x4 (-y) + 1023 (y)? + 102 (-y)3 + Sx(—y)4 + (5 
=e Sry? Wey = lb +i 7 


(c) (2a+3b)4 


(2a + 3b)* = [(2a) + (3b)}* = (2a)* + 4 (2a)3 (3b) + 6(2a)? (3b)? + 4(2a) (3b)? + (3b)* = 24at + 
4. 23a3 (3b) + 6 - 2? a?37b? + 4 - 24333 + 34 bt = 16a4 + 96a%b + 216a7b? + 216ab> + 81b4 


10.10 Evaluate the following. 


(a) 6! 
6!=6-5-4-3-2-1=720 
(b) 8! 
8!=8-7-6-5-4-3-2-1=40,320 
(c) 6-5-4! 


6-5-41=6-5-4-3-2-1=720 


Part (c) above illustrates that the factorial process can be terminated with “!” at any point by starting at n and 
decreasing each factor by 1. That is the reason we normally start at n rather than 1. The simplification of 
expressions such as those encountered in parts (d) and (f) below, as well as in solved problem 10.11, is 
facilitated through the use of this technique. 
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8! 
@ = 
8! 8-7-6-5! 
— = =8.-7-6 = 336 
5! 5! 
(e) (6-D! 
(6-1!=5!=5-4-3-2-1=120 
7! 
1 soy 


7! 7:65! 7-6 
512! 512! 2-1 


=7-3=21 


10.11 Evaluate. 


(2) 


( § }- él O_O =. 
4) 416-4)! 412! 2-1 


(2) 12! 12-11-10-9-8! _12-11-10-9 
8 } gid2-8)! 8!4! —. > ae 
7 
(c) 7 ) 
Lie 7m OT! ee 
7) NeomMm Hot or 1 
7 
d 
@ [3] 
&9; So Mg 
0) ol(7-0)! O!7! 1 
See supplementary problem 10.6. 
10.12 Use the binomial theorem to expand the following: 
(a) (x+y)’ 
PT 7 7 7 6 Jae 7 4.3 7 3.4 7 2-5 7 6 
(x+y) -| a +( 1 }o-( yey +| aS | ey | a + ar 


7) 7! 5 5 Th 43 TL aca 7! os 


@ \c¢ Th ST see 1 Le Ly? 
+ 0 p “orm “net” ast? "yay > * ast”? * Sra” ? 


! ! 
+ a + aa y’ =x! 4+ Tx°y + Q1x°y” + 35x43 + 35x°y" + Q1x’y° + Txy° + y’ 
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(b) Gy+l)” 


ay+pF| : Jon's [ : Jon : Jone +f : Joo +f ° Joo 


6 s,/ 6 |,6__6! 6, 9! 5 6! 442, 9! 43 
6! 244, 6! 5, 6! 


+ 20-3? yP4+15-3°y7l4 +6-3yl +1-1° 


19 =1-3°y9 +6-3Sy 1415-34 


=729y° +1,458y° +1,215y* +540y° +135y? + 18y +1 
(e) 2x—3y)" 
Think of (2x — 3y)* as [2x + (—3y)]' and proceed as before. 


ax-29'=[ : Jens ' Jeorcans| : Jemrcan'[ : Jen cay +[ ) Jo» 


=1-24x444-2'x3 (-3)y + 6-27x* (3)? y? +4. 2x (3)? y? +3) y* 
=16x* —96x*y + 216x7y* — 216xy? + 81y* 
(d) (s+2ry 


w+20y'-[ : Jee : Jrora[ : Jrarrs[ : rary ; Jrara[ : Jerr 


= 1s? + 59*(2t?) +105°27(0?)? +105727(t7)* + 5924(17)4 1-297? 


= +105‘? + 40s7t* + 805716 + 80st8 + 321" 


boy Ro Al ol SRY af 4 BY pal & RY os 
(£-3) -[E+e9]-( 3 (4) +( 4 Qo(3 Go 
es (F)-o"+ 4 3) a1 Kg Ese. Keay 

3 ]\3 4 3h "33 3 


+4-~Cay 41 cay cbt — Ae + 6k? — 36k +81 
3 81 9 


Work supplementary problem 10.7 to practice expanding binomials. 


SUPPLEMENTARY PROBLEMS 


10.1 Find the nth term, a,, and the 20th term, a,,, of the following arithmetic sequences. 


(a) 2,6,10,... (b) 11,9,7,... 
357 1-2 =5 
aes, fy. ee 

© 399 OD 333 


10.2 Find the nth term, a,, and the 10¢h term, a, of the following geometric sequences. 


24 
a) 3,12,48,... b) 1,-,-,... 
(a) (b) 3°9 
22 -x -x? 
c) 2,—,-,... d) -1,—,—.,. 
(c) 3°95 (d) a 4 
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10.3. Find the nth partial sum, S,, of each arithmetic sequence for the given n. 


(a) a,=5n+1, n=25 (b) a,=2n—-4; n=50 


(c) a,=n; n= 100 (d) a,=2n’ +n; n=100 


10.4 Evaluate the following. 


6 7 n 
(@) YGi-2) (b) Ykk+2) © LS; 
j=l 


i=l k=2 


11 3 
Co ae @) YX CV'2¥c 


k=2 i=0 


10.5 Find the sum of the following geometric series. 


a) +07)" wo ¥(5} ©) Yosy" 
j=l 


n=1 


10.6 Evaluate. 


5 15 10 
@ (3) » (5 ] © (2) 

14 1 100 
(d) Pe (e) (| (f) cae 


10.7 Use the binomial theorem to expand the following. 
(a) (w+4)® (b) (x-2) (c) (3s+4n)4 (d) (n/2 +1)! 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


10.1 (a) a,=4n-2; (b) a,=13-2n; 
Ay = 78 Ay =—27 
2n+1 4-3 
() a= (d) 4,=—s 
a, il a, 256 
20 2 20 ~~ 3 
2 n-1 
10.2 (a) 4,=3-4""; (b) -(4] 
| ‘ 9 
ay =3°4 aie 58 
ao|3 ) “3 


-] n-l i n-l 
(c) a=] ; (d) a=-(4) ; 


9 
-1 -2 -x° 
ay =2 | =z 40 = 5" 


10.3 (a) S,<= 1,650 (b) Sop = 2,350 


(C) Sig = 500,050 (A) Sy = 1,005,150 
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10.4 


10.5 


10.6 


10.7 


(a) 
(d) 


(a) 


(a) 
(d) 


(a) 
(b) 
(c) 


(@) 


51 (b) 193 (c) S,+S,+5,+...4+8 
—14,762 (e) —5e 

7 3 5 

10 (b) 105 (c) 252 

14 (e) 1 (1 


w® + 24w? + 240w4 + 1,280w? + 3,840w? + 6,144w + 4,096 
243x5 — 810x* + 1,080x3 — 720x? +240x — 32 
8154 + 43257t + 864527 + 76851 + 25614 


! n'4 i ep a lee ea 


128 64 32 16 8 4 2 
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Chapter 1 


MULTIPLE CHOICE 


1.1 


1.2 


1.3 


1.4 


1.5 


1.6 


1.7 


1.8 


1.9 


332 


Identify which of the properties the following equation illustrates: 2-7-5=2-5-7. 

(a) Distributive property (b) Associative property of multiplication 
(c) Commutative property of multiplication (d) Identity property of multiplication 
Evaluate and simplify: —5(3)”. 

(a) 45 (b) -60 (c) —45 (d) -30 (e) None of these 


Evaluate and simplify: 7 — 2(5 — 3)’. 


(a) -25 (b) 3 (c) -l (d) 20 (e) None of these 
. ag (2439 
Evaluate and simplify: ; 
Pay? “92 4 3? 
(a) 1 (b) = (c) 25 (d) x (e) None of these 
2_ 92 
Evaluate and simplify: ———-. 
Py” 
(a) = (b) 1 (c) on (d) x (e) None of these 
5 40 4 


Evaluate and simplify: 8+ 8+ 4 - 2. 
(a) 2 (b) 9 (c) 8 (d) 12 (e) None of these 


Evaluate and simplify: —3 + 2 [2(4- 1) + 3(6 — 4)’]. 


(a) 33 (b) —-18 (c) 129 (d) -66 (e) —186 
Evaluate and simplify:: <= as 

8-4 
(a) 1 (b) Undefined (c) 0 (d) 2 (e) None of these 


66? 


Translate the expression: Seven subtracted from the sum of a number and four — use “‘n” as the number. 
(a) 7-n+4 (b) n+3 (c) (n+4)-7 (d) 7—-(n+4) 


6699 


Translate the statement: Fifteen less than a number times six is no greater than the number — use “x 
as the number. 


(a) 15-6x2x (b) (5-x)6<x (c) 6x-15<x (d) 6x-152x 
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TRUE/FALSE 


1.20 


True or false: 57 € { 1,4, 7, 10,...}. 

True or false: {a, b, c} = {a, b, c, a}. 

True or false: {1, 3,5} A {2,5, 7} = {5}. 

True or false: {1, 3, 5, 7} U {1, 2, 3, 4, 6, 8} = {2, 4, 5, 7, 6, 8}. 
True or false: —2? = (—2)’. 

True or false: 0 € Natural numbers. 

True or false: -15 <—12. 

True or false: [3, 9) is the same interval as {x|3 <x <9}. 

True or false: |2 + (—5)|=7. 


True or false: {1,5, 19} c {1, 3,5, 7,...}. 


SHORT ANSWER 


1.21 Evaluate and simplify: -3|2-8—5.- 7]. 
1.22 State the name of the property illustrated by the equation: 7(5 + x) = 7(x + 5). 
1.23 Translate the expression: Ten times the square of the sum of a number and two—use “x” as the number. 
1.24 — Evaluate and simplify: —8 — (—10). 
‘ : : -15 -2 
1.25 Specify the set of all integers in the set: “Sz 0.N5,. 2,67 : 
1.26 Evaluate and simplify: (2 — 7)(10 — 7). 
1.27 Evaluate and simplify: —5 [3(5 — 8) + 27(3 + 2)]. 
1.28 Evaluate and simplify: elise (a Bac 
4-2-2 
1.29 Evaluate and simplify: 6(3)°(5)(—1)(0)(4). 
1.30 Given A = {1, 2,3, 4,5} and B= {2, 4, 6, 8, 10}, specify the set for A U B. 
Chapter 2 


MULTIPLE CHOICE 


2.1 


Perform the indicated operations: 7x — 4+ 4x — 7. 


(a) 11x+11 (b) 3x43 (c) 0 (i) Testi (e) None of these 
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2.2 Perform the indicated operations: (x? — 2x) — (—-4x? + 6x +5). 
(a) —3x°-8x-5 (b) 5x°+4x+5 (c) 5x*-8x-5 


(d) —4x*+ 14.3 — 7x° -— 10x (e) None of these 


2.3. Perform the indicated operations: —2x*y? (5x — y). 
(a) 2x*y3— 10x5y? (b) —2x4*y> + 10x5y? (c) 12x°y 
(d) 2x*y’- 10x*y? (e) None of these 


2.4 Perform the indicated operations: (x — 5)(x + 6). 


(a) 2-30 (b) 2+x—-30 (c) x-2x2+30 (d) 2x-30 (e) None of these 


2.5 Perform the indicated operations: (2x — 3)(3x — 2). 


(a) 6x°+6 (b) 6x%°-13x-6 (c) 5xX°-13x+5 (d) 6x°-5x-6  (e) None of these 


2.6 Perform the indicated operations: (2x + 4). 


(a) 22+16x+8 (b) 4x°2+16x+16 (c) 4°+16 (d) 4x48 (e) None of these 


2.7. Factor completely: 6x7 + 10x. 


(a) x(6x2 + 10) (b) 2(3x3 + 5x) (c) 2x(3x27+5)  (d) 16x* — (e) None of these 


2.8 Factor completely: 2x? — 10x + 12. 
(a) 2%x-5)+12 (b) 2x2 -5x+6) (c) (2x-4)(x-3) 
(d) 2x-3)(x-2) (e) None of these 

2.9 Factor completely: 6x? + 11x — 10. 
(a) (6x+5)(x-2) (b) (6x—2)(x+5) (c) (3x-2)(2x+5) 
(d) (2x-1)(x + 10) (e) None of these 


210 Divide: x+3V4x°+ 7x?-12x+ 1. 


(a) Pi eer pesca (b) es (c) Ap viens 
x+3 x+3 x+3 
; 11 
(d) 4x°+5x+3+—— (e) None of these 
x+3 


TRUE/FALSE 


2.11 True or false: —x* — 3 = —(x* — 3). 


2.12 True or false: 5x — 2x? is in standard form. 


2 
2.13 True or false: ao =2x-3. 


2.14 True or false: The degree of 2x? — 3x + 4x3 — 1 is 2. 
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2.15 


2.16 


2.17 


2.18 


2.19 


2.20 


1. : . 
True or false: 3x —7+-— is a trinomial. 
x 


True or false: aa = 
2x-1 


True or false: x? + 16 is prime. 
True or false: 4x? — llx-3 = (x- 3)(4x + 1). 
True or false: (2x)? = 2x1. 


Tie or false: —" = : : 
9x°+6x 3x+2 


SHORT ANSWER 


2.21 Perform the indicated operations: (—3x? + x — 7) + (2x7 — 5). 
2.22 Perform the indicated operations: 5 — 2(x + 3). 
2.23 Perform the indicated operations: x°x°. 
2.24 Perform the indicated operations: (x — 4)(2x? — 5x — 3). 
2.25 Perform the indicated operations: 2x(x — 3) — 4x(7x — 1). 
2.26 Factor completely: x* — 7x — 8. 
2.27. Factor completely: 3x? — 33x + 72. 
2.28 — Factor completely: 4x* — 10x? — 24x. 
228: aie = 
6x 
2.30 Divide: 2x—1V6x? + 5x? -14x+14. 
Chapter 3 


MULTIPLE CHOICE 


3.1 


3.2 


25 
Reduce to lowest terms; assume no denominator is zero: —z-. 
xry 
2 Ay? 2 Ay? 
(a) aay (b) = (c) 28 a = (e) None of these 
6x°y 3x 6x" 3x 
: ; x-6 
Reduce to lowest terms; assume no denominator is zero: ——————_.. 
x -12x+ 36 
-l 1 1 
(a) x-6 (b) ( (d) (e) None of these 
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3.3 


3.4 


3.5 


3.6 


3.7 


3.8 


3.9 


3 2 
Reduce to lowest terms; assume no denominator is zero: i é 
2y —10y+ 12 
5 -2 > _ y—30 Sy’ +10 
(a) = o =- oo —— © 4 
2 y+2 y +8y+12 2y—-4 
Perform the indicated operations and simplify: eee : 
2t+6 2t-10 
2t—-1 t—1 2t—5 
b) O — d 
Fe G (®) 753 a) 5-6 


Perform the indicated operations and simplify: 5 
x 


(a) 3x (b) 3x+3 o. 2 (d) ee 
Xx 


Perform the indicated operations and simplify: . 


—4 2x—8 
3x7 -15x 2x —-10 3x> —9x? — 30x x-5 
Pie Se b pe, ee Ay. fe 
Oy Dua OY Bae, Sytem ga |" ay 


Perform the indicated operations and simplify: =o + = 


10y 6y— 
17 1 8 4 
(a) —_ (b) — (4 a (ah a 
I5y y 16y I5y 
ey i er 2 
Perform the indicated operations and simplify: — - : 
x -36 x+6 
1 —2x-9 3x+16 15-2x 
3 b d 
oY 2a OY pag ae ee 


-1 
Perform the indicated operations and simplify: (- i Joe —2x). 
x 


—2 x-2 
@) o = Oo Sw 
a) x c x 
x-2 x-2 
= 
Perform the indicated operations and simplify: 4 
1+— 
x 
—l x-1 xt+l1 
(a) — o) —— (c) x (¢) —— 
x x 


*_y¥-—20 ; 3x°+ 18x°+ 24x 
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(e) 


(e) 


(e) 


(e) 


(e) 


(e) 


None of these 


None of these 


None of these 


None of these 


None of these 


None of these 


None of these 


None of these 


TRUE/FALSE 


3.11 


2 
True or false: = ba = 
Ax 
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3.12 


3.13 


3.14 


3.15 


3.16 


3.17 


3.18 


3.19 


3.20 


2 
True or false: The LCD of ——- z 1s 36xy. 
Oxy 12xy 
A Meek 
x? x? x . 


True or false: 


True or false: = a a é : 
6x+12 2x 4 


True or false: + - : ; 
x 


True or false: 3x + 2 is a rational expression. 
True or false: = = eos ‘ 
4x°-6x 2x-3 


True or false: Before multiplying fractions, an LCD is needed. 


21 
True or false: Ea 

7 1 4 

—+— 

6 2 
True or false: ca =-l. 

b-a 


SHORT ANSWER 


3.21 


3.22 


3.23 


3.24 


3.25 


3.26 


3.27 


3.28 


3.29 


3.30 


t+2 7 
i a ae 
t+l t —St-6 


2x - 


Perform the indicated operations and simplify: 


L 0x? 5x42). 
x-2 


Perform the indicated operations and simplify: 


x +7x+6 
x°-5x-6— 
+1 x 


43x x? -x-12° 


Reduce to lowest terms; assume no denominator is zero: 


Perform the indicated operations and simplify: 
x+x-6  x°-9 
P-4 9 x? -4x440 


6x" + 35xy-6y 
12x*-20xy+3y? © 


Perform the indicated operations and simplify: 


Reduce to lowest terms; assume no denominator is zero: 


6uev* 10u7v? 


Perform the indicated operations and simplify: or a 
4uv) 9u'v 


oe a pe 3 


+x-6 x7 43x42 


Perform the indicated operations and simplify: 


? 


Identify the Least Common Denominator (LCD) for: — : a ‘ 
x°+5x+6 x°+4x4+3 
3 I 


2 
Perform the indicated operations and simplify: 5 = ‘ 
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Chapter 4 


MULTIPLE CHOICE 


4.1 Solve: = = 28. 


(a) — (b) —20 (c) — (d) —= (e) None of these 


4.2 Solve: 5<3x+2<8. 
(a) [3,6) (b)  [0, 3) (c) (2, 1] (d) [1,2) (e) None of these 


4.3 Two cars pass each other traveling in opposite directions. One car is traveling at 75 mph and the other 
is traveling at 45 mph. How long does it take for them to be 30 miles apart? 


(a) 1lhr (b) : hr (c) : hr (d) - hr (e) None of these 
4.4 Simplify: 8 — 5(x- 2). 
(a) ue (b) 3x-6 (c) —Sx+18 (d) 10-—5x (e) None of these 


4.5 Graph: 4x — Sy = 20. 


(b) 


(d) 
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4.6 Solve: 17 — 3x 2-16. 
(a) x2>=33 (b) x2=11 (c) x<ll (d) x<-ll (e) None of these 


4.7 For the equation 3x — 3y = 12, complete the ordered pair: (___, —2). 
(a) (2,-2) (b) (4,-2) (c) (-2,-2) (d) (6,-2) (e) None of these 


4.8 Identify the x- and y-intercepts of the line given by the equation 2x — 3y = 6. 
(a) (0, 3) & (2, 0) (b) (0, 3) & (2, 0) (c) (0, —2) & (3, 0) 
(d) (0, 6) & (6, 0) (e) None of these 


4.9 Identify the equation below for which (—3, —5) is a solution. 
(a) x+y=2 (b) x=2y+7 (c) 3x-Sy=15 
(d) 2(x-3)+4(y-5)=0 (e) None of these 


4.10 Solve: 2(p —3q)+6=5p+q for p. 

6-7 

@ p= oy p= () p=6-5q 

_ Sp—7Tq-6 
2 


TRUE/FALSE 


4.11 True or false: An identity is always true. 


(d) (e) None of these 


4.12 True or false: (—2, 4) satisfies 3y — 2x = 20. 
4.13 True or false: y =—3 satisfies 5 — y=2. 
4.14 True or false: (-34) solves |5x — 8| < 12. 
4.15 True or false: x = 5 solves 3— st. 
4.16 True or false: t = —4 satisfies —8 > —3 — 2t. 
4.17 True or false: x = 48 solves au = a 

x 12 
4.18 True or false: [-3, 9) means {x]|-3<x<9}. 


4.19 True or false: x + 1 =x is a contradiction.. 


4.20 True or false: 2x — 3 = 7 + 4X solution is: (—c0,—5]. 


SHORT ANSWER 


4,21 Solve: |5 —3y|+2=5. 


4.22 Solve: —5(2 — 3x) > 3(6x — 1) — 1 and leave in interval form. 
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4.23 Solve: : = 2 for z. 
x y Z 
4.24 Simplify: -(5 — 2x) — 2 [4- 3(@«- 3)]. 
4.25 Solve and graph the solution on a number line: 3x — 1) + 1 < 4x +3. 
4.26 Solve: =(2x-3) Se 
4.27 Solve: a(2x — b) +3 = bx—-c for x. 
4.28 Graph: 3x+ 2y>6. 
4.29 How many liters of a 65% antifreeze solution need to be added to 10 liters of a 20% antifreeze solution 
to obtain a 50% antifreeze solution? 
4.30 Solve and graph the solution on a number line: 3 — |4x—5| <1. 
Chapter 5 


MULTIPLE CHOICE 


5.1 


5.2 


5.3 


5.4 


5.5 


Simplify; assume variables represent positive numbers: {/x°y'’z**. 

(a) yrz4 xsy3z° (b) yz! aS yl? (c) yrz4 ay? 
(4) yrz*ifx’y? (e) None of these 

Simplify; leave the answer as a single fraction: 4"! — 2~. 


(a) : (b) 4 (c) 0 (d) ; (e) None of these 


2x7y? 1 : 

Simplify; leave the answer as a single fraction with all exponents positive: = + ab : 
3x° 2y° 2 

xy y y 

113x? INE a 9x* +18y° 17x? 


iG ) Fa () @) 3 


(a) (e) None of these 


8x°y 


J 


Rationalize the denominator and simplify: 


+ Jy 
(a) yv2 (b) 2y2y + yv2 (c) 2y_ (d) 2y2y -yv2 (e) None of these 
2+y 4+y 4t+y 4-y 


Simplify completely: 2/48 +312 . 


(a) 14 3 (b) 5/60 (c) 10V15 (d) 712 (e) None of these 


Chapter Quizzes 


5.6 


5.7 


5.8 


5.9 


5.10 


1 2 


-1,3,.3 
Simplify, leave all exponents positive: ea. 
Vx2y 

2! 10 ge 10 2, 274+ 2. 

(@ 4 (br) (4 (d) : 
x3 x8 2°x3 x3 
ane : : 3-2i 
Simplify; leave answer in a + bi form: af 
i 

12+5i 12+5i 12+5i 
a b) -i Cc d 
Oe (b) rer (1) 

2x2)" 
Simplify, leave all exponents positive: 3(2xy’)° — { ) . 
» 
2 2 
(a) 6-8x?y ey 422 (c) 3-2xy (d) : ss 
y 

Simplify; leave answer in a + bi form: 8 — 4(2 — 7i). 
(a) 8-28 (b) —28i (c) 64281 (d) 281 
How many significant digits does 0.006053 have? 
(a) 4 (b) 3 (c) 6 (d) 7 


(e) 


(e) 


(e) 


(e) 
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None of these 


None of these 


None of these 


None of these 


None of these 


TRUE/FALSE 


5.11 


5.12 


5.13 


5.14 


5.15 


5.16 


5.17 


5.18 


5.19 


5.20 


True or false 


True or false: 


True or false: 


True or false 


True or false: 


True or false: 


True or false 


True or false 


True or false: 


True or false 


: = is undefined. 
x 


Bx y? 0 Sy 
5 24 ao 
4°x"y 2x 
: Yx’y* is fully simplified. 
: 2” is always positive for any real n. 
7 


i? =. 


: The exponent sign never gives the answer sign. 
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SHORT ANSWER 


5.21 Simplify; leave answer in radical form and assume p is positive: lp? lp? : 
5.22 — Write 0.0000000000000000451 in scientific notation form. 


5.23 Simplify; assume all variables are positive; leave answer with positive exponents only: (16x“*y°)"!”. 


5.24 Simplify; assume radicands are positive: (/2x — 2,/y)(3V2x —./y). 


5.25 Simplify: 93/4(24/2 +). 


2p - 34 
VP- V4 - 


5.26 — Rationalize the denominator and simplify: 


rs 
5.28 Simplify; leave answer in a + bi form: (2 — 3i)(1 + 4i)’. 


5.27 Write as a single simplified radical term: 


2 
5.29 Simplify: —37 +(3] ; 


5.30 Rationalize the denominator and simplify, assume all variables are positive: 


5 


ie 


Chapter 6 


MULTIPLE CHOICE 


6.1 Fill in the values for p and q to complete the square: x? — 8x + p=(x+ q)’. 


(a) p=8;q=64 (b) p=-4;q=16 (c) p=4;q=-16 
(d) p=16;q=4 (e) None of these 
é 1, 1 1 
6.2 Solve the equation: —x°-—x-==0. 
4 4 2 


(a) x=-1,2 (b) x=-2,1 (c) x=6,-9 (d) x=-1,-9 (e) None of these 
6.3. Solve by factoring: 6y? — y- 12 =0. 
(a) t=-,- (b) t=6,-12 (c) t=-9,8 (d) t=-3,2 (e) None of these 


6.4 Solve the equation: t-3/t-54=0. 
(a) t=79 (b) t=81 (c) t=32 (d) t=36 (e) None of these 


6.5 For the equation y = —x* — 6x — 8, find the x-intercepts and coordinates of the vertex. 


(a) x-intercepts = —4, 2 (b) x-intercepts = 4, 2 (c) x-intercepts = —4,—2 
vertex = (—3, —1) vertex = (3, -1) vertex = (—3, 1) 
(d) x-intercepts = 4, 2 (e) None of these 


vertex = (3, 1) 
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6.6 Solve by completing the square: f+ 6f — 8=0. 
(a) t=4,2 (b) t=-34V17 3 (c) t=6+2V17 (dd) t=-2,4  (e) None ofthese 


6.7 Solve the equation: : potas 
y-3 yt+3 
+ 
(a) y=0,1-V10 (b) y=1+V10 (c) y= 3a (d) y=3+iV10 (e) None of these 


6.8 Graph the solution to the inequality: x° + x — 12 >0. 


4 3 -3 4 3 
(d) } ( (e) None of these 
=4 3 


6.9 Sketch a graph of y= ax’ + bx + c where a <0, c > 0. (Many answers can be correct but only one below.) 


y y 
MM. x aon xX 
(a) (b) 
y y 
RO x at X 
(c) (d) 


(e) None of these 


6.10 The Pythagorean Theorem states that the sum of the squares of the lengths of the legs, a and b, in a right 
triangle is equal to the square of the length of the hypotenuse, c. That is, a* + b? = c?. Find the length 
of a leg a of a right triangle with hypotenuse c = 9 ft and other leg b = 3 ft in length. 


(a) a=3V10 ft (b) a=6v2 ft (c) a=2N6 ft 
(d) a=10V3 ft (e) None of these 
TRUE/FALSE 


6.11 True or false: Raising both sides of an equation to an even power, then solving, requires a solution 
check. 


6.12 True or false: It is not possible to graph a quadratic function with two positive x-intercepts, the vertex 
in the fourth quadrant, and c < 0. 


6.20 


Chapter Quizzes 


True or false: {2} is the solution set for (2x)? = 16. 
True or false: The graph of y = ax’ + bx + c never has a least value if a> 0. 
True or false: If a? = b’*, then a= b. 


4 2 
True or false: 3(x —1)° + 2 = (x—1)° is quadratic in form. 


True or false: E <| is the solution for 3x? — 7x +420. 


True or false: y = 2 is an extraneous solution for a —-— $3. 
yt 
True or false: If p’ = q’, then p = q. 


True or false: Complex solutions of quadratic equations with real coefficients are always a + bi. 


SHORT ANSWER 


6.21. Convert the parabolic equation y = 2x? — 8x + 5 from standard form to vertex form. 

6.22 Graph the solution (on the number line) for: (x + 3)(x—- I)w- 4) > 0 

6.23 Solve; include complex solutions: 3x? — 7x - 4=0 

6.24 Determine k so that the following quadratic equation has exactly one real solution: kx? — 10x =—-1 
6.25 Solve; include complex solutions: (3x — 2)? = —16 

6.26 Solve; include complex solutions: (x + 1)? — 3(4+ 1)-4=0 

6.27 Graph the solution (on the number line) for: 4x7 + 5x -6< 0 

6.28 Simplify; leave the answer in the a + bi form: oe 

6.29 Solve; include complex solutions: y* — 24 = 2y? 

6.30 Graph the parabola y = —2x* — 4x + 6, identifying the coordinates of the vertex and all intercepts. 
Chapter 7 


MULTIPLE CHOICE 


7.1 


7.2 


x+y=10 
Solve by the elimination method: 3° 
x-y= 


(a) (9,1) (b) (13,-3) (c) (,9) (d) (8,2) (e) None of these 


The difference of two positive numbers is 7. The larger is twice the smaller decreased by 5. Find the 
two numbers. 


(a) 12&11 (b) 8&15 (c) 13 &20 (d) 12&19 (e) None of these 
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7.3 


7.4 


75 


7.6 


7.7 


7.8 


7.9 


Find the value of this determinant: cs | 
(a) —4 (b) 17 (c) —14 (d) 9 (e) None of these 
9x-4y+z= 6 
Solve the system: ; 3x+y+ 4z= 8. 
x+ 3y-z= 3 
(a) (1, 2,5) (b) (2, 2,-4) (c) CU, 1, 1) (d) (0-1, 2) (e) None of these 
1 1 
37 + 5 y= 6 
Solve the system: 
Bey 
a”. Ae 
(a) (6, 8) (b) (2,5) (c) @B,4) (d) (9,6) (e) None of these 
3x+ 4y=-2 
Solve the system: : 
2x—-3y=—4 


se & 5) ) (=) (©) (1.4) @ 6,4) © None of these 


reer) it 17 
= 2 
Solve: - 
4x-2y= 7 

(a) (2,10) (b) (3,6) (c) The system is dependent. 
(d) The system is inconsistent. (e) None of these 

4x—3y=-2 
Solve the system: : 

14x-y=-7 

-l 

(a) (-2,-2) (b) (-5,-6) (c) (=. } 
(d) The system is inconsistent. (e) None of these 


Joan invested in two accounts. The total investment was $20,000. One account paid 5% interest and the 
other paid 8% interest. Joan earned a total of $1,300 in interest for the year. How much did she invest 
in each account? 

$10,000 $10,000 $9,000 $11,000 $11,000 $9,000 


b 
() “at5% at 8% ) 5% at 8% ( “t5% at 8% 


(a) $6,000 $14,000 (e) None of these 
at 5% at 8% 
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7.10 For the graph below, identify the system the graph represents: 


y 


y= 3x-2 x-2y=-1 y= 2x-1 
(a) _ (b) _ (c) _ 
2x+y= 3 3x+ 2y= 5 x+y= 2 
y=x+ 2 
(d) (e) None of these 
x+y= 3 


2 01 
7.11 True or false: | -1 3 4 |=-48. 
1 5 0 
12 3 -l 
7.12 True or false:}| 0 O 1 5° | is in row echelon form. 
00 0 0 


7.13 True or false: A system that graphs into parallel lines is a dependent system. 


; ; 2x+y=-l 
7.14 True or false: (—4, 7) is a solution of: ; 
—3x=—-y—5 
x=3., : 
7.15 True or false: | meee is inconsistent. 
. . xty <4 
7.16 True or false: (—2, 1) is a solution of: ‘ 
2x+ 3y25 
3x-y+z= 0 


7.17 True or false: (1, 0, —3) solves + x+ 4y—2z= 5. 
2x+y+z=-l 
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2y=x-3 
7.18 True or false: is inconsistent. 
2x-4y= 6 


7.19 True or false: If the denominator, D, in Cramer’s rule is zero, the system must be inconsistent. 


2 = 3x+ 4y 
5 =-2x+ 3y 


4 


7.20 True or false: : 3 3 | is the augmented matrix | 


SHORT ANSWER 


7.21 One number is 9 more than twice another. Their sum is 6. What are the numbers? 


; 2x-3y= 5 
7.22 Solve using Cramer’s rule: : 
2x+y= 8 
22 0 2 
7.23 Transform to row echelon form: | 2 3 2 7 
13 2 5 
: . —-5 6 
7.24 Evaluate and simplify: 7 |: 


7.25 How many liters of a 15% solution and how many liters of a 35% solution are needed to create 9 liters 
of a 28% solution? 


y=-2 (x-3) + 1 


7.26 — Solve the system: 
x= 3(y-2)-4 


7.27 Find the points of intersection of the circle, x°+ y* = 9, and the line, x + y = 4. That is, solve the system: 
xty=9 
xty=4— 


7.28 Three times one integer is one less than twice a second integer. If their sum is 18, what are the integers? 


2x-3y= 5 


7.29 Solve the system: ene. 


7.30 George has 96 feet of fencing to make a rectangular dog run. If the length is to be twice the width, what 
are the dimensions of the rectangle George needs? 


Chapter 8 
MULTIPLE CHOICE 
micas 2x? + 5x-3 
8.1 Evaluate and simplify: f(—3) for f(x) = oa 
x— 


(a) O (b) = (c) Undefined (d) 2 (e) None of these 
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8.2 Find the equation of the line, in slope-intercept form, passing through (2, 3) and parallel to the line 
given by 3x — 4y= 12. 


3 33 3 9 
=—x+ 3 b =e == 
ig) aa i Dg i 2 5 
3. 9 
(dq) y=—x+— (e) None of these 
4 2 
8.3 Determine the slope of the line passing through the points (4, —7) and (—7, 2). 
9 -9 11 2 
=—_ b =— =— d == None of these 
(a) m if (b) m ii (c) m 9 (d) m 3 (e) 


8.4 = For g(x) =x°—x+ 1, evaluate and simplify g(a+ 2). 


(a) @-at+3 (b) a@+3a+3 (c) @-a-1 (d) a@-—at+5 (e) None of these 
8.5 For f(x) =2x+ Sand g(x) = aay find (fo g)(4). 
x+ 


(a) 9 (b) 18 (c) = (d) 13 (e) None of these 


8.6 Determine the inverse of the function p(x) = 


2x+7 
2 1 - 1-7x 
(a) p'(@)=2x+7 (b) p(x) === (c) pi(x) = 
2x-7 2x 
(d) p(x) = —. 5 (e) None of these 
8.7 Identify the slope of the line given by 3 = >) =6. 
2 —2 1 -l 
a) m=— b) m=— Cc) m= — d) m=— e) None of these 

(a) 3 (bd) 3 (c) 6 (d) 6 (e) 


8.8 For f(x) =x — 3x + 1, simplify: feet 


(a) 1 (b) 2at+1 (c) 0 (d) aH (e) None of these 
8.9 Find the constant of variation: y = 6 and x = 8 when y varies inversely as Jx. 
3 3 
a) k=— b) k=— c) k=12V2 d) k=7 e) None of these 
(a) Ba (b) ‘i (c) (d) (e) 


8.10 Find a value of p so the distance between (—S, 8) and (p, 4) is 5. 


(a) p=3 (b) p=-2 (c) p=5 (d) p=0 (e) None of these 


TRUE/FALSE 


8.11 True or false: {(1, 3), (—2, 7), (4, 3)} is a function. 
8.12 True or false: [—2, 2] is the domain of {camp =V4-x \ 


8.13 True or false: (f° g)(x) = (go f)(x). 
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8.14 


8.15 


8.16 


8.17 


8.18 


8.19 


8.20 


True or false: If f (x) =x? + 2x, then f(xt+ h) =x? + 2x +h. 

True or false: If f (3) =—2, then f~! (—2) =3. 

True or false: If g(x) = x’, then (go g)(x) =x". 

True or false: {(x, y) |x° + y? =4} is a function. 

True or false: m= 9 is the slope of the line through (2, —5) and (3, 4). 
True or false: Parallel lines always have equal slopes. 


True or false: The slope of a line perpendicular to x + 2y =4 is m=2. 


SHORT ANSWER 


8.21 r varies inversely with t. If r= 6 when t= 10, find r when t= 15. 
8.22. For h(x) =x — 4x + I, find (h © h)(3). 
8.23 Identify the distance between the points (0, 5) and (—3, 12). 
8.24 = Graph: 3x- 2y= 12. 
8.25 Write a standard form of the equation of the line passing through the point (—5, 1) and perpendicular 
to the line given by 7x + 2y =4. 
8.26 Determine the inverse of the function: g(x) = x? + 3 for the domain {x|x < 0}. 
8.27 __ Find the slope and y-intercept of the line: 4x — 2y =—5. 
2 f 
8.28 For f(x) =—— and g(x) = 3x — 4, evaluate | — |(—3). 
x+l g 
, F ' 3-2x 
8.29 Determine the domain of the function: q(x) = i? 
x— 
8.30 Graph: f(x) —2x+ 1, ifx<l1 
: raph: f(x)= : 
. x-2, ifx2>l 
Chapter 9 


MULTIPLE CHOICE 


9.1 


9.2 


Solve: 4°%= 8. 

(i) peel (b) y= = @ yo (d) y=0 (ec) None of these 
Find x given that log 5 = 10. 

(a) x=2 (b) x=2log5 (c) x= 510 ay. ga 22 (e) None of these 


5 
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9.3 Determine the value of x, if possible: In x = 5.158. 


(a) x=173.82 (b) x=1.6405 (c) x= 143880 (d) Not possible (e) None of these 


9.4 Write as a single logarithm: 3 log, x — 2 log, y— log, z. 


(a) sis, = (b) sto, (c) tos, ( 2 
y y yz 


i) 
(d) log, [=] (e) None of these 
y 


9.5 Determine p where log, p = 2.75. 
(a) p=432.51 (b) p= 138.01 (c) p=2.636 (d) p=93.724 (e) None of these 


9.6 Solve: 2 - 4° = 64. 
(a) x=2 (b) x=2.5 (c) x=04 (d) x=3 (e) None of these 


9.7 Solve: 777! = 4". 


In7 21n2 21n7 
(@) x=—ayr 1D) = (c) x= 
2 In7—1In2 In2 
2\n| = 
7 
In7 
(d) x=———— (e) None of these 
21n7—21n2 


9.8 Bacteria in a certain culture doubles every 1.5 hours. If there are 500,000 bacteria now, approximately 
how many will there be in 8 hours? (Note: Use the formula y = a(b*) where x is hours and y is number 
of bacteria.) 


(a) 4,000,000 (b) 20,158,740 (c) 2,666,667 
(d) 128,000,000 (e) None of these 


9.9 Find b given that log, 12 = 1.56. 
(a) b=4,9179 (b) b= 7.6923 (c) b= : (d) b=0.13 (e) None of these 


9.10 Solve: log. 9 + 3 log. 2 = 2. 


(a) x=72 (b) x=J54 (c) x= (d) x=6 V2 (e) None of these 


2 
16 


TRUE/FALSE 


9.11 True or false: If a’ = c, then b = log. a. 
9.12 True or false: Exponential graphs always increase. 


9.13 True or false: log, (5) =-2. 
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9.14 


9.15 


9.16 


9.17 


9.18 


9.19 


9.20 


True or false: log (2~)= —log (8). 
True or false: If a” = b", then a= b. 
5 
True or false: x = 3 solves log,(x + 1) — log, — 1) =2. 
True or false: log(0.025) = —1.6026. 


2 
True or false: log, x + 2log, y—4 log, z= log, (27), 
z 


True or false: (=) =8 means x = x : 
16 4 


True or false: log. 7 ~ 0.16902. 


SHORT ANSWER 


9.21 


9.22 


9.23 


9.24 


9.25 


9.26 


9.27 


9.28 


9.29 


9.30 


Solve: log, x= —3. 

Graph: y = 3***. 

Solve: log. 27 = 9. 

Graph: f(x) = log.(6 + x). 

For an account with an interest rate of 5.25% compounded monthly and a principal investment of 
$10,000, how much would be in the account after 20 years? (Note: A = (1 + al where P is the prin- 


cipal invested, r is the annual interest rate, n is the number of times per year the account is compounded, 


t is the number of years, and A is the final amount.) 
x 
Expand the following in terms of log,x and log, y: log, |, 
y 


How long would it take for an account balance compounded continously at the interest rate of 4.25% to 
grow from $8,000 to $20,000? (Note: A = Pe” where P is the amount invested, r is the annual interest 
rate, tis the number of years, and A is the final amount.) 


For f(x) = 2 log,(x + 3), find f(x). 
Solve: log,(x — 2) — log,(x + 2) = 3. 
If there were 25,000 bacteria in a certain culture after 5 hours and there were 125,000 after 12 hours, 


approximately how many were there initially (to the nearest one)? (Note: Use the formula y = a(b*) 
where x is hours and y is number of bacteria.) 
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Chapter 10 
MULTIPLE CHOICE 
: 4 8 
10.1 Identify the next term of the sequence: 3124 er ag re 
(a) S (b) = (c) = (d) - (ey “None dt hese 


Jy. 
10.2. What is the 4th term of the expansion for (; + 5] ? (This is the probability that 4 heads and 3 tails will 


be the outcome when a coin is tossed 7 times.) 


35 35 

(a) 560 (b) 35 (c) 16 (d) 18 (e) None of these 

10.3 Solve for x: y (3x-2j)=0. 
js5 

(a) x=12 (b) x=6 (c) x= ; (d) x=4 (e) None of these 
10.4 Give the formula for the general nth term of the geometric series where a, = —1 and r= —2. 

(a) a,=~(-2)" (b) a,=-1(-2"') (c) a,=—2 0D" 

(d) a,=(2)"" (e) None of these 


10.5 If a, = —22 and S, = —36 in an arithmetic sequence, what is a,? 


(a) a=11 (b) a,=15 () a,=12 (d) a,=13 (e) None of these 


eer + 2j-1 
10.6 Evaluate and simplify: x —_. 


j=l 


(a) ~ (b) _ (c) 8 (d) = (e) None of these 
; : : 64 
10.7 What is the common ratio for the geometric sequence: SNE ay 
16 4 7 7 
— b) = — d) — None of these 
(a) 7 (b) - (c) i6 (d) 7 (e) 


10.8 Determine the 45th partial sum for the arithmetic sequence where a, = 3 — 5n. 


(a) S,.=-5267 (b) S,,=-5040 (c) S,,=-10,080 (d) S,,.=-222 (e) None of these 


! 
10.9 — Evaluate and simplify: aT 


(a) 21 (b) 105 (c) 60 (d) 420 (e) None of these 
ey 
10.10 Find the sum: (=). 
i=l 


(a) 3 (b) — (c) (d) © (e) None of these 
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TRUE/FALSE 


10.11 = True or false: (5) = ae 
3 3! 
10.12 True or false: 12, 5, —2, . . . is an arithmetic sequence. 
10.13 True or false: ae n(n-1). 
(n—-1)! 


12 12 6 
10.14 True or false: }° (k*) = ¥ (k*)— ¥ (k?). 
k=7 k=1 k=1 


20 
10.15 = True or false: Y(2i+5) = mae 1+45). 


i=3 
10.16 True or false: d,,= —47 for 7, 4, 1,-2,.... 
9 27 16 
+ + ct e— 


10.17 True or false: 4-3 : 
16 7 


10.18 True or false: S,, = 3102 for the sequence —2, 4, 10,.... 


10 10 
10.19 True or false: )° 3) = >) Ce %. 
k=3 


k=3 


10.20 = ‘True or false: (2a — 3b)* = 16a* — 96a*b + 216a°b? -.... 


SHORT ANSWER 


10.21 Write the first 4 terms of the sequence where the general nth term is a, = 3” — n’. 


10 ] k 
10.22 Find the geometric partial sum: S,, = >(5) ; 
k=1 


10.23 Determine S, for the geometric sequence: 2, 6, 18, 54,.... 

10.24 In the expansion of (x + y)**, what is the coefficient of x+y?! (the 32nd term)? 

10.25 Find3+14+254+36+.---+828. 

10.26 Determine a,, for the sequence: —11, —7, -3, 1, ... 

10.27 Find the value of a, and d for an arithmetic sequence where S, = 243 and S,, = 731. 


10.28 Evaluate and simply [ . } 


! 
10.29 Identify the first 5 terms of the sequence where the general term is a, = 5 


= 27 
10.30 Find the common ratio, r, for a geometric sequence where a,=3 and S= » a,=—. 


k=l 


Chapter Quizzes Answers 


Chapter 1 


MULTIPLE CHOICE 
1.1 (c) 1.2 (c) 13° (c) 14 (bd) 15 (a) 1.6 (d) 1.7 (a 18 (c) 
1.9 (c) 1.10 (c) 


TRUE/FALSE 


1.11 F 1.12 T 1.13 T 1.14 F 1.15 F 1.16 F 1.17 T 1.18 T 
1.19 F 1.20 T 


SHORT ANSWER 


1.21. -57 1.22 Commutative property of addition 1.23 10(@+2) 1.24 2 
1.25 {-5, 0, 67} 1.26 -45 1.27) -55 1.28 Undefined 1.29 0 
1.30 {1, 2,3, 4,5, 6, 8, 10} 


Chapter 2 


MULTIPLE CHOICE 
21 @) 22 () 23 (a) 24 (b) 25 (e) 2.6 (b) 2.7 (c) 28 (d) 
2.9 (c) 2.10 (b) 


TRUE/FALSE 


2.11 F 2.12 F 2.13 T 2.14 F 2.15 F 2.16 F 2.17 T 2.18 T 
2.19 F 2.20 T 


354 
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SHORT ANSWER 


2.21 -x°+x-12 2.22 -2x-1 2.23 x? 2.24 2x7 - 13x°+17x4+ 12 
2.25 —26x? — 2x 2.26 (x+1)(x-8) 2.27 3(x-3)(x-8) 2.28 2x (2x+3)(x-4) 
2.29 x°- 3 2.30 4x+3x?-5+4+ 2 

2 2x-1 
Chapter 3 


MULTIPLE CHOICE 


3.1 (b) 3.2 (d) 3.3 (d) 3.4 (a) 3.5 (a) 
3.6 (b) 3.7 (a) 3.8 (d) 3.9 (a) 3.10 (b) 
TRUE/FALSE 

3.11 F 3.12 F 3.13 T 3.14 F 3.15 F 
3.16 T aig T 3.18 F 3.19 T 3.20 T 


SHORT ANSWER 


a 322 + 323 248 son ee 
t-—6 x°-4x+4 x-6 x —x°-12x 
2 at —y 
65 Soars ce, eee 327 i 
x —x-6 2x —3y 3v x-2 
3.29 (x + 3)(x+2)(x+4+ 1) 3.30 : 
Chapter 4 


MULTIPLE CHOICE 


41 (b) 4.2 (d) 4.3 (bd) 4.4 (c) 4.5 (a) 
4.6 (c) 4.7 (a) 4.8 (c) 4.9 (b) 4.10 (b) 
TRUE/FALSE 

4.11 T 4.12 F 4.13 F 4.14 T 4.15 F 


4.16 F 4.17 T 418 F 419 T 4.20 T 
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SHORT ANSWER 


Chapter Quizzes Answers 


4a y22,° 4.22 (—c0, -2) ie: oe 39 4.24 8x31 
3 3 2x—Sy 
4.25 [—5, ©) 4.26 No solution. jay Ses 
2a—b 
-5 
a9 or 430 (3]Uf2.-)-} 4 - 
4|~L4 
3 fF 
4 4 
Chapter 5 
MULTIPLE CHOICE 
51 () 52 () 53 () 54 @ 55 (a2) 56 (a) 57 (b) 58 (c) 
5.9 (d) 5.10 (a) 
TRUE/FALSE 
511 F 512 F 513 F 514 F 515 T 516 F 517 F 518 T 
5.19 T 5.20 T 
SHORT ANSWER 
2 
5.21 p/p 5.22 4.51x10-7 5.23 7a 5.24 6x+2y—7J2xy 
y 
5.25 9 /4+36 5.26 2P=39-NPE gan e528 6 461i 5.29 16 


P-4 
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Chapter 6 


MULTIPLE CHOICE 
6.1 (e) 62 (a) 63 (a) 64 (b) 6.5 (c) 6.6 (bd) 6.7 (b) 68 (a) 
6.9 (d) 6.10 (b) 


TRUE/FALSE 


6.11 T 6.12 T 6.13 F 6.14 F 6.15 F 6.16 T 6.17 F 6.18 F 
6.19 T 6.20 T 


SHORT ANSWER 


Pid 
6.21 y=2(x-2yY-3 622 3, 1uG, ~ PH - 6.23 steve 
sey 6.26 x=-2,3 6.27 fy 628° 222} 
3 5 5 


6.24 k=25 6.25 


Wir 


x-intercepts = —3, | 
vertex = (—1, 8) 


Chapter 7 


MULTIPLE CHOICE 
71 (a) 72 (d) 73 (b) 74 (Cc) 75 (a) 76 (b) 7.7 (d) 78 (©) 
7.9 (a) 710 (c) 


TRUE/FALSE 


711 T 7.12 T 7.13 F 7.14 F 7.15 F 7.16 F 717 F 7.18 F 
7.19 F 7.20 F 
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SHORT ANSWER 


Chapter Quizzes Answers 


Boe 100 2 

7.21 -1&7 7.22 (+3) 7.23 O-1 0 «1 7.24 —59 
: 001 3 
= 4+ 2 4-2 

liters 15% solution pa a) 
7.25 7.26 aa] 7.27 and 

uu liters 35% solution 4-J2 44+/2 

20 3 5 
length = 32 
728 7&11 7.29 (1:=1) 7.30 idth = 16 
Chapter 8 
MULTIPLE CHOICE 
8.1 (a) 8.2 (b) 83 (b) 84 (b) 8.5 (c) 8.6 (c) 8.7 (a) 88 (b) 
8.9 (c) 8.10 (b) 
TRUE/FALSE 
8.11 T 8.12 T 813 F 814 F 8.15 T 8.16 T 817 F 818 T 
8.19 FE, if undefined 8.20 T 
SHORT ANSWER 
A 
104 

8.21 r=4 8.22 13 8.23 J74 
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m=2 


8.25 2x-7y=-17 8.26 gi(x)=—vx—3 $27 | yAniemeos (0, > 


8.28 8.29 (—09, pu(15| 8.30 


—-5 4 


-104 


Chapter 9 


MULTIPLE CHOICE 


9.1 (b) 9.2 (c) 9.3 (a) 9.4 (c) 9.5 (b) 9.6 (b) 9.7 (d) 
9.8 (b) 9.9 (a) 9.10 (d) 
TRUE/FALSE 


911 F 9.12 F 9.13 T 9.14 T 9.15 F 9.16 T 917 T 918 T 
9.19 T 9.20 F 


SHORT ANSWER 


9.21 »=— 9.22 9.23. x=33 


-2.5 -1.25 0 1.25 25 
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9.27 t= 21.560 years 


Chapter 10 


9.28 f(x) =(2'-3 


9.25 A= $28,511.14 


9.29 No solution 


Chapter Quizzes Answers 


3 4 
9.26 5 08s xs 5 08 y 


9.30 7,919 initially 


MULTIPLE CHOICE 
10.1 (c) 102 (d) 
10.9 (d) 10.10 (b) 


TRUE/FALSE 


10.11 T 10.12 T 
10.19 T 10.20 T 


SHORT ANSWER 
10.21 2,5, 18, 65 


10.25 S,,=31,578 


10.29 > 1,3, 12, 60 


10.3 (d) 10.4 (a) 


10.13 


10.22 


10.26 


10.30 


F 1014 T 
_ 1,023 
1,024 

a,, = 193 
Zz 

Pee 


10.5 (d) 10.6 (b) 


10.15 F 10.16 F 


10.23 S,= 19, 682 


10.27 a,=11&d=4 


10.7 (b) 10.8 (b) 


10.17 T 10.18 T 


10.24 35,960 


10.28 2, 598, 960 


Final Exam 


This test is supplied essentially as a final exam for a course in Intermediate Algebra. There are many mathematical 
concepts with which you should be skilled before attempting the next course in your mathematical progress. 
The quizzes and supplementary problems in this book provide for more detailed evaluation of your skills involv- 
ing the mathematical concepts in individual chapters. Be sure you can do well with those also. 


MULTIPLE CHOICE 


1. Perform the indicated operations: lect 
5° +3 
3 21 
(a) 5 (b) 2 (c) - 7 (d) 4 (e) None of these 
2. Factor completely: 2x° — 20x — 48. 
(a) (2x-8)(x-6) (b) 2(x-4)(x-6) (c) 2(+4)@-24) 
(d) 2(x-12)(@-2) (e) None of these 


tr —2r-8 r+t-6 
+12t+35 2° -6f+8 


3. Perform the indicated operations and simplify: 


1 2r +t+1 t+2 
= iy — ae 
a) “oF 5142 O ia 
r+5t+ 
(d) as (e) None of these 


tr? +12r+35 


4. How many quarts of a 20% antifreeze solution would you need to add to 7 quarts of a 65% antifreeze 
solution to get a 50% antifreeze solution? 


(a) Impossible (b) 3.5 qts (c) 10.5 qts 
(d) 15 qts (e) None of these 


5. Simplify; assume variables represent positive numbers: 3xy,/8x°y* —4x7y*J/18xy" 


(a) -6x’y'J2x (b) 12x y’/2xy —12x’ y' /3x (c) -x?y J10x 
(d) 6xy?V2x -12x°y'V2x (e) None of these 


6. A kayak race started down river and then up a stream at the junction of the two. It was 3 miles down the 
river with a 5-mph current going with the kayaks; and it was 1 mile up the stream with a 3-mph current 
going against them. How fast would Andy be able to paddle his kayak in still water if his total time for 
the race was 30 minutes? 


(a) 7mph (b) - mph (c) = mph (dq) 12mph (e) None of these 
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—" 2x—3y=6 
. Solve: ipa 


(a) Ud, (b) (6, 2) (c) (2.5) (d) (==) (e) None of these 


x 
8. Identify the domain of the function: f(x) = ———. 
V4x-1 


(a) s] (b) (| (c) (G) (d) (+3) (e) None of these 


9. Solve for x: 7 =3-2>. 


log (3°) 3—log (7) 
7 17 6 213 
(q) 2c) tog, (4) @ —14 @ —_3/ 


. (e) None of these 


5 
10. Evaluate: (i? —3i+5). 


i=3 


(a) 19 (b) 29 (c) 43 (d) 123 (e) None of these 


TRUE/FALSE 


4-2-5° 50 


11. True or false: =—_,-—~ = — 
3°+4°-2 23 


12. True or false: (2x —5)? = 4x°-25 


2x 2x _4x-4 


13. True or false: — +s : 
x°-4 x°4+2x x -4 


14. True or false: an 5=7 is a first-degree equation. 
15. True or false: —— = x 
7 1). 
16. True or false: »—~ | is the vertex for y = —3x* — 7x - 4. 


17. True or false: a ) = 142 


18. True or false: The inverse of f (x) = x* + 5x is not a function. 
19. True or false: log, 18 — 2 log, 3 = log, 2 


20. True or false: Either the substitution or addition method can always be used to solve a system of linear 
equations. 
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SHORT ANSWER 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


Factor completely: 18x * + 3x — 10. 


Solve and graph the solution on the number line: |4 — 2x1 - 2 < 6. 


For f(x) =V2-3x and g (x) = 2x* — 8, simplify: (g 0 f) (x). 
Translate the following problem into a mathematical equation using x as the variable (do not solve): 


Jacob has 27 coins in a dish on his desk, some dimes and some quarters (and no other coins). If all of the 
coins together are worth $5.85, how many dimes are in the dish? 


Solve the following system of equations (you may use any valid method you wish): 


x = 3(y-4) 
ie 2(x+5)) 


Perform the indicated operations and simplify; leave answer in factored form: 
x4 ; x°-x-6 


x +46x49 x°-9 


Factor completely: 4x* -16y*. 
Evaluate: 2x° + xy + 3y’ for x = -2 and y = 4. 


Identify the x- and y-intercepts for the line given by the equation 2x = 12 + 3y. 


1- 
Simplify; leave the answer in a + bi form: re 
+41 


Simplify; assume all variables represent positive numbers: we 


yxy 
Solve for x: z- px=r-—v. 


A man built a fence in 4 hours. If his neighbor would have helped, they could have finished in 3 hours. 
How long would it have taken the neighbor to build the fence by himself? 


Determine the inverse of the function f(x) = 5 2s 5 
x 


5 3 
2 1 
Perform the indicated operations and simplify; leave answer in factored form: 


5x+4 3x-2 
6x°+7x4+2 4x?-4x-3' 


Evaluate: 


Simplify: 4x (~ + y+ 5) —2y 3x—-y). 


The length of a rectangle is six more than five times the width. If the area is 63, what is the width of the 
rectangle? (Note: Area is the product of length and width.) 
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39. Simplify; assume all variables represent positive numbers: 3/48x°y'7z7’. 
40. Graph; identify at least three points on the line: y = —3x + 8. 
41. Solve; include all complex solutions: 2x” + 5 = 3x. 


42. Solve and graph the solution: 2x -4<5x+8. 


5 
43. Solve the following proportion: —— = = 
at+l 6 
44. Solve: 9x° = 6x. 
45. Solve for x: log, (x) + 3 log, (2) = 2. 
46. Three times one integer is one less than twice a second integer. If their sum is 43, what are the integers? 
A(x?y"'? 7 
47, Simplify: [sa] 
(2x"y") 
48. Graph the parabola y = —3x* + 7x + 6, identifying the coordinates of the vertex and all intercepts. 


49. Find the slope-intercept form of the line passing through the point (4, 1) and parallel to the line given by 
2x+y=8. 


50. Perform the indicated operations and simplify: 


Final Exam Answers 


MULTIPLE CHOICE 
1 6) 2 @d 3%} @ 4 ® 5& @ & @ F7 (ec) 8& (ec) 9. (d) 10. (b) 


TRUE/FALSE 


ll. F 12 F 13 T 14 F 15 F 16 T 17 F 18 T 19 T 20. T 


SHORT ANSWER 


21. (6x+5) (x- 2) 22. [-2, 6] FRY - 23. -6x-4 


2 6 
24. 10x+25 (27—x) = 585 ae ee 56. 
is x ( x)= a 55 Y "ea 
27, AG —2y%) (2 + 2y?) 28. 48 29. (6,0) & (0, —4) 
0, <5 a, WY 32, x= 
" 35 25 7 D 
4 5x 
33. 12 hours 34. f (x)= 35. -1 
2x-3 
_ length=21 
36. erie 8) 37. 4x2— 2xy + 20x + 2y? 38. 8 
(3x+2)(2x+1(2x—3) witthi=3 


¥ 
A 


39. Ax?y°2? 313x797 40. ea 7p Ee* many points; e.g., (0, 8), (S.0} (4,—4) 
fee wa 2 3 


41. <2 ciN31 42. (—4, ) ( 43. a=—-6,5 


44, x=0, 45. x=— 46. 17&26 
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47. —p 48. 5 4 ; =) 
y intercepts: (=.9} (3, 0), (0, 6) 


49. y=-2x+9 50. 5 


APPENDIX A 


The Frentheway Method Proof 


This method is named after a former colleague who first introduced us to it, Erma Frentheway. We have not 
found the method previously claimed in the literature, though an exhaustive search hasn’t been made. Since the 
product of two generic binomials in x, (ax + b)(cx + d), is acx? + (ad + bc) x + bd, the proof must show that it 
will factor the product into the factors. The Frentheway Method prefers (though doesn’t require) that any com- 
mon factors in the expression acx + (ad + bc)x + bd have already been factored out. 


To factor the general trinomial acx? + (ad + bc)x + bd: 


1. Multiply the expression by the leading coefficient divided by itself and then distribute the numerator 
through the trinomial: 


= lacx’ +(ad+bce)x+bd]= ae [a°c’x’ + (ad +be)acx+achd] 
ac ac 


2. Factor the resulting bracketed trinomial—without factoring out the common factor of ac that was 
just multiplied in: 


Liver +(ad+bce)acx + acbd|= aes? +(ad+bc){acx}+acbd] 
ac ac 


= J hiaents bc)({acx}+ad)] 
ac 
3. Now factor each of the binomials as possible: 


| oeeebolaek-nad) = A aca -a(cx+d)= Dagan Dea 
ac ac ac 


4. Therefore, dividing out the ac factors: 


1- (ax + b)(cx + d) giving (ax + b)(cx + d) as the final factored form. 


EXAMPLES 


1. Factor: 2x7 + 11x+ 15. 
1. Multiply by 5 and multiply the numerator through: 
$(2x" +11x4+15)= see +11-[2x]+2-15) 


2. Replace 2x by z: ste +11z+30) Gust to make the previous expression look simpler) 
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1 
3. Factor the trinomial in z: 5 (z+ 6)(z+5) 


1 
4. Replace z by 2x: 5 (2x + 6)(2x +5) 
5. Factor the greatest common factor from each binomial and simplify: 


5 (2x +3)]-(2x+5)= : -2(x + 3)(2x +5) =(x +3)(2x +5) 


Therefore, |2x7 +11x+15=(x+3)(2x +5)|. 


2. Factor: 6x? + 5x — 4. 


. 6 
1. Multiply by 6 and multiply the numerator through: 


© 6A waa Oe eS erat 6) 
6 6 
2. Replace 6x by z: 5(et+52—24) 


3. Factor the trinomial in z: a2 +8)(z-3) 


4. Replace z by 6x: : (6x+8)(6x —3) 


5. Factor the greatest common factor from each binomial and simplify: 
(2x + 4)]- [32x —-D]= - -2-3-(3x+4)2x-D=(3x+4)2x-D 
Therefore, |}6x°+5x—4=(3x+4)(2x-D). 


3. Factor: 8y’ — 18y + 9 leaving out steps. 


This just shows the important steps, as you might do in practice. 
Let z = 8y. (Note: The factors of 8-9 = 72 that give a sum of 18 are 12 and 6.) 


Factoring 8y*—18y+9 == (2182+ 72)=—(@ 12)\(z 6)= 50) 12)(8y—6) 


{4 2y-3)24y-3)] = 4-2-(2y~3)-(4y-3)= Qy—3)-4y—3) 


APPENDIX B 


Alternate Method for 
Factoring x?+bx+tc 


This is another method for factoring general trinomials with the leading coefficient of one. The main differ- 
ence between this method and most of the others is in the importance of the operation before the third term of 
the trinomial. If that operation is addition, then factors will be added to find the correct factorization; if it is 
subtraction, then factors will be subtracted to find the factorization. Also note for this method, both b and c are 
non-negative integers (signs are taken care of by the operations). As with the other methods, you will need to 
find the factor pairs of c. 


To factor x7 + bx+corx*—bx+c (note the operations on b and that c is added in each case) 


1. Since c is added, find factors of c whose sum is b. Let’s say those factors are u & v. 
2. Thenx?+bx+c=(x+uy(xt+v) or x -—bx+c=(x-ul(x-v). 
When the third term is added, the binomial factors will each use the operation of the middle term bx. 


To factor x7 + bx—c or x*-—bx—c (note the operations on b and that c is subtracted in each case) 


1. Since c is subtracted, find factors of c whose difference is b. Let’s say those factors are p & q. 
2. Let’s assume p is greater than qg 

— then p will take the operation before b in the trinomial and q will take the opposite operation. 
3. Thenx?+bx-—c=(x+p)(x-q) or x*-bx-c=(x—-p)(x+9Q). 
When the third term is subtracted, the binomial factors will have opposite operations 


— one a sum and one a difference (the greater factor of c always takes the operation of the middle 
term bx) 


EXAMPLES 


1. Note for this example that the last term of each polynomial is 15. The factors of 15 are 15 & 1 and 5 & 3. 


(a) Factor: x7+ 16x+ 15. 
Use factors 15 & 1 for a sum of 16. 


So} x2 + 16x +15 =(x+ 15)(x + 1). 


(b) Factor: x7 — 8x+ 15. 
Use factors 5 & 3 for asum of 8. 


So| x? — 8x + 15 =(x—5)(x- 3)]. 
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(c) Factor: x? + 14x— 15. 
Use factors 15 & 1 for a difference of 14. 


So} x2 + 14x— 15 =(x+ 15)(x— 1). 


(d) Factor: x2 —2x—- 15. 
Use factors 5 & 3 for a difference of 2. 


So] x? - 2x - 15 =(x—5)(x+ 3) |. 


2. (a) Factor: x2 +x — 30. 
Factors of 30: 30&1, 15&2, and 6&5. 
Use factors 6 & 5 for a difference of 1. 


So] x? +x-30=(x+6)(x—5)|. 


(b) Factor: x* — 8x + 12. 
Factors of 12: 12&1, 6&2, and 4&3. 
Use factors 6 & 2 for a sum of 8. 


So] x? - 8x+ 12 =(x- 6) (x— 2)|. 


(c) Factor: x? + 14x + 24. 
Factors of 24: 24&1, 12&2, etc. 
Use factors 12 & 2 for a sum of 14. 


So| x2 + 14x +24 = (x + 12) (x+2)|. 


(d) Factor: x?— 13x— 48. 
Factors of 48: 48&1, 24&2, 16&3, etc. 
Use factors 16 & 3 for a difference of 13. 


So| x2 — 13x — 48 = (x — 16)(x + 3) |. 


3. Factor 4x? — 8x — 96 completely. 
First factor out a common factor of 4: 4(x? — 2x — 24). 
Now factor x? — 2x — 24. 

Factors of 24: 24&1, 12&2, 8&3, and 6&4. 

Use factors 6 & 4 for a difference of 2. 

So 4(x? — 2x — 24) = 4(x — 6)(x + 4). 
Therefore | 4x7 — 8x — 96 = 4(x — 6)(x + 4) |. 


APPENDIX C 


Study Tips from the Authors 


Your textbook provides a wealth of information that can help you succeed in Algebra. 


¢ Become familiar with it. Scan the table of contents. Check out the appendix and the 
glossary. Make notes in it. Highlight important ideas. Look at the end of chapters for 
main points summarized by authors. 


Did you know? 
Most college courses cover more material in half as much time as classes you may have 
taken in high school. Much more is expected in your study time outside of class. 


e We recommend 2-4 hours of algebra study each day. 


Pre-class Prep 
Do a quick reading to identify the themes of the section you’ |l be covering. You’ II find the 


instructor much easier to follow in class. 


e Previewing saves you time by helping you to understand algebra concepts the first time 
around. Identify difficult concepts and question the instructor in class. 


After Class 

¢ Reread the section carefully and slowly, with paper and pencil in hand. 

e Ask yourself, How does what the instructor said relate to what I’m reading? 
What do the examples illustrate? 

¢ Begin to memorize definitions of terms, properties, theorems, formulas, and the 
meaning of symbols. (Statements in the text will become much clearer.) 


Consider This: 


e Ifyou miss one day each week of a class that meets three days a week, you’ve missed 
one-third or over 33% of the class! If you miss one day each week of a class that 
meets four days a week, you’ve missed one-fourth or 25% of the class. Your success 
in Algebra begins with following two essential steps: going to class regularly and 
participating in class discussion! 


¢ Don’t fall behind! 


Algebra Exercises 


e Read the directions carefully. Exercises may look alike but instructions may differ. 
¢ Attempt all assigned exercises and copy the problem correctly. 
¢ Think about what you are doing and your rationale for doing it. 


e Arrange your work systematically, even on scratch paper. If your work looks haphaz- 
ard, your thinking probably is too. 


¢ Do easy steps mentally and write down complex ones. 


Check Your Answers 


e After arriving at a solution, answer all questions. Is your answer reasonable? 
Complex problems may require several steps before a question can by answered. 
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Are you stuck? 

e Take small steps. Start with the easiest task first. 

e Analyze the principles involved and try to apply them to your problem. 
e Reread the text and check your notes for similar problems. 


Still stumped? 

e Take a break and try again later. 

¢ Try anew approach. 

e Try verbalizing your approach. 

e Ask classmates for their ideas. 

¢ Form a study group. 

e Ask your instructor for help. Ask specific questions. 


Review, Review, Review! 


e Review is rereading or writing important definitions, properties, theorems, and 
working exercises from sections and chapters covered in class. 
¢ Daily review helps cut down on time you need to prepare for exams. 


Tuning Up for Tests 

e Avoid cramming the night before and study over several days. Advance study gives you the 
opportunity to ask your instructor questions about concepts you may not fully understand. 

e Review your textbook and notes. 

e Review exams and quizzes. 

e Drill with a classmate; make up test questions to ask one another. 

¢ Do end-of-chapter tests and time yourself. 


Test Time 

e Arrive early to organize your thoughts, materials, and work space. 

e Listen closely to verbal instructions and follow written directions carefully. 

e Write down any formulas you may need. 

¢ Count the number of questions and divide by the amount of time allotted to 
determine the average time you can spend on each question. (Of course some 
questions will require less time and some more time than the average.) 

¢ Do the easy problems first to build confidence. 

¢ Be neat and arrange your work in a logical, orderly manner. 

e Avoid writing everything on scratch paper and transferring work to the exam 
which can introduce errors and waste time. 

¢ For more difficult problems, think about the concepts in the chapter and how they 
might relate. Be systematic and do something different if the method you’re 
using isn’t working. Return to problems you’ve completed. Do they present a 
clue? If not, move on to the next problem and return to it later if time permits. 

e Leave yourself time to check your answers. 


Now what? 

e When your test is returned, look it over carefully. Why were points deducted? 
Identify your areas of strength and where you need improvement. 

e Clarify problem areas with your instructor. Try the problem again on a 
different sheet of paper to test your understanding. 

¢ If possible, keep your exam for future studying and preparing for finals. 


Work diligently and you will succeed! 
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For most of these entries, we suggest you follow the related “see solved problem ...” direction in the text to 


further understand the concept. 


A 


Absolute value, 12 
Addition property: 
of equality, 92 
of inequalities (properties of inequalities), 97 
Algebraic entry calculators, 15 
Algebraic expression, 42 
Alternate method of factoring, 47, 369 
Applications: 
atmospheric pressure, 311 
coin type problems, 30-31 
geometry problems, 31-32, 113, 125, 197-198 
growth and decay problems, 307-310 
hydrogen potential or pH, 311 
interest problems, 114-115, 124, 231, 307 
mixture problems, 116 
Newton’s law of cooling, 310 
number problems, 29-30 
rate, distance, time problems, 116, 196, 198 
Richter scale, 311 
suggested steps for solving, 96 
translating key phrases, 18—20 
work problems, 115 
Associative properties, 11 
Axioms, 9 


Between endpoints, 7, 10 
Binomial: 
coefficient formula, 322 
coefficient properties, 322-323 
coefficient symbolism, 322 
expanded form, 321 
multiplication—FOIL, 45, 57-58 
polynomial, 42 
special products, 45 
theorem, 323 


Cc 


Calculator types: 
Algebraic Entry, 15 
Last Entry, 15 


RPN—Reverse Polish Notation, 16 


Cartesian product, 256 
Closure properties, 11 
Coefficient, 42 
Commutative properties, 11 
Completing the square, 173 
Complex fraction, 78—79 
Complex numbers, 147 
adding and subtracting, 148 
dividing, 149 
equality, 148 
imaginary unit i, 147 
multiplying, 148 
multiplying, FLOI rule, 149 
pure imaginary, 148 
real and imaginary parts, 147 
set of, 149 
Constant, 9 
Continuous compounding formula, 
293 
Coordinate system: 
Cartesian or rectangular, 93 
origin, 93 
quadrants, 93 
x and y axes, 93 
Coordinates: 
Cartesian or rectangular, 93 
number line, 10 
Counterexample: 
of equivalent expressions, 43 
Counting numbers: 
set of, 7 
Cramer’s rule, 222 
Cube root, 143 


375 


376 


D 


Determinant, 221 
2 x 2, second order, 221 
3 x 3, third order, 222 
expansion by minors, 222 
Distance formula, 259 
Distributive property, 12 
general, 45 
Domain, 9, 95, 256 
explicit, 264 
implicit, 257 


E 


Empty or null set, ((@ or { }), 7 
Equality, 9 
addition property, 92 
multiplication property, 92 
Equation, 91 


absolute value, solving and graphing, 98-99 


conditional, 91 
contradiction, 91 
equivalent, 92 
exponential, 293 


exponential, solving graphically, 306 


extraneous roots, 172, 175 
first-degree, 92, 93 
formulas, 95 

identity, 91 

involving radicals, 175 
linear, 95 

literal, solved explicitly, 96 
logarithmic, 293 


process for solving (linear), 92 


quadratic, 172 

quadratic form, 175 

second-degree, 172 

solution or root, 91 

standard form, linear, 95 

standard form, quadratic, 172 
Equations, systems of: 

2 x 2 linear system, 217 

3 x 3 linear system, 220 


consistent and independent, 218 


dependent, 218 

equivalent, 223 

inconsistent, 218 

solving, 3 x 3, 220 

solving, addition method, 219 


Equations, systems of (Cont.): 
solving, Cramer’s rule, 222 


solving, Gaussian elimination, 224 

solving, substitution method, 219 

solving nonlinear, addition method, 225 
solving nonlinear, graphical method, 225 
solving nonlinear, substitution method, 224 


Equivalent expressions, 43 
Exponent, 14 

definitions, 140 

laws, 44, 45, 51 


laws and definitions summary, 141 


Exponential: 
functions, 291 
properties, 291 

Expression, 42 


evaluation using logarithms, 303 
logarithmic, expansion of, 301 


Extraneous roots, 172, 175 


F 


Factorial, 322 
Factoring, 46 


Ax? + Bx + C by grouping, 49 
Ax? + Bx + C by the Frentheway method, 48 
Ax? + Bx + C by trial and error, 47 


x? + px +q, 46 

by the Alternate method, 47 

by grouping, 46 

common monomial, 46 

difference of two cubes, 49 

difference of two squares, 49 

general guidelines, 50 

sum of two cubes, 49 
Factors, 13, 42, 44, 45 

prime, 46 


FLOI complex number product, 149 


FOIL binomial product, 57 
Fractions: 
adding, 77 
complex, 79 
dividing, 76 
equivalent, 74 
fundamental principle, 74 


least common denominator (LCD), 78 


multiplying, 76 
reducing, 74 
standard forms, 75 
subtracting, 77 


Index 


Index 


Frentheway method of factoring, 48, 367 
Functions, 257 
absolute value, 263 
algebra of, 258 
composition of, 258 
evaluation, 257 
exponential, 291 
exponential, base e, 291 
exponential growth and decay, 294 
graph of, 262 
graphing by calculator, 264 
greatest integer, 277 
independent and dependent variables, 257 
inverse, 265 
inverse, finding, 266 
inverse, graph of, 265 
inverse, symbolism, 266 
linear, 262 
logarithmic, 292 
multipart (piecewise-defined), 264 
notation, 257 
one-to-one, 266 
one-to-one, horizontal line test, 266 
piecewise-defined (multipart), 264 
polynomial, 262 
quadratic, 262 
square root, 263 
vertical line test, 257 


G 


Graph, 10, 93, 176, 256 
calculator technique, 95, 177 
intercepts, 95 
linear equation, 95 
number, on number line, 10 
ordered pair coordinates, 93 
parabola, 176 
quadratic, or second-degree, equation, 
176 


H 


Half-life, 309 
Half-plane, 97 


Identity, 91 
Identity properties, 12 


377 


Inequalities, 10, 96, 177, 225 
absolute value, solving and graphing, 98 
addition property, 97 
equivalent, 97 
general solution, 178 
graphing, first-degree technique, 97 
graphing, number line, 11 
multiplication properties, 97 
quadratic, critical values, 178 
quadratic, sign diagram, 178 
quadratic, solving procedure, 178 
quadratic, standard form, 176 
rational, 178 
same sense, 10 
solution set, 97 

Inequalities, systems of: 
solving graphically, 225 

Infinity, 11 

Integers: 
set of, 8 

Intervals: 
open, closed, half-open, 11 

Inverse properties, 12, 265 

Irrational numbers: 
set of, 9 


L 


Last entry calculators, 15 
Least common denominator (LCD), 78 
Like terms, 43 
Linear equations: 
general form, 261 
intercept form, 262 
parallel and perpendicular lines, 262 
point-slope form, 261 
slope-intercept form, 261 
standard form, 95, 261 
two-point form, 261 
Logarithm: 
change of base formula, 293 
common, 292 
evaluation by calculator, 292 
evaluation of expressions, 292 
expression expansion (Solved Problem 9.14), 301 
function, 292 
fundamental relationship, 292 
identities, 292 
natural, 292 
properties, 292-293 


378 


Mathematical model, 18 
Matrix, 223 
augmented, 223 
coefficient, 223 
constant, 223 
elements, 223 
row echelon form, 224 
row-equivalent, 223 
row operations, 223 
size, dimension, or order, 223 
square, 223 
symbolism, 223 
Monomial, 42 
Multiplication properties of inequalities, 97 
Multiplication property of equality, 92 


Natural numbers: 
set of, 7 

Number line, 10 
intervals, 10-11 

Numbers: 
nonnegative and nonpositive, 10 
positive and negative, 10 
scientific notation, 141 
significant digits, 143 
standard or decimal notation, 142 


ie) 


Origin: 
Cartesian coordinates, 93 
number line, 10 


P 


Parabola, 176, 262 
calculator tracing for intercepts and vertex, 177 
graphing on calculators, 177 
horizontal axis of symmetry, 177 
intercepts, 176 
maximum or minimum point, 176 
vertex, 176, 262 
vertical axis of symmetry, 176, 262 
Pascal’s Triangle, 321 
Polynomial, 42 
binomial, 42 
combining like terms, 43 


Index 


Polynomial (Cont.): 


degree, 43 

dividing by a monomial, 51 
dividing by a polynomial, 52-53 
monomial, 42 

multiplication, 44 
simplification, 44 

standard form, 43 

synthetic division, 53-54 
trinomial, 42 


Postulates, 9 
Prime factors, 78 
Property: 


reflexive, symmetric, transitive, and substitution, 9 


Proportion, 96 
Pythagorean theorem, 32, 258 


Q 


Quadratic equation, 172 


extraneous roots, 172 

graph, 176 

solutions, roots, zeros, 172 

solving, calculator usage, 175 
solving, completing the square, 173 
solving, factor method, 172 
solving, quadratic formula, 174 
solving, square root method, 172 
solving, summary, 174 

standard form, 172 


Quadratic formula, 174 


Radicals, 144 


adding and subtracting, 146 

dividing, 147 

like, 146 

multiplying, 147 

notation, 144 

properties, 145 

radicand, index, and radical sign, 144 
rationalizing the denominator, 146 
reducing the index or order, 146 
simplest form, 146 


Range, 95, 256 
Ratio, 96 
Rational expressions, 74 


adding, 77 
dividing, 76 
lowest terms, 79, 81 


Index 


Rational expressions (Cont.): 
multiplying, 76 
reducing, 74 
simplifying, 79, 81 
subtracting, 77 
Rationalizing the denominator, 146 
Rational numbers: 
set of, 8 
Real numbers: 
arithmetic of, 13-14 
order of operations, 14—15 
set of, 9 
Relation, 256 
greater than and less than, 10 
inverse, 265 
inverse, graph of, 265 


Roots: 
cube, 143 
fourth, 144 


nth, principal value, 144 

radical notation, 144 

square, principal value, 143 
RPN calculators, 16 


Ss 


Scientific notation, 141 
calculator display, 17, 141 
Sequence, 318 
arithmetic, 318 
arithmetic, nth partial sum, 319 
arithmetic, nth term, 318 
finite, 318 
general term, 318 
geometric, 319 
geometric, common ratio, 319 
geometric, nth partial sum, 319 
geometric, nth term, 319 
infinite, 318 
infinite geometric, sum formula, 321 
terms, 318 
Series: 
finite, 320 
geometric, infinite, 320 
infinite, 320 
Set, 7 
element or member of, 7 
is not an element of, 7 
subset, 7 
union and intersection, 8 
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Sign diagram, 178 
Significant digits, 143 
Simplifying: 

polynomials, 44 

rational expressions, 79, 81 
Slope: 

formula, 259 

parallel lines, 262 

perpendicular lines, 262 

undefined for vertical line, 

260 

Solution set, 91, 93 
Square root, 143 
Subscripts, 43 
Summation: 

x, 320 

index, 320 

lower limit, 320 

notation, 320 

upper limit, 320 
Symbols: 

<, <, 2, and >, 10 

=,9 

a”, 8 

U, 8 

e€,7 

é,7 

oo, 1] 

(x, y), interval, 11 

(x, y), point, 93 


|< PY 493 
c d 


{3,7 

©, 7 

Iq|, 12 
Candc,7 
x, 320 


n 
j 322 


wb, 144 
b", 144 
b", 14 
e, 291 
f(x), 257 
S7' @), 266 
i—imaginary unit, 147 
a+ bi, 147 
ni, 322 
Synthetic division, 53-54 
summary, 54 
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T 


Terms, 42 
Trinomial, 42 


Vv 


Variable, 9 
dependent, 257 
domain of, 9 
independent, 257 


Variation, 264—265 
constant of, 265 
direct, 265 
inverse, 265 
joint, 265 

Venn diagram, 8 


Zz 


Zero factor property, 14, 172 
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